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1. Introduction

Fiber bundles provide the natural geometric framework for describing physical fields with non-trivial global structure. 
Locally, a fiber bundle resembles a product U × F of an open subset U ⊂ M of the base manifold with a typical fiber F , yet 
its global topology may be genuinely non-trivial, encoding phenomena that no local description can capture. A particularly 
important class is that of principal bundles 𝒫(M, H), in which the fiber carries the structure of a Lie group H acting 
freely and transitively on the total space 𝒫 . The structure group H plays the role of a symmetry group for a physical 
model. Principal bundles occupy a foundational role in differential geometry [1--3]: all other fiber bundles sharing the same 
symmetry group -- the so-called associated bundles -- are modeled on them, making the principal bundle the central object 
from which the full geometric structure of a theory is derived.

This framework finds its most prominent physical applications in gauge theories, where fields are defined so as to carry, 
at each point of spacetime, additional internal degrees of freedom -- a phase, an amplitude, or more generally an element 
of some internal space. The Standard Model of particle physics [4--6] is most naturally formulated in this language, with 
the gauge group based on the symmetry group H = U (1) × SU (2) × SU (3) defining a principal bundle over spacetime 
whose sections φ of associated bundles1 𝒫 ×H W encode matter fields and principal connection 1-forms ω ∈𝒜(𝒫) encode 
interaction fields of the theory. In the same fashion, the curvature associated to ω models the field strength, the correspond
ing covariant derivatives models minimal coupling and vertical automorphisms model gauge transformations. Beyond local 
structure, the topological aspects of principal bundles prove equally indispensable: phenomena such as the Aharonov–Bohm 
effect [7,8] and the Berry phase [9,10] are fundamentally global in nature and find their precise mathematical expression in 
the bundle-theoretic setting.

A closely related and geometrically rich construction is that of Cartan geometry [3,11], which may be understood as 
a principal bundle equipped with an additional soldering form that constrains the geometry of the fibers to model the 
geometry of the tangent space to the base manifold. A Cartan bundle is a principal bundle 𝒫(M, H) modeled on a pair of 
Lie groups (G, H), H ⊂ G , with Lie algebras 𝔤 and 𝔥. The ``model'' consists in an isomorphism between 𝔤 and the tangent 
space Tp𝒫 at each point p ∈ 𝒫 , which induces an isomorphism between 𝔥 and the vertical tangent space Vp𝒫 . Cartan 
geometry thus generalizes Riemannian geometry in a natural and flexible way, and provides in particular the appropriate 
framework for gauge formulations of general relativity. The most notable instance of such formulation is the Cartan tetrad (or 
vierbein) formalism [12], in which the gravitational field is obtained from a connection on a Cartan bundle modeled on the 
Poincaré and Lorentz groups (I S O (1,3), S O (1,3)). This construction admits a natural and physically motivated extension 
to conformal Cartan geometry [3], modeled on the group S O (2,4), which captures the conformal symmetry structure of 
spacetime and underpins several approaches to conformal field theory and twistor theory.

A recurring theme across these geometric frameworks is that of gauge symmetry reduction: the process by which the 
structure group H of a principal bundle is reduced to a proper subgroup H ′ ⊂ H . Such reductions arise both for practical 
computational reasons and for physical ones, when only a subgroup of the full gauge symmetry is deemed physically 
relevant.

The Dressing Field Method (DFM), developed since 2010, provides a systematic and geometric approach to such reduc
tions, and has emerged as a compelling alternative to more ad hoc procedures [13,14]. In particular, it offers a natural 
substitute for the Higgs2 mechanism [15--17], circumventing the need for auxiliary hypotheses such as the assumption of a 

1 (W ,ρH ) denotes a representation space of H .
2 Englert-Brout-Higgs-Guralnik-Hagen-Kibble mechanism for completeness.
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symmetric phase, and avoiding the philosophical difficulties surrounding the physical interpretation of gauge symmetries -- 
which, being redundancies of the mathematical description rather than physical symmetries in the strict sense, cannot be 
broken in any operationally meaningful way.

The DFM has found a broad range of applications: it yields a reduction of the Cartan tetrad formalism to standard general 
relativity [18], a reduction of conformal Cartan geometry to tractor calculus [19] or twistor geometry [20], a reinterpretation 
of the Faddeev–Popov gaugefixing mechanism [21], and a foundation for the program of general-relativistic gauge field 
theory (gRGFT) [22--26].

The DFM aims at erasing a proper subgroup K ⊂ H of the structure group. It relies on the existence of a local ``dressing 
field'' u : 𝒫U → H satisfying the equivariance property u(pk) = k−1u(p) w.r.t. any k ∈ K . Provided such a field can be 
constructed in the model, one can compose it with standard gauge fields φ and ω to get composite fields (or dressed fields) 
φu and ωu which turn out to be invariant with respect to K . This process shall be interpreted as a new arrangement of the 
degrees of freedom carried by φ and ω: those related to K , seen as redundancies, are carried by u while the dressed fields 
carry only the remaining (physical) degrees of freedom. This method leads to a residual gauge theory with structure group 
H/K (when K is a normal subgroup).

It is worth insisting on the fact that a dressing field is not a gauge group element. Quite the opposite, u reduces the 
symmetry while a gauge group element γ merely shifts its reference. This paper also suggests that u might be better 
interpreted as related to a local trivializing section of 𝒫 , see Sec. 2.2.

A notable feature emerging from the application of the DFM to conformal Cartan geometry (and later on, to gRGFT) is 
the appearance of residual symmetries of a new and unexpected type: rather than transforming in the standard way, the 
remaining gauge fields exhibit twisted transformation laws under the residual symmetry group. This observation motivates 
the development of a general theory of Twisted Gauge Fields, initiated in [27]. This forms the starting point of the present 
article.

Let us sketch the origin of this more general mathematical framework for gauge theories. The usual approach for gauge 
theories is based on the differential geometry of fiber bundles and connections. In this context, a specific Lie group H0 plays 
two roles. The first one, of common use in theoretical physics, consists in modeling matter fields as functions with values 
in some representation space (W ,ρ0) of H0. This role is of algebraic nature. The second role, of geometric nature, consists 
in using H0 as the typical fiber and structure group of a principal fiber bundle 𝒫0(M, H0) over a base manifold M . Working 
globally at the level of 𝒫0 (as opposed to the local approach on open sets of M), these two roles are consistently related 
by an equivariance condition when one considers, for instance, matter fields as equivariant maps φ0 : 𝒫0 → W satisfying 
φ0(ph) = ρ0(h−1)·φ0(p). The geometric action on the left hand side (LHS) is consistently related to the algebraic action on 
the right hand side (RHS).

The DFM does not necessarily preserve this relationship between the two roles. Indeed, a dressing field is crafted in 
order to satisfy the relevant equivariance property u(pk) = k−1u(p) for any k ∈ K , the subgroup of H0 to be erased. Such a 
field may be valued in a different (e.g. larger) group than H0 [19,20]. This shall impact the algebraic part of the equivariance 
relation for the dressed field φu

0 defined by ``u−1·φ0''. When this latter expression exists (in a mathematical sense), φu does 
not necessarily belong to (W ,ρ0) anymore. We refer to [19,20] for further details. Concerning the geometric part, when it 
exists, the residual group H = H0/K defines a new principal fiber bundle 𝒫(M, H), which can replace 𝒫0 to describe the 
model at hand. However, the residual group H may no longer be consistent with the algebraic part.

This mismatch is the reason why the residual gauge model -- after application of the DFM -- requires a more general 
framework to restore an equivariant relation between the geometric and algebraic parts. The minimal extension of the usual 
framework consists in considering

• the principal fiber bundle 𝒫(M, H) as the geometric part,
• a Lie group G together with a representation space (V ,ρG), modeling the algebraic part for the dressed fields,
• a map C : 𝒫 × H → G used to relate these two actions through an equivariance relation of the form φ(ph) =

ρG(C(p,h)−1)·φ(p) for any (p,h) ∈𝒫 × H , where φ :𝒫 → V .

Note that the twisted field φ is the field induced on 𝒫 by the K -invariant field φu
0 on 𝒫0. One can forget about this lineage 

and consider twisted fields for themselves, which is the approach followed in this article.
Since, on the geometric part, one has p(hh′) = (ph)h′ for any (p,h,h′), one gets from the equivariance relation3

φ(p(hh′)) = C(p,hh′)−1·φ(p)

= φ((ph)h′) = C(ph,h′)−1·φ(ph) = C(ph,h′)−1C(p,h)−1·φ(p)

which leads to the so-called cocycle relation C(p,hh′) = C(p,h)C(ph,h′). This new standpoint is a generalization of the 
standard framework, which is recovered in the specific case G = H and C(p,h) = h, see Sec. 7.2. We denote (𝒫(M, H), G, C)

this new structure. The previous cocycle relation is nothing but the defining relation for cocycles appearing in the context 
of twisted gauge fields, cf. [27].

3 ρG is omitted from now on.
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The present work interprets twisted gauge fields on (𝒫(M, H), G, C) as standard gauge fields on an additional principal 
bundle 𝒬(M, G) whose structure group is the action group of the twisted framework. The relevant choice for 𝒬 is a twisted 
associated bundle to 𝒫 of the form 𝒫 ×C(H) V . This construction relies on a correspondence space 𝒮(M, H × G) which has 
both 𝒫 and 𝒬 as quotient bundles. Note that one can still define standard H-gauge fields on 𝒫 together with the previously 
mentioned twisted gauge fields. In the current framework, both standard and twisted fields on 𝒫 appear as pullbacks of 
standard (H × G)(-gauge fields on 𝒮 . In particular, these fields on 𝒮 split naturally into Hfields (which induce the standard 
fields on 𝒫) and Gfields (which induce the twisted ones). Going from 𝒮 to 𝒬 amounts to retaining the G-structure while 
forgetting the H one.

From a structural point of view, 𝒮 appears as more than a mere correspondence space for twisted and standard gauge 
fields. This work highlights a deep link between 𝒮 and the cohomology of the cocycle map C . Note that the geometry 
of 𝒮 (as a (H × G)-principal fiber bundle) depends on the cocycle considered. In fact, the equivalence classes of 𝒮 up 
to a principal bundle isomorphism covering the identity on 𝒫 are in 1:1 correspondence with the equivalence classes 
of C up to a coboundary. This implies that two equivalent cocycles C and C ′ induce the same space 𝒮 in which two 
different submanifolds are canonically identified with 𝒫 . On the contrary, two non-equivalent cocycles generate two non
isomorphic 𝒮 .

The paper is organized as follows. Sec. 2 recalls the theory of standard and twisted gauge fields. It also contains a 
reminder on the DFM with a new interpretation. In Sec. 3, 𝒮 and 𝒬 are introduced and an isomorphism between the 
twisted structure on 𝒫 and the standard one on 𝒬 is displayed. Sec. 4 highlights a correspondence between connections on 
𝒮 and pairs of standard and twisted connections on 𝒫 . An equivalent correspondence is displayed for gauge transformations. 
Sec. 5 provides an alternative approach in terms of action groupoids and interprets 𝒮 as a Hilsum-Skandalis bibundle 
between H ⋉𝒫 and G ⋉𝒬 inducing a Morita equivalence between them. Sec. 6 focuses on the behavior of this framework 
under a change of cocycle. In particular, it draws a link between the cohomology of C and the geometry of 𝒮 . Sec. 7 details 
several particular cases when C has specific properties. Finally, Sec. 8 sets the local version of these constructions on U ⊂ M . 
It makes use of the DFM to parametrize sections of the principal bundles and it suggests a use of twisted fields in standard 
gauge theories.

2. Standard and twisted gauge fields, a reminder

2.1. Standard gauge fields

Let 𝒫(M, H) be a principal bundle over a manifold M , with structure group a Lie group H (whose Lie algebra reads 
𝔥). ℛh p =: ph denotes the right action of H on 𝒫 and π𝒫 : 𝒫 → M is the corresponding projection. Let (W ,ρH ) be a 
representation space for H , i.e. W is a vector space and ρH : H → Aut(W ) is a group homomorphism. The right action of 
H on W reads ah(w) := ρH (h−1)·w = h−1·w , for all h ∈ H and w ∈ W , when the use of ρH is unambiguous. Indeed, ah

satisfies (ah ◦ ah′)(w) = ah(ah′ (w)) = h−1·ah′ (w) = h−1·(h′−1·w) = (h−1h′−1
)·w = (h′h)−1·w = ah′h(w) =⇒ ah ◦ ah′ = ah′h . 

Notice that ρH itself induces a left action of H on W .
Given all the above, the (standard) associated vector bundle E𝒫 := 𝒫 ×H W := (𝒫 × W )/H is the set of equivalence 

classes on 𝒫× W under the relation (p, w) ∼ (ph,h−1·w), ∀h ∈ H . Among the fields on 𝒫 , i.e. f :𝒫 → F , some are said (H
)equivariant when their pullbacks through ℛh are given by a right action Act of H on their target space: ℛ∗

h f = Acth−1 f . For 
example, φ ∈ Ω0(𝒫, W ) =ℱ(𝒫, W ) such that (ℛ∗

hφ)(p) = φ(ph) = ρH (h−1)·φ(p) is said ρH -equivariant. The corresponding 
space of equivariant maps will be denoted ℱeq(𝒫, W ). It is well known that such equivariant fields are in bijection with 
sections ϕ ∈ Γ(E) of the corresponding associated bundle. Explicitly, the correspondence is given by

φ ∈ ℱeq(𝒫, W ) ←→ ϕ : x ↦→ [p,φ(p)] = [ph,h−1·φ(p)] = [ph,φ(ph)] ∈ Γ(E), (2.1)

for any p ∈ π−1
𝒫 (x). An equivariant field is fully determined by its values on a section of 𝒫 . Indeed, knowing f at a given 

point p, one deduces its value at any other point in the fiber of 𝒫 using the equivariance relation. A particular case of an 
equivariant field is an invariant field, satisfying ℛ∗

h f = f .
Any tangent linear space Tp𝒫 at p ∈ 𝒫 has a canonical ``vertical'' subspace Vp𝒫 . This is the space of vertical vectors, 

i.e. tangent vectors to curves which stay in the same fiber as p locally. As is well-known, Vp𝒫 ≃ 𝔥. Choosing a ``horizontal'' 
supplementary subspace Hp𝒫 such that Tp𝒫 = Vp𝒫 ⊕ Hp𝒫 is equivalent to choosing an (Ehresmann) connection 1-form 
ω ∈ Ω1(𝒫,𝔥) satisfying the following vertical normalization and H-equivariance with respect to the adjoint action:

• ωp(𝔞v
p) = 𝔞, ∀𝔞 ∈ 𝔥,

• ℛ∗
hω = Adh−1 ω, ∀h ∈ H .

In the vertical normalization, 𝔞v
p :=

(︂
d
dt p exp(t𝔞)

)︂
|t=0

∈ Vp𝒫 . The horizontal tangent space is then defined as Hp𝒫 := Kerωp . 

The set of connection 1-forms on 𝒫 will be denoted 𝒜(𝒫) and it has a structure of a�ine space modeled on the vector 
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space of Ad-tensorial 𝔥-valued 1-forms, see below. Let ρ∗ be the representation of 𝔥 induced4 on W by ρ := ρH . Any 
connection induces a covariant differential D = d + ρ∗(ω) on (ℝ-valued, W -valued, 𝔥-valued...)5 differential forms and a 
curvature 2-form Ω = dω + 1

2 [ω,ω] ∈ Ω2(𝒫,𝔥). Like ω, Ω is Ad-equivariant.
A differential form is called horizontal when it vanishes on vertical vector fields. The space of S-valued horizontal 

forms (for a given vector space S) is Ω•
hor(𝒫, S) = {α ∈ Ω•(𝒫, S), αp(X0

p, X1
p, . . . , Xk

p) = 0 ∀X0
p ∈ Vp𝒫; X1

p, . . . , Xk
p ∈ Tp𝒫}. 

In particular, any 0-form is horizontal. An equivariant horizontal form is called tensorial and an H-invariant horizontal 
form is called basic. These spaces are denoted Ω•

hor, Ω•
eq, Ω•

inv, Ω•
tens, Ω•

bas. Note that a H-tensorial form on 𝒫 induces 
a differential form on M and a H-basic form on 𝒫 induces an invariant form on M . For instance, the curvature Ω is 
Ad-tensorial but the connection ω is not.

The group of vertical automorphisms Autv(𝒫) = {Φ ∈ Diff(𝒫) | Φ(ph) = Φ(p)h, π𝒫 ◦ Φ = π𝒫 } acts naturally on the 
previous fields by pullback. Autv(𝒫) is isomorphic to the gauge group ℋ𝒫 = {γ : 𝒫 → H | γ (ph) = h−1γ (p)h} with the 
correspondence Φ(p) = pγ (p). Note that both Φ and γ are defined through their equivariance properties: ℛ∗

hΦ = ℛh ◦ Φ

and ℛ∗
hγ = h−1γ h. To be more explicit, the gauge transformations of the previous fields are given by

ωγ := Φ∗ω = γ −1ωγ + γ −1dγ , Ωγ := Φ∗Ω = γ −1Ωγ ,

φγ := Φ∗φ = ρ(γ −1)·φ, Dγ φγ := Φ∗Dφ = ρ(γ −1)·Dφ.

In addition, the elements of the gauge group themselves are subject to a specific gauge transformation: ∀γ ,γ ′ ∈ℋ𝒫 , γ ′ γ :=
Φ∗γ ′ = γ −1γ ′γ .

Any gauge field defined on 𝒫 induces a field locally on M . Let U ⊂ M be an open subset and consider a (local) smooth 
trivializing section of 𝒫 denoted σ : U →𝒫U := π−1

𝒫 (U ), which satisfies π𝒫 ◦σ = idU . Given a local section, one can define 
fields on U as pullbacks by σ of fields on 𝒫 . For example, consider φ𝒫 ∈ ℱeq(𝒫, W ), ω𝒫 ∈ 𝒜(𝒫) and α𝒫 ∈ Ω•

tens(𝒫, W ). 
These fields give rise to ϕ = σ ∗φ𝒫 ∈ ℱ(U , W ), A := σ ∗ω𝒫 ∈ Ω1(U ,𝔥) and a := σ ∗α𝒫 ∈ Ω•(U , W ). Let U , U ′ ⊂ M be open 
subsets such that U ∩ U ′ ≠ ∅ and consider the sections σ and σ ′ of 𝒫 on U and U ′ respectively. Let g : U ∩ U ′ → H be the 
corresponding gluing function, i.e. ∀x ∈ U ∩ U ′, σ ′(x) = σ(x)g(x). With the notations ϕ = σ ∗φ𝒫 , ϕ′ = σ ′∗φ𝒫 , one get that 
for any x ∈ U ∩ U ′ ,

ϕ′(x) = ρ(g(x)−1)·ϕ(x). (2.2)

With similar notations,

A′
x = g(x)−1Ax g(x) + g(x)−1dgx, a′

x = ρ(g(x)−1)·ax. (2.3)

As said before, since the curvature Ω𝒫 is Ad-tensorial, it yields a globally defined object on the base manifold M , say 
F ∈ Ω2(M,𝔥). It can locally be identified with the pull-back F := σ ∗Ω𝒫 ∈ Ω2(U ,𝔥) such that F = dA + A2 thanks to the 
pull-back of the Cartan structure equation. One has F′

x = g(x)−1Fx g(x).
A change of local trivializing section is often called ``(local) passive gauge transformation'' and is closely related to a so

called ``(local) active gauge transformation'', namely the pullback of a vertical automorphism by a local trivializing section.
Given a local trivializing section σ of 𝒫 , let us define the local gauge group ℋU := {γ = σ ∗γ | γ ∈ ℋ𝒫 }. The defining 

equivariance property of ℋ𝒫 induces a characterization of the local gauge group: ℋU = {γ : U → H | ∀γ ′ ∈ℱ(U , H), γ γ ′ =
γ ′−1γ γ ′}. This characterization is independent of both σ and 𝒫 . The action of ℋ𝒫 on gauge fields induces an action of 
ℋU on their local counterparts. The local active gauge transformations of the previous local fields are

ϕ
γ
(x) = ρ(γ (x)−1)·ϕ(x), A

γ
x = γ (x)−1Axγ (x) + γ (x)−1dγ

x
,

F
γ
x = γ (x)−1Fxγ (x), a

γ
x = ρ(γ (x)−1)·ax.

(2.4)

These transformations are formally identical to passive gauge transformations. The compatibility between (2.3) and (2.4)
yields γ ′ = g−1γ g .

This framework is of great use in physics since it underlies gauge theories, in particular the Standard Model of Particle 
Physics. In this framework, M models spacetime up to a diffeomorphism, H carries internal degrees of freedom, ϕ ∈ Γ(E)

and A ∈ Ω1(U ,𝔥) correspond to matter fields and interaction fields respectively and F ∈ Ω2(U ,𝔥) is the field strength.

2.2. The dressing field method (DFM)

The previous section highlights two ways of changing the reference of local gauge fields. One can either change the 
section used to pullback fields on 𝒫 (``passive gauge transformation'') or apply a vertical automorphism on 𝒫 and pullback 

4 ρ∗(𝔞)·w =
(︂

d
dt ρ(et𝔞)·w

)︂
|t=0

, 𝔞 ∈ 𝔥.

5 The implicit action of ω is the action of 𝔥 induced by the action of H . It depends on the space in which the form is valued.
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through the same section (``active gauge transformation''). In this sense, γ ∈ℋ𝒫 can be seen as the ``active'' (or ``dynamic'') 
counterpart of a gluing function. Similarly, a dressing field u (defined in the following) is a map on 𝒫 crafted in such a way 
that it is the active counterpart of a section σ on U . The scheme of this approach is the following:

...passively ...actively 
changes the reference... g(x) γ (p)

selects a reference... σ(x) u(p)

(2.5)

Recall that a principal bundle is canonically associated to itself. Indeed, 𝒫 ×H H ≃ 𝒫 with the two (mutually inverse) 
isomorphisms

𝒫 → 𝒫 ×H H 𝒫 ×H H → 𝒫
p ↦→ [p, e] = [ph,h−1] [p,h] ↦→ ph

These two isomorphisms together with the correspondence (2.1) lead to the isomorphism ℱeq(𝒫, H) ≃ Γ(𝒫 ×H H) ≃ Γ(𝒫)

given by

u ∈ ℱeq(𝒫, H) ←→ σ̄ : x ↦→ [p, u(p)] = [ph,h−1u(p)] = [ph, u(ph)] ∈ Γ(𝒫 ×H H)

←→ σ : x ↦→ pu(p) = phh−1u(p) = phu(ph) ∈ Γ(𝒫)

where p ∈ π−1
𝒫 (x) is arbitrary. Note that a global section of 𝒫 exists if and only if 𝒫 ≃ M × H is a trivial bundle. However, 

the previous correspondences still hold locally: ℱeq(𝒫U , H) ≃ Γ(𝒫U ). The global correspondence between dressing fields 
and sections is discussed in [28] and generalized to partial dressings, see below.

Definition 2.1. A H-dressing field over U on 𝒫 is an equivariant map u ∈ℱeq(𝒫U , H) with equivariance property ℛ∗
hu(p) =

h−1u(p).

One checks that this definition induces the gauge transformation

uγ (p) = γ (p)−1u(p) (2.6)

The above stated information imply that

• a dressing field u is equivalent to a local section σ of 𝒫 over U ,
• the existence of a global dressing field on 𝒫 is equivalent to the triviality of 𝒫 ≃ M × H .

Similarly to the isomorphism ℋ𝒫 → Autv(𝒫), γ ↦→ Φ : p ↦→ pγ (p), dressing fields correspond to H-invariant maps. Let 
u ∈ℱeq(𝒫U , H) and let us define

Σ : 𝒫U → 𝒫U , p ↦→ pu(p).

This map trivially satisfies ℛ𝒫∗
h Σ = Σ (contrary to vertical automorphisms Φ satisfying ℛ𝒫∗

h Φ(p) = Φ(p)h). Thus it induces 
a map on U which is nothing else but σ . Σ will play a key role in the DFM, see below. The dressing field is indeed the 
concept which consistently fills the bottom right cell of table (2.5).

Proposition 2.2. The passive and active gauge transformations are consistent. Given any sections σ , σ ′ glued by g over U ∩ U ′ ≠ 0, 
their active counterparts u, u′ satisfy u′ = uγ = γ −1u where γ is the (active) gauge element corresponding to g−1.

Note that g = σ ∗γ −1 instead of g = σ ∗γ is a matter of convention. It depends on the chosen conventions for gluing 
functions and for the action of the gauge group on 𝒫 . The current conventions are commonly found in the literature.

Proof. σ (resp. σ ′) has active counterpart u (resp. u′), which means that: ∀x ∈ U ,

σ(x) = pu(p), σ ′(x) = pu′(p),

where p ∈ π−1
𝒫 (x) is arbitrary. On the one hand,

σ ′(x) = σ(x)g(x).

On the other hand, suppose u′ = γ −1u. Then, using γ (pu(p)) = u(p)−1γ (p)u(p), one has

σ ′(x) = pu′(p) = pγ −1(p)u(p) = pu(p)u(p)−1γ −1(p)u(p) = pu(p)γ (pu(p))−1 = σ(x)γ (σ (x))−1.

6 
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Since the action of H on 𝒫 is assumed to be free, then g(x) = γ (σ (x))−1 = σ ∗γ −1(x). □
The DFM consists in composing a dressing field with the standard fields of a gauge theory in order to get gauge-invariant 

fields. Given u, and so Σ, one can pullback gauge fields ω, Ω, φ and Dφ through Σ in order to define so-called dressed 
(or composite) fields on 𝒫U

ωu := Σ∗ω = u−1ωu + u−1du, Ωu := Σ∗Ω = u−1Ωu,

φu := Σ∗φ = ρ(u−1)·φ, Duφu := Σ∗Dφ = ρ(u−1)·Dφ.
(2.7)

Lemma 2.3. The dressed fields are invariant under the action of ℋ𝒫 .

Proof. Let u be a dressing field and Σ : p ↦→ pu(p). As shown before, Σ is an H-invariant map. Thus, for any γ ∈ ℋ𝒫 ↔
Φ ∈ Autv(𝒫),

Σ ◦ Φ(p) = Σ(pγ (p)) = pγ (p)u(pγ (p)) = pu(p) = Σ(p).

Let ω ∈𝒜(𝒫). (The same proof holds for gauge fields of any other type.)

(ωu)γ = Φ∗Σ∗ω = (Σ ◦ Φ)∗ω = Σ∗ω = ωu .

Thus ωu is a gauge-invariant field. □
The use of Σ, already appearing in [19,20], provides a geometric interpretation of the dressing. The pullback φu = Σ∗φ

of a generic gauge field φ through Σ consists in prescribing the value φu(p) = φ(pu(p)) = φ(σ (x)) for the dressed field at 
any point p in the fiber π−1

𝒫 (x), where the local section σ is defined from u as before. Then the equivariance of each gauge 
field promotes this geometric operation to an algebraic operation of the type φu(p) = u(p)−1·φ(p), as seen already in [14]. 
This recovers the approach based on field composers, of algebraic nature, used in [21] for instance.

Since dressed fields are gauge-invariant, they induce gauge-invariant local fields Au, Fu, ϕu, Duϕu on U ⊂ M by taking 
the pullbacks of (2.7) by the local trivializing section σ0, with u := σ ∗

0 u. Following the gauge transformation (2.6) one has 
uγ = γ −1u, which is similar to u′ = g−1u for a change of local trivializing sections, see (2.3).

It is worth noticing an important feature of local dressed fields. Let σ0 and σ ′
0 be local trivializing sections on U and U ′

such that U ∩ U ′ ≠∅, with gluing function g . The local versions of the dressed fields are linked by

(Au)′ := σ ′∗
0 ωu = σ ′∗

0 Σ∗ω = (Σ ◦ σ ′
0)

∗ω

Let us remark that

Σ ◦ σ ′
0(x) = σ0(x)g(x)u(σ0(x)g(x)) = σ0(x)u(σ0(x)) = Σ ◦ σ0(x)

This implies that

(Au)′ := σ ′∗
0 ωu = σ ′∗

0 Σ∗ω = σ ∗
0 Σ∗ω = σ ∗

0 ωu = Au (2.8)

In other words, local dressed fields are independent of the chosen local description. One readily checks that (Au)′ = (A′)u′ =
Au . The DFM enables to effectively reduce the structure group. Indeed, the dressed fields (interpreted as physically rel
evant quantities) are gauge-invariant. However, contrary to a mere gauge fixing, H is still part of the theory since u is 
H-equivariant. The correct way to interpret this trick is to see the pair (φu, u) as carrying the same information as φ .6 The 
dressing field inherits the degrees of freedom related to the gauge group while the dressed field carries only the physically 
relevant degrees of freedom. The existence of an undressing process ensures that no information is lost, see [21].

This section introduces only ``full'' dressing procedures. Indeed, u is required to satisfy the equivariance relation in Defini
tion 2.1 for any h ∈ K = H . One can equally define ``partial'' dressing fields satisfying ℛ∗

k u(p) = k−1u(p) for any k ∈ K where 
K ⊂ H is a proper subgroup. If K is normal, one may prescribe an equivariance relation for u with respect to the residual 
structure group H/K . The details of this process is out of the scope of this paper, see [19,20] for more details. Note that the 
correspondence between local trivializing sections and equivariant H-valued local maps already appears in [29] with a field 
“ϕα'' corresponding to u−1. However, this was not used to generate (partially or fully) gauge-invariant composite fields as 
with the DFM, see below.

6 To be precise, there is the same information carried by all the gauge fields {φ, ω, ...} of the model and by ({φu, ωu , ...}, u).
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2.3. Twisted gauge fields

As mentioned in the introduction, twisted structures are a generalization of the standard gauge structures described in 
Sec. 2.1. We present here a short review of the concepts used in the following and we refer to [27] for further details.

In the following, 𝒫, M, H,ℛ,π𝒫 are defined as in Sec. 2.1. Let G be a Lie group (with Lie algebra 𝔤) and (V ,ρG) be a 
representation space for G .

Definition 2.4. A map C : 𝒫 × H → G is called cocycle (or group action cocycle, or 1-cocycle) if it satisfies the cocycle 
relation

C(p,hh′) = C(p,h)C(ph,h′) for any p ∈ 𝒫 and h,h′ ∈ H . (2.9)

From this relation, one deduces that C(p, eH ) = eG and C(p,h)−1 = C(ph,h−1). As a smooth map w.r.t. both its argu
ments, C can be differentiated on 𝒫 and H respectively:

d𝒫C|(p,h) :
⃓⃓⃓⃓
⃓ Tp𝒫 → TC(p,h)G

X𝒫
p ↦→

(︂
d
dt C(s(t),h)

)︂
|t=0

s : (−1,1) → 𝒫, s(0) = p, ṡ(0) = X𝒫
p

dH C|(p,h) :
⃓⃓⃓⃓
⃓ Th H → TC(p,h)G

X H
h ↦→

(︂
d
dt C(p, s̃(t))

)︂
|t=0

s̃ : (−1,1) → H, s̃(0) = h, ˙̃s(0) = X H
h

dC|(p,h) : ⃓⃓⃓⃓ Tp𝒫 ⊕ Th H → TC(p,h)G
X𝒫

p ⊕ X H
h ↦→ d𝒫C|(p,h)(X𝒫

p ) + dH C|(p,h)(X H
h )

Note that C(p,h)−1d𝒫C|(p,h)(X𝒫
p ), C(p,h)−1dH C|(p,h)(X H

h ), C(p,h)−1dC|(p,h)(X𝒫
p ⊕ X H

h ) ∈ Te G are seen as elements in the 
Lie algebra 𝔤. The following result will be useful in several calculations.

Lemma 2.5. The differential of C with respect to its second argument satisfies(︂
dH C−1

(p,h)

)︂
C(p,h) = −C(p,h)−1 (︁dH C(p,h)

)︁
,

where, in the left hand side, dH C−1
(p,h)

is the differential of (p,h) ↦→ C(p,h)−1 with respect to its second variable. In particular,

dH C−1
(p,e) = −dH C(p,e).

Proof. This result is obtained by deriving C(p, h̃(t))−1C(p, h̃(t)) = e at t = 0, where h̃ : (−1,1) → H is a smooth curve such 
that h̃(0) = h. □
Definition 2.6. The twisted associated vector bundle EC

𝒫 = 𝒫 ×ρG ◦C V = 𝒫 ×C(H) V = 𝒫 ×C V := (𝒫 × V )/H is the set of 
equivalence classes on 𝒫 × V under the relation

(p, v) ∼ (ph,ρG(C(p,h)−1)·v) =: (ph, C(p,h)−1·v).

The cocycle relation (2.9) ensures that ∼ is an equivalence relation. The same procedure enables defining any twisted 
associated bundle, where the associated space is any space with an action of G . Any section ϕ ∈ Γ(𝒫 ×C(H) V ) is in 
1:1 correspondence with a C(H)-equivariant map φ ∈ Ω0

C -eq(𝒫, V ), where the C(H)-equivariance relation is ℛ∗
hφ(p) =

C(p,h)−1·φ(p). Note that twisted fields, together with the twisted forms and structures defined in the following, are a gen
eralization of the standard fields defined in Sec. 2.1. Indeed, in the particular case of G = H and C(p,h) = h, ∀(p,h), one 
recovers standard Hfields, see Sec. 7.2. In the same way, one can generalize the notion of tensorial forms to C-tensorial 
(V -valued) forms. These are horizontal forms satisfying a C(H)-equivariance relation. The space of C-tensorial forms will be 
denoted Ω•

C -tens(𝒫, V ).
The relevant process to generalize a horizontal structure to the twisted context is not to prescribe a horizontal sup

plementary subspace Hp𝒫 to Vp𝒫 . Indeed, sections of twisted associated bundles carry an action of G , whose horizontal 
directions may not correspond to the ones defined by H . Instead, the connection 1-form is promoted to a twisted form.

Definition 2.7. The twisted connection 1-form ω ∈ Ω1(𝒫,𝔤) is the 𝔤-valued 1-form satisfying the following vertical nor
malization and H-equivariance:

• ωp(𝔞v
p) = dH C|(p,e)(𝔞), ∀𝔞 ∈ 𝔥,

8 
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• ℛ∗
hωph = AdC(p,h)−1 ωp + C(p,h)−1d𝒫C|(p,h), ∀h ∈ H .

The set of twisted connections on 𝒫 is denoted 𝒜C (𝒫) and it is an a�ine space modeled on Ω1
C -tens(𝒫,𝔤).

Note that dH C|(p,e)(𝔞) is an instance of C(p,h)−1dH C|(p,h)(𝔞) at h = e, which highlights that this is an element of 𝔤. Let 
ρ∗ be the representation of 𝔤 induced on V by ρ := ρG . The exterior covariant differential associated to ω is D := d +ρ∗(ω)

on equivariant maps and tensorial forms. This operator acts on V -valued forms on 𝒫 and preserves the horizontality and the 
C(H)-equivariance. In particular, the covariant differential of a C(H)-tensorial form is a C(H)-tensorial form. Since sections 
of 𝒫 ×C(H) V are equivalent to V -valued C(H)-equivariant 0-forms on 𝒫 , D provides a notion of covariant derivative of 
sections. Additionally, ℛ∗

hDϕ = ρ(C(p,h)−1)·Dϕ. The twisted connection also induces a twisted curvature Ω ∈ Ω2
C -tens(𝒫,𝔤)

defined by Ω := dω + 1
2 [ω,ω]. Its equivariance condition is (ℛ∗

hΩ)p = Ωph ◦ Tpℛh = AdC(p,h)−1 Ωp . Moreover, Ω satisfies 
the Bianchi identity dΩ + [ω,Ω] = 0, meaning that DΩ = 0. Additionally, for any V -valued tensorial form α, one has 
D2α = ρ∗(Ω)·α.

The gauge group ℋ𝒫 ≃ Autv(𝒫) acts on twisted fields. Their explicit gauge transformations read, with Cγ :𝒫 → G, p ↦→
C(p, γ (p)),

ω
γ
p := (Φ∗ω)p = Cγ (p)−1ωp Cγ (p) + Cγ (p)−1dCγ p, Ω

γ
p := (Φ∗Ω)p = Cγ (p)−1Ωp Cγ (p),

φγ (p) := (Φ∗φ)(p) = ρ(Cγ (p)−1)·φ(p), (Dφ)γ (p) := (Φ∗Dφ)(p) = ρ(Cγ (p)−1)·Dφ(p).

Performing two gauge transformations is equivalent as performing a single gauge transformation of their product: (ωγ )γ
′ =

ωγγ ′
. Note that the cocycle relation (2.9) imposes that a gauge transformed C(H)-equivariant field satisfies

φγ (ph) = ρ(C(pγ (p),h)−1)·φγ (ph) =: ρ(Cγ (p,h)−1)·φγ (ph),

where Cγ : (p,h) ↦→ C(pγ (p),h) is a cocycle (called ``gauge transformed cocycle'').7 This means that φγ is a Cγ (H)
equivariant field. This change of equivariance appears to be of importance in the following, see Sec. 6.2.

Consider σ : U → 𝒫U a (local) smooth section of 𝒫 and consider φ𝒫 ∈ ℱC -eq(𝒫, V ), ω𝒫 ∈ 𝒜C (𝒫) and α𝒫 ∈
Ω•

C -tens(𝒫, V ). These fields locally give rise to ϕ = σ ∗φ𝒫 ∈ ℱ(U , V ), A := σ ∗ω𝒫 ∈ Ω1(U ,𝔤) and a := σ ∗α𝒫 ∈ Ω•(U , V ). 
Similarly, one can define the local cocycle Cσ = σ ∗C : U × H → G, (x,h) ↦→ C(σ (x),h). This map is of great use when dealing 
with several trivializing sections. Let σ and σ ′ be two sections of 𝒫 , respectively on U and U ′ , two intersecting open sub
sets, and let g be their gluing function: σ ′ = σ g . It is relevant to define Cσ ,g : U ∩ U ′ → G, x ↦→ Cσ (x, g(x)) = C(σ (x), g(x)). 
This map appears in the gluing relations of local twisted fields. Indeed, with the notations ϕ = σ ∗φ𝒫 , ϕ′ = σ ′∗φ𝒫 , one get 
that for any x ∈ U ∩ U ′ ,

ϕ′(x) = ρ(Cσ ,g(x)−1)·ϕ(x). (2.10)

With similar notations,

A′
x = Cσ ,g(x)−1AxCσ ,g(x) + Cσ ,g(x)−1d(Cσ ,g)x, a′

x = ρ(Cσ ,g(x)−1)·ax. (2.11)

Note that d(Cσ ,g) is a differential with respect to both occurrences of x.
The cocycle relation satisfied by C induces an expression for Cσ ′ given Cσ :

Cσ ′(x,h) = C(σ ′(x),h) = C(σ (x)g(x),h) = C(σ (x), g(x))−1C(σ (x), g(x)h)

= Cσ (x, g(x))−1Cσ (x, g(x)h) = Cσ ,g(x)−1Cσ (x, g(x)h).

In particular on U ∩ U ′ ∩ U ′′ ≠ 0,

Cσ ′,g′ = C−1
σ ,g Cσ ,gg′ , (2.12)

where g′ is a gluing function from σ ′ to another section σ ′′ = σ ′ g′ defined on U ′′ . This expression ensures the consistency 
of the gluing properties (2.10) and (2.11) at the intersection of three or more open sets.

These twisted passive gauge transformations correspond to twisted active gauge transformations. Given a local trivializing 
section σ of 𝒫 , the action of ℋ𝒫 on twisted fields induce an action of ℋU on their local counterparts. This action involves 
the map Cσ ,γ : x ↦→ C(σ (x), γ (x)). The local active gauge transformations of the previous local fields are

ϕ
γ
(x) = ρ(Cσ ,γ (x)−1)·ϕ(x), A

γ
x = Cσ ,γ (x)−1AxCσ ,γ (x) + Cσ ,γ (x)−1d(Cσ ,γ )x, a

γ
x = ρ(Cσ ,γ (x)−1)·ax.

7 Mind the difference between a gauge transformed cocycle Cγ and a cocycle evaluated at (p, γ (p)), written Cγ .
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These transformations are formally identical to passive gauge transformations. The maps Cσ and Cσ ,γ undergo gauge trans
formations induced by their global counterpart. Let γ ′ = σ ∗γ ′ . Then

(Cσ )
γ ′ := (Cγ ′

)σ : (x,h) ↦→ C(σ (x)γ ′(σ (x)),h) = C(σ (x)γ ′(x),h),

(Cσ ,γ )
γ ′ := (Cγ ′

)σ ,γ : x ↦→ C(σ (x)γ ′(σ (x)), γ (x)) = C(σ (x)γ ′(x), γ (x)).

From this transformation, the cocycle relation (2.9) on C implies Cσ ,γ γ ′ = Cσ ,γ (Cσ ,γ ′ )γ , which is equivalent to (2.12).

3. Isomorphisms with a standard structure

3.1. Correspondence space and induced bundle

The notations used in this section are defined in Sec. 2.3. In particular, (𝒫(M, H), G, C) is the minimal setting to define 
twisted gauge fields on 𝒫 .

3.1.1. The correspondence space 𝒮
Let us define 𝒮 :=𝒫 × G . This space is endowed with a right action of H × G which reads8

ℛ𝒮
(h,g′)s = ℛ𝒮

(h,g′)(p, g) := (ph, C(p,h)−1 gg′).

Lemma 3.1. ℛ𝒮 is a right action. It induces a projection onto M, seen as the space of ℛ𝒮-equivalence classes: π𝒮(p, g) = π𝒫 (p). 𝒮
is a principal H × G bundle over M for the right action ℛ𝒮 with the same trivialization sections as 𝒫 .

Proof. The action property of ℛ𝒮 is obtained by straightforward computations. It relies on the cocycle property (2.9) sat
isfied by C and the commutation of left and right multiplication on G . Let us prove that ℛ𝒮 is free and transitive. Let 
(p, g) ∈ 𝒮 and (h, g′) ∈ H × G such that ℛ𝒮

(h,g′)(p, g) = (p, g). This implies

p = ph, g = C(p,h)−1 gg′.

Since the right action of H on 𝒫 is free, the first equation implies h = e. Thus, C(p,h) = C(p, e) = e and the second equation 
becomes gg′ = g . Multiplying by g−1 from the left, one gets g′ = e. Then ℛ𝒮 is free.

Consider now (p1, g1) and (p2, g2) two elements of the same fiber in 𝒮 . In other words, π𝒫 (p1) =: π𝒮 ((p1, g1)) =
π𝒮 ((p2, g2)) := π𝒫 (p2). Since ℛ𝒫 is transitive, there exists h1,2 ∈ H such that p2 = p1h1,2. Let g′ ∈ G arbitrary

ℛ𝒮
(h1,2,g′)(p1, g1) = (p1h1,2, C(p,h1,2)

−1 g1 g′) = (p2, C(p,h1,2)
−1 g1 g′)

Let us define g1,2 := (︁
C(p,h1,2)

−1 g1
)︁−1

g2. Then

ℛ𝒮
(h1,2,g1,2)(p1, g1) = (p2, g2).

Thus ℛ𝒮 is transitive, which concludes the proof.
The local trivializing sections of 𝒮 induced by those of 𝒫 are treated in detail in Sec. 8.2. This further section contains 

a parametrization of any local trivializing section σ𝒮 : U → 𝒮U as σ𝒮 (x) = (σ𝒫 (x), f (σ𝒫 (x)) with σ𝒫 a section of 𝒫 and 
f :𝒫 → G . □
3.1.2. The quotient bundle 𝒬

Let us define 𝒬 := 𝒮/H =𝒫 ×C(H) G .

Lemma 3.2. 𝒬 is a principal G-bundle over M.

Proof. G acts9 on 𝒬 as ℛ𝒬
g′ q = qg′ = [p, g]g′ := [p, gg′] = [ph, C(p,h)−1 gg′]. This induces a projection onto equivalence 

classes w.r.t. ℛ𝒬 which reads π𝒬 : 𝒬 → M, q = [p, g] ↦→ π𝒫 (p). π𝒬 is well-defined since (p, g) ↦→ (ph, C(p,h)−1 g) and 
(p, g) ↦→ (p, gg′) commute. □

8 Note that a simpler action of H × G on 𝒮 can be defined as ˆ︁ℛ𝒮
(h,g′)(p, g) := (ph, gg′). In the following, this simpler action proves to be useful to 

consider non-twisted (or trivially twisted) gauge fields such that C(p,h) = e.
9 It should be clear from the context whether ℛ refers to the action of H on 𝒫 , the action of G on 𝒬 or the action of H × G on 𝒮 . When the ambiguity 

persists, they will be labeled ℛ𝒫 , ℛ𝒬, ℛ𝒮 .

10 
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𝒬 inherits its trivializing sections from those of 𝒫 . It is equivalently seen as a twisted associated bundle to 𝒫 or as a 
quotient bundle of 𝒮 with corresponding projection πH : 𝒮 → 𝒬. Note that 𝒬 depends on the cocycle. 𝒮 doesn’t depend 
on C as a manifold, but it depends on C as a H-space. In the following, C is fixed unless otherwise specified. The following 
diagram highlights the double structure of 𝒮 . Each map π• is a principal bundle map.

𝒮

𝒫 𝒬

M

/G

πG

/C(H)

πH

π𝒮

/C(H)

π𝒫
/G

π𝒬

(3.1)

Since 𝒮 = 𝒫 × G , there exist inclusion maps i g : 𝒫 → 𝒮, p ↦→ (p, g) and ip : G → 𝒮, g ↦→ (p, g). In the following, their 
tangent linear maps are denoted Tpig(X𝒫

p ) =: X𝒫
p ⊕ 0g and Tg ip(X G

g ) =: 0p ⊕ X G
g . Any X𝒮

(p,g) ∈ T(p,g)𝒮 = Tp𝒫 ⊕ Tg G reads 
X𝒮

(p,g) = X𝒫
p ⊕ X G

g = (X𝒫
p ⊕ 0g) + (0p ⊕ X G

g ). Among these vectors, any X𝒮
s = X𝒫

p ⊕ X G
g ∈ Vs𝒮 corresponds to an element 

(𝔞,𝔟) ∈ Lie(H × G) = 𝔥⊕ 𝔤. Explicitly,

X𝒮
s = (𝔞,𝔟)v

(p,g) =
(︂

d
dt (p exp(t𝔞), C(p,exp(t𝔞))−1 g exp(t𝔟))

)︂
|t=0

=
(︂

d
dt ℛ

𝒮∗
(exp(t𝔞),exp(t𝔟))(p, g)

)︂
|t=0

= 𝔞v
p ⊕ (︁

TeRg ◦ (dH C−1)(p,e)(𝔞) + 𝔟g
)︁

where TeRg is the tangent linear map of the right multiplication on G at e.
It is worth stating some useful properties of the bundles introduced in this part.

Lemma 3.3. The maps ie :𝒫 → 𝒮 and πH : 𝒮 →𝒬 together with the right actions ℛ𝒫 , ℛ𝒮 and ℛ𝒬 satisfy the following properties.

(i) The right action on 𝒮 induces the tangent linear map T(p,g)ℛ𝒮
(h,g′) which satisfies

T(p,g)ℛ𝒮
(h,e)(X𝒫

p ⊕ X G
g ) = Tpℛ𝒫

h (X𝒫
p ) ⊕

[︂
TgLC(p,h)−1(X G

g ) + TC(p,h)−1 Rg ◦ d𝒫C−1
(p,h)

(X𝒫
p )

]︂
,

T(p,g)ℛ𝒮
(e,g′)(X𝒫

p ⊕ X G
g ) = X𝒫

p ⊕ TgRg′(X G
g ),

where TgLg′ (resp. TgRg′ ) is the tangent linear map of Lg′ g = g′ g (resp. Rg′ g = gg′) the left (resp. right) multiplication in G and 
(d𝒫C−1)(p,h) : Tp𝒫 → TC(p,h)−1 G is the differential of (p,h) ↦→ C(p,h)−1 along p at (p,h).

(ii) The commutation relation of the tangent linear maps of ie :𝒫 → 𝒮, p ↦→ (p, e) and ℛ𝒫 is

Tphie ◦ Tpℛ𝒫
h (X𝒫

p ) = T(p,e)ℛ𝒮
(h,C(p,h)) ◦ Tpie(X𝒫

p ) +
[︂

C(p,h)−1d𝒫C(p,h)(X𝒫
p )

]︂v

(ph,e)
. (3.2)

(iii) The tangent map to πH has kernel

ker T(p,g)πH =
{︂
𝔞v

p ⊕ TeRg ◦ dH C−1
(p,e)(𝔞), 𝔞 ∈ 𝔥

}︂
. (3.3)

(iv) The vertical vectors on 𝒬 correspond to the vectors tangent to G in 𝒮 , i.e.

T(p,g)πH
(︁

0p ⊕ Tg G
)︁= V[p,g]𝒬

and the isomorphism is given by T(p,g)πH (0p ⊕ 𝔟g) = 𝔟v[p,g], ∀𝔟 ∈ 𝔤.10

(v) The commutation relation of the tangent linear maps of πH and ℛ𝒮 is

T(ph,C(p,h)−1 gg′)πH ◦ T(p,g)ℛ𝒮
(h,g′) = T[p,g]ℛ𝒬

g′ ◦ T(p,g)πH ,

i.e. TπH ◦ Tℛ𝒮
(h,e) = TπH and TπH ◦ Tℛ𝒮

(e,g′) = Tℛ𝒬
g′ ◦ TπH .

(vi) The commutation relation of the tangent maps of πH ◦ ie and ℛ𝒮 is

T(ph,e)πH ◦ Tphie ◦ Tpℛ𝒫
h (X𝒫

p ) = T[p,e]ℛ𝒬
C(p,h)

◦ T(p,e)πH ◦ Tpie(X𝒫
p ) +

[︂
C(p,h)−1d𝒫C(p,h)(X𝒫

p )
]︂v

[ph,e] ,

or in short, T(πH ◦ ie) ◦ Tpℛ𝒫
h = Tℛ𝒬

C(p,h)
◦ Tp(πH ◦ ie) + [︁

C(p,h)−1d𝒫C(p,h)(•)
]︁v
[ph,e] .

10 Note that in the left hand side, 𝔟 ∈ 𝔤 is interpreted as a left-invariant vector field valued at g , while in the right hand side, 𝔟∈ 𝔤 ≃ Te G is interpreted 
as a tangent vector at e ∈ G .
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The proof of this technical Lemma is given in Appendix A.
The representation ρG of G on V induces a representation ρH×G such that ρH×G((h, g))·v = ρG(g)·v . The induced 

representation ρH×G is trivial along H . Let us define the following two associated vector bundles 𝒬 ×G V and 𝒮 ×H×G V
respectively through the equivalence relations (q, v) ∼ (qg,ρG(g−1)·v) on 𝒬× V and (s, v) ∼ (ℛ(h,g)s,ρG(g−1)·v) on 𝒮× V .

The notion of tensorial forms extends naturally to 𝒮 . A form α ∈ Ω•(𝒮, V ) is called equivariant if

ℛ(h,g)α = ρH×G((h, g)−1)·α = ρG(g−1)·α =: g−1·α, ∀(h, g) ∈ H × G.

α is horizontal if it vanishes when applied on at least one vector in Vs𝒮 . The resulting space is denoted Ω•
tens(𝒮, V ), where 

“tens'' encapsulates all together the G-equivariance, H-invariance and horizontality in this case.
Following the previous diagram (3.1), one can interpret 𝒮 as either a (trivial) G-principal bundle over 𝒫 or a H-principal 

bundle over 𝒬. Consequently, any map or form defined on 𝒫 (resp. 𝒬) corresponds to a G-basic (resp. H-basic) map or 
form on 𝒮 through π∗

G (resp. π∗
H ). In particular, the horizontal structures and gauge structures of both 𝒫 and 𝒬 have their 

counterparts on 𝒮 . Examples of these corresponding maps and forms are detailed in Sec. 3.2 and 4.

3.2. Isomorphism of bundle geometry

This section carries one of the main results of this paper, which relates the tensorial and C-tensorial forms on the 
previously defined bundles.

Let (V ,ρG) be a representation of G . As before, ρG is omitted in the notation.

Proposition 3.4. The twisted and standard associated bundles 𝒫 ×C(H) V and 𝒬×G V are both isomorphic to 𝒮 ×H×G V .

Proof. ℛ𝒮 induces an equivalence relation on 𝒫 × G × V = 𝒮 × V :

(0) : (p, g0, v) ∼ (ph, C(p,h)−1 g0 g, g−1·v), ∀(h, g) ∈ H × G.

The corresponding space of equivalence classes is the vector bundle 𝒮 ×H×G V associated to 𝒮 . ℛ𝒮 is made of two com
muting right actions of H and G respectively, which give rise to the two following equivalence relations on 𝒫 × G × V

(1) : (p, g0, v) ∼ (p, g0 g, g−1·v) ∼ (p, e, g0·v), ∀g ∈ G,

(2) : (p, g0, v) ∼ (ph, C(p,h)−1 g0, v), ∀h ∈ H .

One can quotient along these equivalence relations and define new equivalence relations respectively on the quotient spaces 
𝒫 × V and 𝒬× V :

(3) : (p, g−1
0 ·v) ∼ (ph, C(p,h)−1 g−1

0 ·v), ∀h ∈ H,

(4) : ([p, g0], v) ∼ ([p, g0]g, g−1·v), ∀g ∈ G.

The situation is summarized in the following diagram:

𝒮 × V

𝒫 × V 𝒬× V

𝒮 ×H×G V
𝒫 ×C(H) V
𝒬×G V

/G

(1)

/C(H)

(2)

(0)

/C(H)

(3)

/G

(4) (3.4)

Since the two actions commute, the same equivalence space is obtained by quotienting by H and G in any order. The left 
branch of diagram (3.4) interprets this quotient space as 𝒫 ×C(H) V while the right branch interprets it as 𝒬 ×G V , thus 
proving the isomorphism between the three quotient spaces. □

This correspondence between twisted and standard associated bundles extends to vector-valued tensorial forms.

Proposition 3.5. The spaces Ω•
C -tens(𝒫, V ) and Ω•

tens(𝒬, V ) are isomorphic.

The proof of this isomorphism relies on the construction of three maps χ𝒮𝒫 , χ𝒬𝒮 and χ𝒫𝒬 which will now be de
scribed. In the following, {X𝒫

p } (resp. {X𝒮
s } = {X𝒫

p ⊕ X G
g }, {X𝒬

q }) stands for an ordered collection of vector fields in Γ(T𝒫)

(resp. Γ(T𝒮), Γ(T𝒬)) evaluated at p (resp. s = (p, g), q = [p, g]).

12 
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Lemma 3.6. Let us define χ𝒮𝒫 as

∀α𝒫 ∈ Ω•
C-tens(𝒫, V ), χ𝒮𝒫 (α𝒫 )(p,g)({X𝒫

p ⊕ X G
g }) := g−1·α𝒫

p ({X𝒫
p }).

Then χ𝒮𝒫 : Ω•
C -tens(𝒫, V ) → Ω•

tens(𝒮, V ).

Proof. One checks that χ𝒮𝒫 is well defined. From the algebraic definition together with the H-equivariance of α𝒫 , one 
gets that χ𝒮𝒫 (α𝒫 ) is H-equivariant. Also, the action of g−1 provides the G-equivariance of χ𝒮𝒫 (α𝒫 ), which completes 
the H × G-equivariance. Additionally, when evaluated on at least one vertical tangent vector (𝔞,𝔟)v

(p,g) , with (𝔞,𝔟) ∈ 𝔥⊕ 𝔤, 
χ𝒮𝒫 (α𝒫 ) vanishes:

χ𝒮𝒫 (α𝒫 )(p,g)((𝔞,𝔟)
v
(p,g), . . .) = g−1·α𝒫

p (𝔞v
p, . . .) = 0

because α𝒫 is horizontal. Then χ𝒮𝒫 (α𝒫 ) ∈ Ω•
tens(𝒮, V ). □

Lemma 3.7. The map χ𝒬𝒮 is implicitly defined by

∀α𝒮 ∈ Ω•
tens(𝒮, V ), χ𝒬𝒮(α𝒮)[p,g] ◦ T(p,g)πH := α𝒮

(p,g).

Then χ𝒬𝒮 : Ω•
tens(𝒮, V ) → Ω•

tens(𝒬, V ).

Proof. Let us check that χ𝒬𝒮 is well defined. χ𝒬𝒮 (α𝒮 ) does not depend on the choice of representative (p, g) ∈ [p, g]
because α𝒮 is H-invariant. Also, ker T(p,g)πH = {𝔞v

p ⊕ TeRg ◦ (dH C−1)(p,e)(𝔞), 𝔞 ∈ 𝔥} since these are the tangent vectors 
to curves which read t ↦→ (ph(t), C(p,h(t))−1 g) with h(0) = e and ḣ(0) = 𝔞. Since ker T(p,g)πH ⊂ V(p,g)𝒮 , the choice of a 
reciprocal map to T(p,g)πH is defined up to a vertical vector. Because α𝒮 is horizontal, this does not affect the image of 
χ𝒬𝒮 (α𝒮 ). Hence χ𝒬𝒮 is defined unambiguously.

The G-equivariance of χ𝒬𝒮 (α𝒮 ) is directly inherited from the one of α𝒮 . Let 𝔟 ∈ 𝔤 and 𝔟v
q be its vertical tangent vector 

in Vq𝒬 at q = [p, g].
χ𝒬𝒮(α𝒮)q(𝔟

v
q, . . .) = α𝒮

(p,g)(𝔞
v
p ⊕ (︁

TeRg ◦ (dH C−1)(p,e)(𝔞) + 𝔟v
q

)︁
, . . .) = 0,

where 𝔞 ∈ 𝔥 induces an arbitrary element in the preimage of 𝔟v
q through T(p,g)πH . Since α𝒮 is evaluated on a vertical vector, 

it vanishes. Then χ𝒬𝒮 (α𝒮 ) is vertical, thus χ𝒬𝒮 (α𝒮 ) ∈ Ω•
tens(𝒬, V ). □

Lemma 3.8. The map χ𝒫𝒬 is defined by

∀α𝒬 ∈ Ω•
tens(𝒬, V ), χ𝒫𝒬(α𝒬)p({X𝒫

p }) := α𝒬
[p,e] ◦ T(p,e)πH ({X𝒫

p ⊕ 0}).
Then χ𝒫𝒬 : Ω•

tens(𝒬, V ) → Ω•
C -tens(𝒫, V ). Additionally, χ𝒫𝒬(α𝒬) = i∗eπ∗

Hα𝒬 = (πH ◦ ie)
∗α𝒬 .

Proof. Let us check that χ𝒫𝒬 is well defined. First, compute the equivariance relation satisfied by χ𝒫𝒬(α𝒬).

(ℛ𝒫∗
h χ𝒫𝒬(α𝒬))p({X𝒫

p }) = (ℛ𝒫∗
h i∗eπ∗

Hα𝒬)p({X𝒫
p })

= α𝒬
[ph,e] ◦ T(ph,e)πH ◦ Tphie ◦ Tpℛ𝒫

h ({X𝒫
p })

(vi)= α𝒬
[p,C(p,h)] ◦ T[p,e]ℛ𝒬

C(p,h)
◦ T(p,e)πH ◦ Tpie({X𝒫

p }) 
+ α𝒬

[p,C(p,h)]
(︃{︃[︂

C(p,h)−1d𝒫C(p,h)(X𝒫
p )

]︂v

[ph,e]

}︃)︃
, 

where Lemma 3.3(vi) was used. The second term vanishes because α𝒬 is horizontal. By equivariance, the first term leads to

(ℛ𝒬∗
h χ𝒫𝒬(α𝒬))p({X𝒫

p }) = (ℛ𝒬∗
C(p,h)−1α

𝒬)[p,e] ◦ T(p,e)πH ◦ Tpie({X𝒫
p })

= C(p,h)−1·α𝒬
[p,e] ◦ T(p,e)πH ◦ Tpie({X𝒫

p })
= C(p,h)−1·(i∗eπ∗

Hα𝒬)p({X𝒫
p })

= C(p,h)−1·χ𝒫𝒬(α𝒬)p({X𝒫
p }).

Thus χ𝒫𝒬(α𝒬) is C(H)-equivariant.
Let 𝔞 ∈ 𝔥 and 𝔞v

p be its vertical tangent vector in Vp𝒫 at p. Note that 𝔞v
p ⊕ (dG C−1)(p,e)(𝔞) ∈ ker T(p,e)πH , which implies 

that T(p,e)πH (𝔞v
p ⊕ 0) = T(p,e)πH (0 ⊕ −(dG C−1)(p,e)(𝔞)). This enables computing

13 



S. Lazzarini, T. Masson and L. Usala Journal of Geometry and Physics 231 (2027) 106028 

χ𝒫𝒬(α𝒬)p(𝔞v
p, . . .) = α𝒬

[p,e] ◦ T(p,e)πH (𝔞v
p ⊕ 0, . . .)

= α𝒬
[p,e] ◦ T(p,e)πH (0 ⊕ −(dG C−1)(p,e)(𝔞), . . .)

= α𝒬
[p,e]

(︃(︂
d
dt [p,exp(−t(dG C−1)(p,e)(𝔞))]

)︂
|t=0

, . . .

)︃
= α𝒬

[p,e]
(︃(︂

d
dt [p, e]exp(−t(dG C−1)(p,e)(𝔞))

)︂
|t=0

, . . .

)︃
= α𝒬

[p,e]
(︁[−(dG C−1)(p,e)(𝔞)]v[p,e], . . .

)︁ = 0.

Then χ𝒫𝒬(α𝒬) inherits the horizontality of α𝒬 . Thus, χ𝒫𝒬(α𝒬) ∈ Ω•
C -tens(𝒫, V ). □

Proof of Proposition 3.5. This result relies on the following diagram of maps:

Ω•
tens(𝒮, V )

Ω•
C-tens(𝒫, V ) Ω•

tens(𝒬, V )

χ𝒬𝒮χ𝒮𝒫

χ𝒫𝒬

One has to check that these maps compose to the identity map on each space.
Let χ𝒫𝒫 := χ𝒫𝒬 ◦ χ𝒬𝒮 ◦ χ𝒮𝒫 : Ω•

C -tens(𝒫, V ) → Ω•
C -tens(𝒫, V ), α𝒫 ∈ Ωk

C -tens(𝒫, V ) and {X𝒫 } ∈ Γ(T𝒫)k . One has

χ𝒫𝒫 (α𝒫 )p({X𝒫
p }) = χ𝒬𝒮 ◦ χ𝒮𝒫 (α𝒫 )[p,e] ◦ T(p,e)πH (X𝒫

p ⊕ 0) = χ𝒮𝒫 (α𝒫 )(p,e)(X𝒫
p ⊕ 0) = e−1·α𝒫

p (X𝒫
p ).

So χ𝒫𝒫 is the identity map.
Let χ𝒬𝒬 := χ𝒬𝒮 ◦ χ𝒮𝒫 ◦ χ𝒫𝒬 : Ω•

tens(𝒬, V ) → Ω•
tens(𝒬, V ), α𝒬 ∈ Ωk

tens(𝒬, V ) and {X𝒬} ∈ Γ(T𝒬)k . For each X𝒬 , let 
X𝒫 ⊕ X G be a preimage of X𝒬 through TπH : X𝒬

[p,g] = T(p,g)πH (X𝒫
p ⊕ X G

g ). Hence,

χ𝒬𝒬(α𝒬)[p,g]({X𝒬
[p,g]}) = χ𝒬𝒮 ◦ χ𝒮𝒫 ◦ χ𝒫𝒬(α𝒬)[p,g] ◦ T(p,g)πH ({X𝒫

p ⊕ X G
g })

= χ𝒮𝒫 ◦ χ𝒫𝒬(α𝒬)(p,g)({X𝒫
p ⊕ X G

g })
= g−1·χ𝒫𝒬(α𝒬)p({X𝒫

p }) = g−1·α𝒬
[p,e] ◦ T(p,e)πH ({X𝒫

p ⊕ 0e})
= α𝒬

[p,g] ◦ T[p,e]ℛ𝒬
g ◦ T(p,e)πH ({X𝒫

p ⊕ 0e}) = α𝒬
[p,g] ◦ T(p,g)πH ◦ T(p,e)ℛ𝒮

(e,g)({X𝒫
p ⊕ 0e})

= α𝒬
[p,g] ◦ T(p,g)πH ({X𝒫

p ⊕ 0g})
= α𝒬

[p,g] ◦ T(p,g)πH ({X𝒫
p ⊕ X G

g }) −∑︁
α𝒬

[p,g] ◦ T(p,g)πH (. . . ,0p ⊕ X G
g , . . .)

The first term is α𝒬
[p,g]({X𝒬

[p,g]}. The remaining sum carries the 2k − 1 terms obtained by developing α𝒬
[p,g] ◦ T(p,g)πH ({X𝒫

p ⊕
X G

g }) with respect to each argument, except the term evaluated at X𝒫
p ⊕ 0g on each argument. According to Lemma 3.3(iv), 

T(p,g)πH (0p ⊕ X G
g ) ∈ V[p,g]𝒬. Since α𝒬 is horizontal, every term in the sum cancels. This proves χ𝒬𝒬 is the identity map.

Let χ𝒮𝒮 := χ𝒮𝒫 ◦ χ𝒫𝒬 ◦ χ𝒬𝒮 : Ω•
tens(𝒮, V ) → Ω•

tens(𝒮, V ), α𝒮 ∈ Ωk
tens(𝒮, V ) and {X𝒮 } = {X𝒫

p ⊕ X G
g } ∈ Γ(T𝒮)k . Similarly 

as the previous case, since χ𝒮𝒮 (α𝒮 ) is horizontal and 0p ⊕ X G
g ∈ V(p,g)𝒮 , one has χ𝒮𝒮 (α𝒮 )(p,g)(...,0p ⊕ X G

g , ...) = 0. One is 
thus led to compute

χ𝒮𝒮(α𝒮)(p,g)({X𝒮
(p,g)}) = χ𝒮𝒮(α𝒮)(p,g)({X𝒫

p ⊕ 0g}) = g−1·χ𝒫𝒬 ◦ χ𝒬𝒮(α𝒮)p({X𝒫
p })

= g−1·χ𝒬𝒮(α𝒮)[p,e] ◦ T(p,e)πH ({X𝒫
p ⊕ 0e})

= χ𝒬𝒮(α𝒮)[p,g] ◦ T[p,e]ℛ𝒬
g ◦ T(p,e)πH ({X𝒫

p ⊕ 0e}) = χ𝒬𝒮(α𝒮)[p,g] ◦ T(p,g)πH ({X𝒫
p ⊕ 0g})

= α𝒮
(p,g)({X𝒫

p ⊕ 0g}) = α𝒮
(p,g)({X𝒮

(p,g)}).
So χ𝒮𝒮 is the identity map. This proves that the three spaces are isomorphic. □

A specific case of this result holds for equivariant functions, which are tensorial 0-forms.

Corollary 3.9. The spaces ℱC -eq(𝒫, V ), ℱeq(𝒬, V ) and ℱeq(𝒮, V ) are isomorphic.

Remark 3.10. Another proof of this result consists in using the correspondence between equivariant V -valued functions and 
sections of associated vector bundles.
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ℱeq(𝒬, V ) ≃ Γ(𝒬×G V ), φ(qg) = g−1·φ(q) ↔ ϕ(x) = [q,φ(q)] = [qg, g−1·φ(q)], q ∈ π−1
𝒬 (x).

Since Proposition 3.4 highlights bundle isomorphisms between 𝒫 ×C(H) V , 𝒬×G V and 𝒮×C(H)×G V , their spaces of sections 
are isomorphic, which concludes the proof. ■

Remark 3.11. The commutative diagram used in the proof of Proposition 3.5 can be added a fourth space to mimic the shape 
of the previous ones, see below. Recall that Ω•

tens(𝒬, V ) ≃ Ω•(M,𝒬×H V ) with the isomorphism α𝒬 ∈ Ω•
tens(𝒬, V ) ↔ A𝒬 ∈

Ω•(M,𝒬 ×H V ) given by A𝒬
x ({Xx}) = [q,α𝒬

q ({Xhor
q })] which does not depend on the choice of q ∈ π−1

𝒬 (x) (because α𝒬 is 
equivariant) or the choice of horizontal lift (because α𝒬 is horizontal). The same holds for Ω•

tens(𝒮, V ) ≃ Ω•(M,𝒮 ×H×G V ). 
The isomorphism in Proposition 3.4 induces isomorphisms Ω•(M,𝒬 ×H V ) ≃ Ω•(M,𝒮 ×H×G V ) ≃ Ω•(M,𝒫 ×C(H) V ). To
gether with Proposition 3.5, this provides a correspondence between twisted tensorial forms α𝒫 ∈ Ω•

C -tens(𝒫, V ) and 
forms on M valued in a twisted associated bundle A𝒫 ∈ Ω•(M,𝒫 ×C(H) V ). The correspondence is also provided by 
A𝒫

x ({Xx}) = [p,α𝒫
p ({Xhor

p })].

Ω•
tens(𝒮, V )

Ω•
C-tens(𝒫, V ) Ω•

tens(𝒬, V )

Ω•(M,𝒮 ×H×G V )

≃ Ω•(M,𝒫 ×C(H) V )

≃ Ω•(M,𝒬×H V )

χ𝒬𝒮χ𝒮𝒫

≃

χ𝒫𝒬

≃

This completes our study. ■

3.3. Twisted connections on 𝒫 as induced structures

In this section, the correspondence between the geometry of the bundle 𝒬 and its twisted version on top of 𝒫 is 
extended to a correspondence of their horizontal structures. This correspondence is better established at the level of con
nection 1-forms, as well as gauge transformations.

Let us extend the definition of the map χ𝒫𝒬 , introduced in Lemma 3.8, to the space of 𝔤-valued 1-forms:

χ̃𝒫𝒬 : ⃓⃓⃓⃓ Ω1(𝒬,𝔤) → Ω1(𝒫,𝔤)

ω𝒬 ↦→ χ̃𝒫𝒬(ω𝒬) : (p, X𝒫
p ) ↦→ ω𝒬

[p,e] ◦ T(p,e)πH (X𝒫
p ⊕ 0)

Note that χ̃𝒫𝒬(ω𝒬) = i∗eπ∗
H (ω𝒬), which is similar to the definition of χ𝒫𝒬 on tensorial forms.

Proposition 3.12. Let ω𝒬 ∈𝒜(𝒬) be a (standard) connection 1-form on 𝒬. Then χ̃𝒫𝒬(ω𝒬) is a twisted connection on 𝒫 .
Reciprocally, any twisted connection on 𝒫 (with cocycle C) is induced by a standard connection on 𝒬 through χ̃𝒫𝒬 .

Proof. χ̃𝒫𝒬(ω𝒬) is a twisted connection on 𝒫 .
The equivariance of χ̃𝒫𝒬(ω𝒬) is obtained with the equivariance and vertical normalization of ω𝒬 together with 

Lemma 3.3(vi):

ℛ𝒫∗
h χ̃𝒫𝒬(ω𝒬)(Xp) = ℛ𝒫∗

h i∗eπ∗
Hω𝒬(Xp) = ω𝒬

[ph,e] ◦ Tph(πH ◦ ie) ◦ Tpℛ𝒫
h (X𝒫

p )

= ω𝒬
[ph,e] ◦ T[p,e]ℛ𝒬

C(p,h)
◦ Tp(πH ◦ ie)(X𝒫

p ) + ω𝒬
[ph,e]

(︃[︂
C(p,h)−1d𝒫C(p,h)(X𝒫

p )
]︂v

[ph,e]

)︃
= AdC(p,h)−1 ω𝒬

[p,e] ◦ Tp(πH ◦ ie)(X𝒫
p ) + C(p,h)−1d𝒫C(p,h)(X𝒫

p )

= AdC(p,h)−1 χ̃𝒫𝒬(ω𝒬)p(X𝒫
p ) + C(p,h)−1d𝒫C(p,h)(X𝒫

p )

The vertical normalization of χ̃𝒫𝒬(ω𝒬) is obtained from the vertical normalization of ω𝒬 together with Lemmas 2.5, 
3.3(iii) and (iv). Let 𝔞 ∈ 𝔥 and 𝔞v the corresponding fundamental vertical vector field.

χ̃𝒫𝒬(ω𝒬)p(𝔞v
p) = ω𝒬

[p,e] ◦ T(p,e)πH (𝔞v
p ⊕ 0e) = ω𝒬

[p,e] ◦ T(p,e)πH (0p ⊕ −dH C−1
(p,e)(𝔞))

= ω𝒬
[p,e] ◦ T(p,e)πH (0p ⊕ dH C(p,e)(𝔞)) = ω𝒬

[p,e]
(︂[︁

dH C(p,e)(𝔞)
]︁v
[p,e]

)︂
= dH C(p,e)(𝔞).
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This proves that χ̃𝒫𝒬(ω𝒬) is a twisted connection on 𝒫 .
ω𝒫 is the image of a unique connection ω𝒬.
Recall that the spaces of standard (resp. twisted) connection 1-forms on 𝒬 (resp. 𝒫) are a�ine spaces modeled on 

Ω1
tens(𝒬,𝔤) (resp. Ω1

C -tens(𝒫,𝔤)). In the proof of Proposition 3.5, these associated vector spaces are shown to be isomorphic 
with isomorphism χ̃𝒫𝒬 .

Let ω𝒬
0 ∈𝒜(𝒬) be a standard connection and let ω𝒫

0 := χ̃𝒫𝒬(ω𝒬
0 ). Let ω𝒫 be any twisted connection. Then

ω𝒫 − ω𝒫
0 =: α𝒫 ∈ Ω1

C-tens(𝒫,𝔤)

= χ𝒫𝒬
(︂
χ−1
𝒫𝒬(α𝒫 )

)︂
where χ̃−1

𝒫𝒬(α𝒫 ) ∈ Ω1
tens(𝒬, V ). Then

ω𝒫 = ω𝒫
0 + α𝒫 = χ̃𝒫𝒬

(︂
ω𝒬

0 + χ−1
𝒫𝒬(α𝒫 )

)︂
where ω𝒬

0 + χ−1
𝒫𝒬(α𝒫 ) is a standard connection. Since χ𝒫𝒬 is invertible on Ω1

C -tens(𝒫,𝔤), the antecedent is unique. This 
proves that ω𝒫 is induced by a unique standard connection. □
Remark 3.13. This result provides a geometric interpretation of twisted connections, whose defining properties are purely 
algebraic. However, this draws a link with the geometry of 𝒬 instead of 𝒫 .

It is worth interpreting the degrees of freedom of these connections. A (twisted) connection is defined fiberwise, provided 
that it varies smoothly from one fiber to another. Given its value at one point, its values in the corresponding fiber is 
determined by equivariance. Let n = dim M, k = dim H, ℓ = dim G . In a given basis, ω𝒬

q is represented by a ℓ × (n + ℓ)

matrix and ω𝒫
p is represented by a ℓ × (n + k) matrix. They have to satisfy the vertical normalization ω𝒬

q (𝔟v
q) = 𝔟 and 

ω𝒫
p (𝔞v

p) = dH C(p,e)(𝔞). These correspond to ℓ (resp. k) independent equations with ℓ components each, which account for ℓ2

(resp. kℓ) constraints on the ℓ(n + ℓ) (resp. ℓ(n + k)) components. This leaves both ω𝒬 and ω𝒫 with nℓ degrees of freedom 
corresponding to the freedom of mapping n = dim M independent vectors to elements of 𝔤 which have ℓ components. ■

The previous isomorphism between twisted and standard connections is compatible with the definitions of twisted and 
standard covariant differentials.

Proposition 3.14. Let ω𝒬 be a standard connection with covariant differential D𝒬 := d𝒬+ρ∗(ω𝒬). Let D𝒫 := d𝒫 +ρ∗(χ̃𝒫𝒬(ω𝒬))

(which is a twisted covariant differential since χ̃𝒫𝒬(ω𝒬) is a twisted connection). Then for any α𝒬 ∈ Ω•
tens(𝒬, V ),

D𝒫 (χ𝒫𝒬(α𝒬)) = χ𝒫𝒬(D𝒬(α𝒬)).

Proof. Let α𝒬 ∈ Ωk
tens(𝒬, V ). On the one hand,

d𝒫 (χ𝒫𝒬(α𝒬)) = d𝒫 ((πH ◦ ie)
∗α𝒬) = (πH ◦ ie)

∗d𝒬(α𝒬) = χ̃𝒫𝒬(d𝒬(α𝒬))

where d and (πH ◦ ie)
∗ commute because πH ◦ ie is a differentiable map. On the other hand, recall that given a basis {ei}i

of V and a basis {𝔟 j} j of 𝔤, α𝒬 = α𝒬i ⊗ ei and ω𝒬 = ω𝒬 j ⊗ 𝔟 j where α𝒬i ∈ Ωk
tens(𝒬) and ω𝒬 j ∈ Ω1

eq(𝒬). The implicit 
summation on repeated indices is used. In these bases, ρ∗(ω𝒬)·α𝒬 := (ω𝒬 j ∧ α𝒬i) ⊗ (ρ∗(𝔟 j)·ei) (which does not depend 
on the basis). Then,

χ̃𝒫𝒬
(︂
ρ∗(ω𝒬)·α𝒬

)︂
p
({X𝒫

p }) = (ρ∗(ω𝒬)·α𝒬)[p,e] ◦ T(p,e)πH ({X𝒫
p ⊕ 0e})

=
(︂
(ω𝒬 j ∧ α𝒬i)[p,e] ◦ T(p,e)πH ({X𝒫

p ⊕ 0e})
)︂

⊗ (ρ∗(𝔟 j)·ei)

= 1 
k!

∑︂
σ

(︂
ω
𝒬 j
[p,e](T(p,e)πH (X𝒫

σ (0),p ⊕ 0e)) 

α𝒬i
[p,e]({T(p,e)πH (X𝒫

σ (m),p ⊕ 0e)}m∈[1..k])
)︂

⊗ (ρ∗(𝔟 j)·ei) 

= 1 
k!

∑︂
σ

(︂
χ̃𝒫𝒬(ω𝒬 j)p(X𝒫

σ (0),p)χ𝒫𝒬(α𝒬i)({X𝒫
σ (m),p}m∈[1..k])

)︂
⊗ (ρ∗(𝔟 j)·ei)

=
(︂
χ̃𝒫𝒬(ω𝒬 j) ∧ χ𝒫𝒬(α𝒬i)

)︂
p
({X𝒫

p }) ⊗ ρ∗(𝔟 j)·ei

=
(︂
ρ∗(χ̃𝒫𝒬(ω𝒬)·χ𝒫𝒬(α𝒬)

)︂
p
({X𝒫

p }),
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where 
∑︁

σ is a sum over all permutations of ⟦0,k⟧. This concludes the proof. □
The previous propositions highlight the status of twisted gauge fields on 𝒫 as pull-backs of standard gauge fields on 

𝒬 through πH ◦ ie . Since fields on 𝒬 undergo gauge transformations under Autv(𝒬) ≃ 𝒢𝒬 = {γ𝒬 : 𝒬 → G | γ𝒬(qg) =
g−1γ𝒬(q)g}, their twisted equivalent on 𝒫 undergo an induced gauge transformation.

Proposition 3.15. The space 𝒢𝒫 := {ζ𝒫 : 𝒫 → G | ζ𝒫 (ph) = C(p,h)−1ζ𝒫 (p)C(p,h)} is a group under multiplication in G. It acts 
on itself as11 ζ ′ ζ = ζ−1ζ ′ζ and it acts on twisted fields as

ω
ζ
p := ζ(p)−1ωpζ(p) + ζ(p)−1dζp, Ω

ζ
p := ζ(p)−1Ωpζ(p),

φζ (p) := ρ(ζ(p)−1)·φ(p), (D𝒫φ)ζ (p) := ρ(ζ(p)−1)·D𝒫φ(p).

Proof. The group property of 𝒢𝒫 is a consequence of the group property of G and the equivariance property of ζ𝒫 by 
conjugation. The action of 𝒢𝒫 is a direct consequence of Proposition 3.5. Note that 𝒢𝒫 = ℱC -eq(𝒫, G) = Ω0

C -eq(𝒫, G) ≃
Ω0

eq(𝒬, G) = ℱeq(𝒬, G) = 𝒢𝒬 , where the twisted equivariance is stated in the definition of 𝒢𝒫 . Then, any ζ𝒫 ∈ 𝒢𝒫 reads 
ζ𝒫 = χ𝒫𝒬(γ𝒬) for a unique γ𝒬 ∈ 𝒢𝒬 . The action of 𝒢𝒫 is defined such that it is compatible with the isomorphism of 
structures on 𝒫 and 𝒬:

χ̃𝒫𝒬(ω𝒬)χ𝒫𝒬(γ𝒬) := χ̃𝒫𝒬
(︂
(ω𝒬)γ

𝒬)︂
. □

It is worth insisting on the double gauge structure underlying the twisted fields on 𝒫 .

Geometric structure group H Action structure group G

Gauge group ℋ𝒫 ≃ Autv(𝒫) 𝒢𝒫 ≃ 𝒢𝒬 ≃ Autv(𝒬)

Equivariance γ𝒫 (ph) = h−1γ𝒫 (p)h ζ𝒫 (ph) = C(p,h)−1ζ𝒫 (p)C(p,h)

Gauge transformation ωγ = C−1
γ ωCγ + C−1

γ dCγ ωζ = ζ−1ωζ + ζ−1dζ

On the one hand, equivariance properties encode the link between the fields (here, γ𝒫 , ζ𝒫 ) and the ``geometric'' H
structure on 𝒫 . Since γ𝒫 belongs to this structure, its equivariance does not involve C . On the contrary, ζ𝒫 belongs to the 
G-structure and needs C to be connected to the geometry of 𝒫 . On the other hand, twisted fields belong to the G-structure. 
Their H-gauge transformations involve C while their G-gauge transformations do not need C .

4. Connections and gauge structure on 𝓢

As a principal (H × G)-bundle over M , 𝒮 =𝒫 × G can be endowed with a standard connection and it supports an action 
of its standard gauge group Autv(𝒮). In this section, following the process of Sec. 3.3, the spaces of connections and of 
gauge transformations on 𝒮 are related to those on 𝒫 and 𝒬.

4.1. Connections on 𝒮

Definition 4.1. A (standard) connection ω𝒮 ∈ 𝒜(𝒮) is a vector-valued 1-form ω𝒮 ∈ Ω1(𝒮,𝔥 ⊕ 𝔤) satisfying the following 
equivariance condition and vertical normalization

ℛ𝒮∗
(h,g′)ω

𝒮 = Ad(h−1,g′−1) ω
𝒮 ∀(h, g′) ∈ H × G, (4.1)

ω𝒮
(p,g)

(︂
(𝔞,𝔟)v

(p,g)

)︂
= ω𝒮

(p,g)(𝔞
v
p ⊕ (TeRg ◦ dH C−1

(p,e)(𝔞) + 𝔟g)) = (𝔞,𝔟), ∀(𝔞,𝔟) ∈ 𝔥⊕ 𝔤. (4.2)

As a (𝔥 ⊕ 𝔤)-valued form, ω𝒮 decomposes into (ω𝔥,ω𝔤) with ω𝔥 ∈ Ω1(𝒮,𝔥) and ω𝔤 ∈ Ω1(𝒮,𝔤). Equation (4.1) splits 
into

ℛ𝒮∗
(h,g′)ω

𝔥 = Adh−1 ω𝔥, ℛ𝒮∗
(h,g′)ω

𝔤 = Adg′−1 ω𝔤.

In particular, ω𝔥 is G-invariant and ω𝔤 is H-invariant. Equation (4.2) implies that

11 The superscript 𝒫 in ζ𝒫 is dropped for convenience, when unambiguous.
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ω
𝔥

(p,g)(𝔞
v
p ⊕ (TeRg ◦ dH C−1

(p,e)(𝔞) + 𝔟g)) = 𝔞, (4.3)

ω
𝔤

(p,g)(𝔞
v
p ⊕ (TeRg ◦ dH C−1

(p,e)(𝔞) + 𝔟g)) = 𝔟. (4.4)

In particular, any X G
g ∈ Tg G reads TeRg ◦ dH C−1

(p,e)(𝔞) + 𝔟g for an appropriate 𝔟 ∈ 𝔤. Hence, ∀𝔞 ∈ 𝔥, ∀X G
g ∈ Tg G , ω𝔥

(p,g)(𝔞
v
p ⊕

X G
g ) = 𝔞. This implies that ω𝔥 is G-horizontal and its H-vertical normalization reads ω𝔥

(p,g)(𝔞
v
p ⊕ 0g) = 𝔞. Similarly, one gets 

that ω𝔤

(p,g)(𝔞
v
p ⊕ TeRg ◦ dH C−1

(p,e)(𝔞)) = 0, i.e. ω𝔤 is H-horizontal. It will be useful to note that this implies

ω
𝔤

(p,g)(𝔞
v
p ⊕ 0g) = ω

𝔤

(p,g)(0p ⊕ TeRg ◦ dH C(p,e)(𝔞)) = dH C(p,e)(𝔞) ∈ Te G = 𝔤.

Lemma 2.5 was used here. Since ω𝔤 is H-invariant and H-horizontal, it induces a well-defined form on 𝒬. This is summa
rized in the following proposition.

Proposition 4.2. The set 𝒜(𝒬) of standard connections on 𝒬 is isomorphic to the set of H-invariant H-horizontal ω𝔤 ∈ Ω1(𝒮,𝔤)

satisfying (4.4). The isomorphism is provided by χ̃𝒮𝒬 := π∗
H :𝒜(𝒬) → Ω1(𝒮,𝔤).

Proof. The proof of this proposition is identical to the proof of Proposition 3.12. Similarly, ω𝔥 is G-invariant and G
horizontal, so it induces a form on 𝒫 . □
Proposition 4.3. The set 𝒜(𝒫) of standard connections on 𝒫 is isomorphic to the set of G-invariant G-horizontal ω𝔥 ∈ Ω1(𝒮,𝔥)

satisfying (4.3). The isomorphism is provided by π∗
G :𝒜(𝒫) → Ω1(𝒮,𝔥).

Proof. The proof is similar to the one of Proposition 3.12. The following result provides a view on twisted connections on 
𝒫 as induced structures from 𝒮 . □
Proposition 4.4. The set 𝒜C (𝒫) of twisted connections on 𝒫 is isomorphic to the set of H-invariant H-horizontal ω𝔤 ∈ Ω1(𝒮,𝔤)

satisfying (4.4). The isomorphism is provided by χ̃𝒫𝒮 := i∗e .

Proof. This is a direct consequence of Proposition 3.12 and 4.2. Let ω𝒫 ∈ 𝒜C (𝒫). There is a unique ω𝒬 ∈ 𝒜(𝒬) such that 
ω𝒫 = χ̃𝒫𝒬(ω𝒬) = i∗eπ∗

Hω𝒬 . Then ω𝒫 = i∗eω𝔤 for a unique ω𝔤 := π∗
Hω𝒬 . □

Following the definition in Sec. 2.1, one defines the covariant differential on 𝒮 associated to ω𝒮 as D𝒮 := d𝒮 + ω𝒮 . 
Note that this is a shorthand notation which presupposes the use of a representation. D𝒮 := d𝒮 + ρ∗(ω𝒮 ) with ρ∗ induced 
on 𝔥 ⊕ 𝔤 by ρH×G . Given the context, the appropriate representation is (W × V ,ρH×G) such that ρH×G(h, g)·(w, v) :=
(ρH (h)·w,ρG(g)·v). As a consequence of the previous correspondences, it is relevant to define ``semi-covariant'' differentials 
D𝔥 = d𝒮 + (ω𝔥,0) and D𝔤 = d𝒮 + (0,ω𝔤). The previous propositions together with the commutation of d and the pullback 
of any bundle map implies that D𝔥 corresponds to a unique covariant differential on 𝒫 , and, D𝔤 corresponds to a unique 
covariant differential on 𝒬 and a unique twisted covariant differential on 𝒫 .

4.2. Gauge structure on 𝒮

The group of vertical automorphisms of 𝒮 , Autv(𝒮) := {Φ𝒮 ∈ Diff(𝒮) | Φ𝒮 ◦ ℛ𝒮
(h,g′) = ℛ𝒮

(h,g′) ◦ Φ𝒮 , π𝒮 ◦ Φ𝒮 = π𝒮 } is 
isomorphic to the gauge group of 𝒮 , Gauge(𝒮) := {γ 𝒮 : 𝒮 → H × G |ℛ𝒮∗

(h,g′)γ
S = (h−1, g′−1)γ 𝒮 (h, g′)}. Each γ 𝒮 ∈ Gauge(𝒮)

decomposes as (γ H , γ G) and the equivariance relation of γ 𝒮 implies

ℛ𝒮∗
(h,g′)γ

H = h−1γ H h, ℛ𝒮∗
(h,g′)γ

G = g′−1γ G g′.

Hence, Gauge(𝒮) = ℋ𝒮 × 𝒢𝒮 where ℋ𝒮 = {γ H : 𝒮 → H | ℛ𝒮∗
(h,g′)γ

H = h−1γ H h} and 𝒢𝒮 = {γ G : 𝒮 → G | ℛ𝒮∗
(h,g′)γ

G =
g′−1γ G g′}.

Note that γ G is a H-invariant map. Thus it induces a map on 𝒬.

Proposition 4.5. There is an isomorphism between 𝒢𝒬 and 𝒢𝒮 given by π∗
H .

Proof. The proof is analogous to the one of Proposition 3.15 and is a direct consequence of Corollary 3.9:

𝒢𝒬 = ℱeq(𝒬, G) ≃ ℱeq(𝒮, G) = 𝒢𝒮 ,

where the equivariance on ℱeq(𝒮, G) is a G-equivariance H-invariance. □
An analogous result holds for H-gauge transformations.
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Proposition 4.6. There is an isomorphism between ℋ𝒫 and ℋ𝒮 given by π∗
G and i∗e .

Proof. On the one hand,

(i∗eγ H )(ph) = γ H (ph, e) = h−1γ H (p, C(p,h))h = h−1γ H (p, e)h = h−1(i∗eγ H )(p)h.

On the other hand,

(π∗
Gγ𝒫 )(ph, C(p,h)−1 gg′) = γ𝒫 (ph) = h−1γ𝒫 (p)h = h−1(π∗

Gγ𝒫 )(p, g)h,

since, as stated before, π∗
Gγ𝒫 , being G-invariant, does not depend on the second variable of its argument. Finally, note 

that πG ◦ ie = id𝒫 and ie ◦ πG(p, g) = (p, e), so (πG ◦ ie)
∗ is the identity on maps on 𝒫 and (ie ◦ πG)∗ is the identity on 

G-invariant maps on 𝒮 . □
Finally, the following result provides an interpretation for twisted gauge transformations on 𝒫 .

Proposition 4.7. There is an isomorphism between 𝒢𝒫 and 𝒢𝒮 given by i∗e .

Proof. This comes from Proposition 3.15 and 4.5. Given ζ𝒫 ∈ 𝒢𝒫 , there is a unique γ𝒬 ∈ 𝒢𝒬 such that ζ𝒫 = i∗eπ∗
Hγ𝒬 . 

Since γ𝒬 ∈ 𝒢𝒬 ↦→ π∗
Hγ𝒬 =: γ G ∈ 𝒢𝒮 is an isomorphism, the correspondence ζ𝒫 = i∗eγ 𝒮 is 1:1. □

4.3. Some comments about 𝒮 and 𝒬

The current and previous sections highlight the origin of the standard and twisted gauge structure on 𝒫 . 𝒫(M, H) is a 
subbundle of a specific bundle 𝒮(M, H × G) with the same trivializing sections. Since 𝒮 = 𝒫 × G is trivial (as a manifold) 
along G , 𝒫 foliates 𝒮 . In particular, 𝒫 is embedded in 𝒮 through ie : 𝒫 → 𝒮, p ↦→ (p, e). The standard and twisted gauge 
structures on 𝒫 appear as being the pullback of the full (standard) gauge structure on 𝒮 through ie .

Note that 𝒮 is trivial along G as a manifold but it is not trivial as a principal bundle (i.e. as a (H × G)-space). This 
is due to the right action of H × G on 𝒮 considered here (specifically the right action of H) which connects H and G: 
ℛ𝒮

(h,g′)(p, g) = (ph, C(p,h)−1 gg′). In terms of ℛ𝒮
(e,g) and of the simpler (``non-mixing'') action ˆ︁ℛ of H on 𝒮 defined as ˆ︁ℛh(p, g) = (ph, g), ℛ𝒮

(h,e) reads

ℛ𝒮
(h,e)(p, g) = (ph, C(p,h)−1 g) = (ph, gg−1C(p,h)−1 g) = ˆ︁ℛh ◦ℛ𝒮

(e,g−1C(p,h)−1 g)
(p, g).

(Conversely, ˆ︁ℛh(p, g) = ℛ𝒮
(h,g−1C(p,h)g)

(p, g).) This action carries the action12 of H on G through C which induces twisted 
gauge fields. Additionally, ie has the right interplay with ℛ𝒮 in order to generate the twisted equivariance on 𝒫 . Let 
φ𝒮 : 𝒮 → G be both G-equivariant and H-invariant, and, let i∗e φ𝒮 be the map it induces on 𝒫 .

(i∗eφ𝒮)(ph) = φ𝒮(ph, e) = φ𝒮(p, C(p,h)) = C(p,h)−1·φ𝒮(p, e) = C(p,h)−1·(i∗eφ𝒮)(p).

A deeper interpretation of this equation is given in terms of cohomology in Sec. 6.3.
Following the same interpretation, 𝒬 is seen as the space carrying only the G-structure inherited from 𝒮 (i.e. the twisted 

structure on 𝒫) and forgetting about the H-structure on 𝒮 (i.e. the standard structure on 𝒫). Indeed, contrary to 𝒮 , 𝒬 is not 
a H-space. However, since 𝒬 is the space of orbits of ℛ𝒮

(h,e) (which explicitly depends on C ), the topology of 𝒬 is expected 
to depend on C . See Sec. 6.2 for more details. This provides three different approaches of C . The cocycle deals with

• the algebraic structure on 𝒫 ,
• the geometry of 𝒮 ,
• the topology of 𝒬.

Note that, since 𝒫 is embedded into 𝒮 through ie , one can equally see standard and twisted fields on 𝒫 as standard and 
twisted fields on 𝒮 . Indeed, one can pull back these fields from 𝒫 to 𝒮 through πG , for instance, the connections, according 
to

𝒮 𝒮 ω̃𝒮 = (ω𝔥, ω̃𝔤) ω𝒮 = (ω𝔥,ω𝔤)

𝒫 (ω𝒫
H ,ω𝒫

G )

ie◦πG

πG

π∗
G i∗e

i∗eie π∗
G

12 g ↦→ C(p,h)−1 g is an action of H on G which does not preserve the group structure of G , i.e. this action is not a morphism of G .
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where ω𝒮 is a standard connection on 𝒮 , ω𝒫
H stands for a standard connection on 𝒫 , ω𝒫

G stands for a twisted connection on 
𝒫 and ω̃𝒮 = (ω𝔥, ω̃𝔤) stands for a standard and a twisted connection on 𝒮 . The same correspondence holds for equivariant 
maps φ𝒮 and tensorial forms α𝒮 . The intuition behind this move is that the pulled-back fields correspond to the standard 
fields evaluated at the specific point defined by the embedding ie : φ̃𝒮 (p, g) := φ𝒮 (p, e) for any g ∈ G .

Definition 4.8. A twisted form on 𝒮 (or twisted Hfield) is a C(H)-equivariant G-invariant form which is G-horizontal (i.e. 
it vanishes on vectors of the form 0 ⊕ X G

g ) and satisfies the relevant property with respect to vertical tangent vectors to 𝒫 . 
For instance, a twisted connection ω𝒮

C ∈ Ω1(𝒮,𝔥⊕ 𝔤) satisfies

• ℛ𝒮∗
(e,g)ω

𝒮
C = ω𝒮

C (G-equivariance),

• ℛ𝒮∗
(h,e)ω

𝒮
C |(p,g) = AdC(p,h)−1 ω𝒮

C |(p,g) + C(p,h)−1d𝒫C|(p,h) ◦ T(p,g)πG (C(H)-equivariance),

• ω𝒮
C |(p,g)((𝔞,𝔟)

v
(p,g)) = dH C|(p,e)(𝔞) (vertical normalization w.r.t. V𝒫 ⊕ 0 and horizontality w.r.t. 0 ⊕ TG).

Proposition 4.9. π∗
G i∗e maps standard Hfields to themselves and standard Gfields to twisted Hfields.

Proof. The proof is given for connections and a similar proof holds for fields of other nature. Let ω𝒮 be a standard connec
tion on 𝒮 . Following Proposition 4.2, 4.3 and 4.4, this connection decomposes as ω𝒮 = π∗

Gω𝒫 + π∗
Hω𝒬 where ω𝒫 (resp. 

ω𝒬) is a standard13 H-connection (resp. G-connection) on 𝒫 (resp. 𝒬). Additionally, ω𝒫
C := i∗eπ∗

Hω𝒬 is a twisted connection 
on 𝒫 . On the one hand,

π∗
G i∗e (π∗

Gω𝒫 ) = π∗
G(πG ◦ ie)

∗ω𝒫 = π∗
G(id𝒫 )∗ω𝒫 = π∗

Gω𝒫

So, the component of ω𝒮 related to H is unchanged. On the other hand,

π∗
G i∗e (π∗

Hω𝒬) = π∗
Gω𝒫

C =: ω𝒮
C .

This new field satisfies

ℛ𝒮∗
(e,g)ω

𝒮
C = ℛ𝒮∗

(e,g)π
∗
Gω𝒫

C = (πG ◦ℛ𝒮
(e,g))

∗ω𝒫
C = π∗

Gω𝒫
C = ω𝒮

C ,

i.e. ω𝒮
C is G-invariant, and

ℛ𝒮∗
(h,e)ω

𝒮
C |(p,g) = ℛ𝒮∗

(h,e)π
∗
Gω𝒫

C |(p,g) = (πG ◦ℛ𝒮
(h,e))

∗ω𝒫
C |(p,g) = (ℛ𝒫

h ◦ πG)∗ω𝒫
C |(p,g) = π∗

Gℛ𝒫∗
h ω𝒫

C |(p,g)

= ℛ𝒫∗
h ω𝒫

C |p ◦ T(p,g)πG = (AdC(p,h)−1 ω𝒫
C |p + C(p,h)−1d𝒫C|(p,h)) ◦ T(p,g)πG

= AdC(p,h)−1 ω𝒮
C |(p,g) + C(p,h)−1d𝒫C|(p,h) ◦ T(p,g)πG ,

i.e. ω𝒮
C is C(H)-equivariant. Let (𝔞,𝔟) ∈ 𝔥⊕ 𝔤.

ω𝒮
C |(p,g)((𝔞,𝔟)

v
(p,g)) = π∗

Gω𝒫
C |(p,g)

(︁
𝔞v

p ⊕ (︁
TeRg ◦ (dH C−1)(p,e)(𝔞) + 𝔟g

)︁)︁ = ω𝒫
C |p(𝔞v

p)

= dH C|(p,e)(𝔞). □
5. Groupoid approach

This section provides an alternative point of view on 𝒮 and πH ◦ ie in terms of Lie groupoids. The content of this section 
follows the conventions of [30--34] and some results can be found there.

5.1. Definitions and Morita equivalence

Definition 5.1. A Lie groupoid G = (G1 ⇉ G0) consists of two smooth manifolds G1, G0, called respectively ``space of arrows'' 
and ``space of objects'' together with

• two smooth surjections α,β : G1 → G0 respectively called ``source (projection)'' and ``target (projection)'';
• a smooth partial multiplication μ : G ∗ G → G, (g′, g) ↦→ g′ g , where G ∗ G := {(g′, g) ∈ G1 × G1, α(g′) = β(g)};
• a smooth inclusion map i : G0 → G1, x ↦→ 1x and a smooth inverse map inv : G1 → G1, g ↦→ g−1;

satisfying

13 Beware, the notations are different from Sec. 3.3.
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(i) α(g′ g) = α(g) and β(g′ g) = β(g′) for all (g′, g) ∈ G ∗ G;
(ii) μ is associative;

(iii) α(1x) = β(1x) = x for all x ∈ G0;
(iv) g1α(g) = 1β(g) g = g for all g ∈ G1;
(v) α(g−1) = β(g), β(g−1) = α(g), g−1 g = 1α(g) and gg−1 = 1β(g) for all g ∈ G1.

Definition 5.2. Let H = (H1 ⇉ H0) and G = (G1 ⇉ G0) be two Lie groupoids. A (Lie) groupoid morphism ϕ = (ϕ1, ϕ0) :
H → G is a pair of smooth maps ϕ1 : H1 → G1 and ϕ0 : H0 → G0 such that α′ ◦ ϕ1 = ϕ0 ◦ α, β ′ ◦ ϕ1 = ϕ0 ◦ β and ϕ1(h′h) =
ϕ1(h′)ϕ1(h) for any (h′,h) ∈ H ∗ H .

Definition 5.3. Let G = (G1 ⇉ G0) be a Lie groupoid, S a smooth manifold and τ : S → G0 a smooth map. Denote G ∗ S =
{(g, s) ∈ G1 × S, α(g) = τ (s)}. A left Lie groupoid action of G on τ , denoted (G1 ⇉ G0) ↶ (S

τ −→ G0) or G ↶ S , is a smooth 
map A : G ∗ S → S, (g, s) ↦→ Ag s =: gs satisfying

(i) τ (gs) = β(g) for all (g, s) ∈ G ∗ S;
(ii) g′(gs) = (g′ g)s for all compatible (g′, g, s) ∈ G1 × G1 × S;

(iii) 1τ (s)s = s for all s ∈ S .

Equivalently, one can define right groupoid actions (S
σ −→ G0) ↷ (G1 ⇉ G0) where the source and target are exchanged. 

Both τ and σ are called ``momentum maps'', or sometimes ``anchors''.

Definition 5.4. A (left Lie) groupoid representation is a (left Lie) groupoid action (G1 ⇉ G0) ↶ (E
τ −→ G0) where E

τ −→ G0 is 
a vector bundle and Ag : Eα(g) → Eβ(g) is a linear map for any g ∈ G1.

Definition 5.5. Let (H1 ⇉ H0) ↶ (S H
τH −→ H0) and (G1 ⇉ G0) ↶ (SG

τG −→ G0) be two Lie groupoid actions. Let (ϕ1, ϕ0) :
G → G be a groupoid morphism. An equivariant map ψ : S H → SG over ϕ0 is a map satisfying ψ(hs) = ϕ1(h)ψ(s) for all 
(h, s) ∈ H ∗ S .

Any action of a Lie group on a smooth manifold can be encoded as a groupoid.

Definition 5.6. Let G be a Lie group and M a smooth manifold endowed with a left Lie group action a : G → Diff(M) reading 
ag(x) = gx. The action groupoid G ⋉ M = (G × M ⇉ M) is the groupoid with arrows (g, x) ∈ G × M , with source and target 
α(g, x) = x and β(g, x) = gx, and with partial multiplication (g′, gx)(g, x) = (g′ g, x) for all (g′, g, x) ∈ G × G × M

Definition 5.7. A Lie groupoid action G ↶ S is a principal action if

(i) τ : S → G0 is a surjective submersion (i.e. ∀s ∈ S, rank(Tsτ ) = dim G0) and
(ii) the action is free (i.e. ∀s ∈ S, gs = s ⇔ g = 1τ (s)) and proper (i.e. the map G ∗ S → S × S, (g, s) ↦→ (gs, s) is proper).

The definition adapts to right actions S ↷ G .

Definition 5.8. Let H = (H1 ⇉ H0) and G = (G1 ⇉ G0) be two left Lie groupoids. A smooth manifold S is called a (H, G)
bibundle if it is endowed with a left and a right Lie groupoid actions H ↶ (S

τ −→ H0) and (S
σ −→ G0) ↷ G which commute, 

i.e.

• τ (sg) = τ (s) for all (s, g) ∈ S ∗ G;
• σ(hs) = σ(s) for all (h, s) ∈ H ∗ S;
• (hs)g = h(sg) for all (h, s, g) ∈ H1 × S × G1 such that α(h) = τ (s) and σ(s) = β(g).

A (H, G)-bibundle is denoted H ↶ S ↷ G .

It is understood that α, β may refer to αH , βH : H1 → H0 or αG , βG : G1 → G0 depending on the context (and of the 
argument).

Definition 5.9. A (H, G)-bibundle H ↶ S ↷ G is called an equivalence bibundle (or Hilsum-Skandalis bibundle) between 
H and G if

1. H ↶ S and S ↷ G are both principal actions and
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2. one has S/G ≃ H0 and H\S ≃ G0 with isomorphisms induced by τ and σ respectively.

Definition 5.10. Two groupoids H and G are Morita equivalent (or weakly equivalent) if there exists an equivalence bibun
dle between them.

Proposition 5.11. If two groupoids H and G are equivalent, then the categories of representations Rep(H) and Rep(G) are isomorphic.

This proposition is stated and generalized in [33, Theorem 8.6].

5.2. Morita equivalence of untwisting bundles

This section applies the definitions in the previous section to the context of the bundles 𝒫 , 𝒮 and 𝒬.
Let’s define the action groupoid H ⋉𝒫 = (H ×𝒫 ⇉𝒫) with

• source and target projections α(h, p) := p and β(h, p) := ph−1 =: h·p for any (h, p) ∈ H ×𝒫 ;
• partial multiplication (h′h, p) =: (h′,h·p)(h, p), or equivalently, (h′h, p) =: (h′, ph−1)(h, p) for any (h′,h, p) ∈ H × H ×𝒫 ;
• inverse map (h, p)−1 := (h−1,h·p) = (h−1, ph−1) for any (h, p) ∈ H ×𝒫 ;
• identity map 1p := (e, p) for any p ∈𝒫 .

One defines the action groupoid G ⋉𝒬= (G ×𝒬⇉𝒬) similarly. The same notation is used for sources and targets of both 
groupoid when the context makes the distinction clear.

There is a left Lie groupoid action of H ⋉𝒫 on πG : 𝒮 → 𝒫, (p, g0) ↦→ p given by A(h,p)s = ℛ𝒮
(h−1,e)

s =: (h, p)·s for any 
((h, p), s) ∈ (H ×𝒫) ∗ 𝒮 = {((h, p), s) ∈ (H ×𝒫) × 𝒮, α(h, p) = πG(s)} = {((h, p), s) ∈ (H ×𝒫) × 𝒮, πG(s) = p}. Taking into 
account the compatibility condition, the groupoid action reads

A(h,p)(p, g0) = (ph−1, C(p,h−1)−1 g0) = (h·p, C(h·p,h)g0).

Similarly, there is a right Lie groupoid action of G ⋉𝒬 on πH : 𝒮 → 𝒬, (p, g0) ↦→ [p, g0] given by A(g,q)s = ℛ𝒮
(e,g)s =:

s·(g,q) for any (s, (g,q)) ∈ 𝒮 ∗ (G ×𝒬) = {(s, (g,q)) ∈ 𝒮 × (G ×𝒬), πH (s) = β(g,q)} = {(s, (g,q)) ∈ 𝒮 × (G ×𝒬), πH (s) =
qg−1}. Thus the groupoid action reads

A(g,g−1·[pg0])(p, g0) = A(g,[pg0 g])(p, g0) = (p, g0 g).

Thus, (H ⋉𝒫) ↶ 𝒮 ↷ (G ⋉𝒬) is a bibundle. In addition, both actions are principal (πG and πH are surjective submersions 
and both actions are free and proper) since 𝒮(𝒫, G,πG) and 𝒮(𝒬, H,πH ) are principal bundles. In addition, since both 
groupoid actions are induced by group actions, the orbit spaces are (H ⋉𝒫)\𝒮 = 𝒮/H = 𝒬 and 𝒮/(G ⋉𝒬) = 𝒮/G ≃ 𝒫 . As 
a consequence, (H ⋉𝒫)↶ 𝒮 ↷ (G ⋉𝒬) is an equivalence bundle and H ⋉𝒫 and G ⋉𝒬 are Morita equivalent.

Let’s remark that the previous setup specializes in the case G = {e} and leads to the equivalence bibundle (H ⋉𝒫) ↶𝒫 ↷

(M ⇉ M). Indeed, 𝒮 = 𝒫 × {e} ≃ 𝒫 , 𝒬 = 𝒮/H ≃ 𝒫/H ≃ M and G ⋉𝒬 = ({e}⋉ M ⇉ M) = (M ⇉ M). Thus H ⋉𝒫 is Morita 
equivalent to M ⇉ M . One can adapt this result by replacing 𝒫 (resp. H) by 𝒬 (resp. G) to get the equivalence bibundle 
(G ⋉𝒬) ↶𝒬↷ (M ⇉ M) and the Morita equivalence between G ⋉𝒬 and M ⇉ M . Both equivalences are summarized in

(H ⋉𝒫) ↶ 𝒫 ↷ (M ⇉ M) ↶𝒬↷ (G ⋉𝒬),

where the left and right actions on 𝒬 were inverted. The two actions 𝒫 ↷ (M ⇉ M) ↶𝒬 enable quotienting the space 
𝒫 ×𝒬 by M ⇉ M , leading to 𝒫 ×M 𝒬= {(p,q) ∈𝒫 ×𝒬, π𝒫 (p) = π𝒬(q)} = {(p, [p, g]), (p, g) ∈𝒫 × G} ≃ 𝒮 .

5.3. Comparison with Sec. 3 and 4

The groupoid approach of the untwisting procedure clarifies several constructions at hand. As seen above, 𝒮 is the 
Hilsum-Skandalis bibundle encoding the Morita equivariance of the groupoids H ⋉𝒫 and G ⋉𝒬. The map used to pullback 
standards gauge fields on 𝒬 to twisted gauge fields on 𝒫 (see Sec. 3.2 and 3.3) appears to be the base map of the groupoid 
morphism ϕ = (ϕ1, ϕ0) : H ⋉ 𝒫 → G ⋉ 𝒬 be defined as ϕ0 = πH ◦ ie : p ↦→ [p, e] and ϕ1 : (h, p) ↦→ (C(h·p,h),ϕ0(p)) =
(C(h·p,h), [p, e]).

Remark 5.12. It is more straightforward that (p,h) ↦→ ([p, e], C(p,h)) is a groupoid morphism 𝒫 ⋊ H → 𝒬⋊ G . Indeed, for 
any (p,h,h′) ∈𝒫 × H × H ,

([p, e], C(p,hh′)) = ([p, e], C(p,h)C(ph,h′))
= ([p, e], C(p,h)) ([p, e]C(p,h), C(ph,h′))
= ([p, e], C(p,h)) ([ph, e], C(ph,h′))
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This comes from the use of right group actions (of H on 𝒫 and of G on 𝒬) to define right action groupoids 𝒫 ⋊ H and 
𝒬⋊G . The former involves inverses in order to define the left action h·p := ph−1 of H on 𝒫 . However, most of the literature 
on Morita equivalence for groupoids and Hilsum-Skandalis bibundles uses left Lie groupoids. This justifies the choice of the 
current cumbersome convention. ■

Remark 5.13. Note also that in this context, a cocycle C is seen as a groupoid morphism (𝒫 ⋊ H) → (G ⇉ {∗}). Further
more, any groupoid morphism (𝒫 ⋊ H) → (G ⇉ {∗}) defines a cocycle since the compatibility condition for the partial 
multiplication induces the cocycle relation. ■

One can recover the isomorphism between C-equivariant maps on 𝒫 and equivariant maps on 𝒬 as a commutation 
relation between equivariant sections of representation bundles of (H ⋉𝒫), (G ⋉𝒬) and an equivariant map induced by ϕ
between the representations.

Consider14 E𝒫 := 𝒫 × V together with the map pr𝒫 : E𝒫 → 𝒫, (p, v) ↦→ p. This is a trivial vector bundle over 𝒫 . One 
defines a groupoid action of H ⋉𝒫 on E𝒫 by (h, p)·(p0, v) = (ph−1,ρ(C(h·p,h))v) for any ((h, p), (p0, v)) ∈ (H ⋉𝒫)∗ E𝒫 =
{((h, p), (p0, v)) ∈ (H ⋉ 𝒫) × E𝒫 , α(h, p) = pr𝒫 (p0, v)}. The compatibility condition rewrites p = p0 and one checks that 
pr𝒫 ((h, p)·(p, v)) = h·p = β(h, p), (e, p)·(p, v) = (p, v) and (h′,h·p)·(︁(h, p)·(p, v)

)︁ = (h′h, p)·(p, v) for any (h,h′, p, v) ∈
H × H ×𝒫 × V .

Equivalently, one defines E𝒬 := 𝒬× V together with the projection pr𝒬 : E𝒬 → 𝒬, (q, v) ↦→ q and the groupoid action 
of G ⋉𝒬 on E𝒬 given by (g,q)·(q, v) := (g·q,ρ(g)v).

Let’s consider the map ψ : E𝒫 → E𝒬, (p, v) ↦→ ([p, e], v). Note that ψ(p, v) = (ϕ0(p), v) for all (p, v) ∈ E𝒫 . One checks 
that pr𝒬 ◦ψ = ϕ0 ◦ pr𝒫 and ψ((h, p)·(p, v)) = ϕ1(h, p)·ψ((p, v)) for any ((h, p), (p, v)) ∈ (H ⋉ 𝒫) ∗ E𝒫 . This ψ is ϕ1
equivariant.

Proposition 5.14. The maps (ϕ1, ϕ0) and ψ provide a bijection between (H ⋉𝒫)-equivariant sections of E𝒫 and (G ⋉𝒬)-equivariant 
sections of E𝒬.

Proof. The proof is based on the following diagram:

E𝒫 E𝒬

𝒫 𝒬

ψ

ϕ0

f 𝒫 f 𝒬 (5.1)

The commutation of this diagram induces a 1:1 correspondence between (G ⋉𝒬)-equivariant sections f 𝒬 : 𝒬 → E𝒬 and 
(H ⋉𝒫)-equivariant sections f 𝒫 :𝒫 → E𝒫 . Indeed, two corresponding maps satisfy

ψ ◦ f 𝒫 = f 𝒬 ◦ ϕ0. (5.2)

In addition, these maps decompose as f 𝒫 = (id𝒫 , f 𝒫2 ), f 𝒫2 : 𝒫 → V and f 𝒬 = (id𝒬, f 𝒬2 ), f 𝒬2 : 𝒬 → V . The equivariance 
of f 𝒫 and f 𝒬 translates into

f 𝒫2 (h·p) = ρ(C(h·p,h)) f 𝒫2 (p)

f 𝒬2 (g·q) = ρ(g) f 𝒬2 (q)

for any (h, p) ∈ H ×𝒫 and (g,q) ∈ G ×𝒬. For any p ∈𝒫 , equation (5.2) reads

ψ(p, f 𝒫2 (p)) =
(︂
ϕ0(p), f 𝒬2 (ϕ0(p))

)︂
⇔ 

(︂
ϕ0(p), f 𝒫2 (p)

)︂
=
(︂
ϕ0(p), f 𝒬2 (ϕ0(p))

)︂
.

Then the partial maps f 𝒬2 and f 𝒫2 must satisfy f 𝒫2 = f 𝒬2 ◦ϕ0 = ϕ∗
0 f 𝒬2 . One checks that ϕ∗ :ℱeq(𝒬, V ) →ℱC -eq(𝒫, V ) is an 

isomorphism whose inverse is f 𝒫2 ↦→ (︁[p, g] ↦→ ρ(g−1) f 𝒫2 (p)
)︁

. The C-equivariance of f 𝒫2 ensures that the latter definition 
is independent of the representative (p, g) ∈ π−1

H ([p, g]).

Note that the correspondence between f 𝒫2 and f 𝒬2 is also a consequence of Corollary 3.9. □
Remark 5.15. Note that the bijection between equivariant maps comes from the existence of a particular groupoid morphism 
ϕ : H ⋉ 𝒫 → G ⋉𝒬 and an equivariant map ψ : E𝒫 → E𝒬 . This is not a direct consequence of the Morita equivalence. In 
addition, the generalization of this bijection to tensorial forms is not straightforward and the tools needed exceed ϕ and ψ . 
■

14 Recall that (V ,ρ) is a representation of the Lie group G .
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6. Concerning cocycles

6.1. Group cohomology

The cocycle C is closely related to an instance of non-Abelian group cohomology. Let us recall that given a group H
and a H-module M, one can define the group cohomology of H with coefficients in M in the following way. The space of 
n-cochains is ℱ(Hn,M), the space of maps from Hn to M, the differential δn :ℱ(Hn,M) →ℱ(Hn+1,M) is defined as

(δn f )(h1, . . . ,hn+1) = ah1 · f (h2, . . . ,hn+1) +
n ∑︂

i=1 
(−1)i f (h1, . . . ,hi−1,hihi+1,hi+2, . . . ,hn+1)

+ (−1)n+1 f (h1, . . . ,hn),

where ah is the action of H on M. One defines n-cocycles as elements of ker δn and n-coboundaries as elements of 
im δn−1. Since δn+1 ◦ δn = 0, im δn−1 ⊂ ker δn , which enables defining the equivalence relation ``up to a coboundary'': 
f ∼ f + δn−1 g, ∀ f ∈ ker δn, ∀g ∈ ℱ(Hn−1,M). The spaces of equivalence classes under this relation are the cohomology 
groups15 of H with coefficients in M. It is worth giving an explicit expression for δ0 and δ1:

(δ0 f )(h1) = ah1 · f − f , (δ1 f )(h1,h2) = ah1 · f (h2) − f (h1h2) + f (h1).

The group cohomology admits a generalization when M is a (not necessarily Abelian) group supporting an action of H . 
Let us define a 1-cocycle as a map ˆ︁C : H → M satisfying16

ˆ︁C(h1h2) = ˆ︁C(h1)(ah1 ·ˆ︁C(h2)). (6.1)

Note that this is equivalent to (ah1 ·ˆ︁C(h2))ˆ︁C(h1h2)
−1ˆ︁C(h1) = e, which corresponds to (δ1ˆ︁C)(h1,h2) = 0 in the Abelian case, 

hence the name ``1-cocycle''. Let us define an equivalence relation on cocycles by

ˆ︁C ∼ ˆ︁C ′ ⇐⇒ ∃ f ∈ M, ∀h ∈ H, ˆ︁C ′(h) = f −1ˆ︁C(h)(ah· f ). (6.2)

Once again, this reduces to the addition of a coboundary in the Abelian case. This defines the non-Abelian group cohomology 
of H with coefficients in M. Notice that this group cohomology exists only for n = 0,1.

Let us consider the specific case where M = ℱ(𝒫, G). This is an (a priori non-Abelian) group whose product is inherited 
from the product on G by pointwise multiplication. Also, ℱ(𝒫, G) supports a right action of H induced by the right action 
of H on 𝒫 : ah· f =ℛ𝒫∗

h f , i.e. (ah· f )(p) = f (ph). Then, any 1-cocycle ˆ︁C ∈ℱ(H,ℱ(𝒫, G)) is equivalent to a map C ∈ℱ(𝒫 ×
H, G) satisfying C(p,h1h2) = C(p,h1)C(ph1,h2) (as a consequence of (6.1)), with the correspondence given by C(p,h) =
(ˆ︁C(h))(p). In this sense, the cocycle defined in Sec. 2.3, or equivalently the groupoid morphism defined in Remark 5.13, is a 
1-cocycle in the non-Abelian group cohomology of H with coefficients in ℱ(𝒫, G). This approach provides a natural notion 
of equivalence of cocycles inherited from (6.2):

C ∼ C ′ ⇐⇒ ∃ f ∈ ℱ(𝒫, G), ∀(p,h) ∈ 𝒫 × H, C ′(p,h) = f (p)−1C(p,h) f (ph).

One checks trivially that C ′ satisfies the cocycle relation if C does. In the following, given a cocycle C and a map f ∈
ℱ(𝒫, G), the equivalent cocycle mentioned above is denoted C f : (p,h) ↦→ f (p)−1C(p,h) f (ph).

6.2. Twisted associated bundles with different cocycles

This section points out several results on associated bundles through related cocycles. First is shown the role of equivalent 
cocycles (up to a coboundary).

Proposition 6.1. Let f ∈ℱ(𝒫, G) and C, C f be two equivalent cocycles. Then there exists an isomorphism of associated bundles:

𝒫 ×C f V ≃ 𝒫 ×C V .

Proof. Let η f :𝒫 × V →𝒫 × V defined by η f : (p, v) ↦→ (p, f (p)·v) (where the representation ρ of G on V is implied). Let 
ℛC

h : 𝒫 × V → 𝒫 × V be the right action of H on 𝒫 × V associated with C , i.e. ℛC
h : (p, v) → (ph, C(p,h)−1·v). Identically, 

ℛC f

h (p, v) := (ph, C f (p,h)−1·v). The following diagram is commutative:

15 Note that this notion of cohomology corresponds to the singular cohomology of the Eilenberg-Maclane space K (H,1) with coefficients in M, see [35].
16 The group action in M is written with the multiplicative convention here, contrary to the additive convention in the Abelian case.
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𝒫 × V 𝒫 × V

𝒫 × V 𝒫 × V

ℛC f
h

η f η f

ℛC
h

On the one hand,

(p, v)
η f ↦−→ (p, f (p)·v)

ℛC
h ↦−−→ (ph, C(p,h)−1 f (p)·v),

and, on the other hand,

(p, v)
ℛC f

h  ↦−−→ (ph, C f (p,h)−1·v) = (ph, f (ph)−1C(p,h)−1 f (p)·v)
η f ↦−→ (ph, C(p,h)−1 f (p)·v).

As a consequence, η f induces an isomorphism [η f ] :𝒫 ×C f V →𝒫 ×C V with inverse [η f −1 ]. □
Remark 6.2. This induces a map from elements of the cohomology H1(H,ℱ(𝒫, G)) to twisted associated bundles (up to an 
isomorphism). Note that this map may not be an injection. In particular, depending on the space V , several non-equivalent 
cocycles may induce isomorphic associated bundles. ■

Corollary 6.3. Any coboundary B(p,h) = f (p)−1 f (ph) for a given f : 𝒫 → G induces trivial twisted associated bundles 𝒫 ×B V ≃
M × V .

Proof. The proof relies on the fact that 𝒫 ×C V ≃ M × V for C = e. □
Another relation comes from precomposing a cocycle with an automorphism of 𝒫 .

Definition 6.4. Let C be a cocycle and Ψ ∈ Aut(𝒫). Let us use the notation CΨ : (p,h) ↦→ C(Ψ(p),h). It is straightforward 
to check that CΨ is a cocycle. In the particular case of a gauge transformation Φ ∈ Autv(𝒫), Φ reads Φ(p) = pγ (p) for a 
unique γ ∈ℋ𝒫 and the notation Cγ : (p,h) ↦→ C(pγ (p),h) is adopted, following the convention adopted in Sec. 2.3.

Proposition 6.5. Let Ψ ∈ Aut(𝒫) and C a cocycle. There exists an isomorphism of associated bundles:

𝒫 ×CΨ V ≃ 𝒫 ×C V .

Proof. Let ηΨ : 𝒫 × V → 𝒫 × V defined by ηΨ : (p, v) ↦→ (Ψ(p), v). As defined before, ℛC
h (p, v) := (ph, C(p,h)−1·v) and 

ℛCΨ

h (p, v) := (ph, CΨ(p,h)−1·v). The following diagram commutes:

𝒫 × V 𝒫 × V

𝒫 × V 𝒫 × V

ℛCΨ

h

ηΨ ηΨ

ℛC
h

On the one hand

(p, v)
ηΨ ↦−→ (Ψ(p), v)

ℛC
h ↦−−→ (Ψ(p)h, C(Ψ(p),h)−1·v) = (Ψ(ph), CΨ(p,h)−1·v).

On the other hand

(p, v)
ℛCΨ

h  ↦−−−→ (ph, CΨ(p,h)−1·v)
ηΨ ↦−→ (Ψ(ph), CΨ(p,h)−1·v).

As a consequence, ηΨ induces an isomorphism [ηΨ] :𝒫 ×CΨ V →𝒫 ×C V with inverse [ηΨ−1 ]. □
This result is of particular importance in the case of gauge transformations. As stated in Sec. 2.3, a C(H)-equivariant 

map φ ∈ ℱeq(𝒫, V ) transforms under a gauge transformation γ ∈ ℋ𝒫 into a Cγ (H)-equivariant map φγ . These maps are 
in 1:1 correspondence with sections of different twisted associated bundles, namely ϕ ∈ Γ(𝒫 ×C V ) and ϕγ ∈ Γ(𝒫 ×Cγ V ). 
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In other words, performing a gauge transformation at the level of 𝒫 leads to gauge-transformed equivariant fields which 
correspond to section of a different associated bundle, namely, 𝒫 ×Cγ V . This should be interpreted as a change of nature 
of the associated fields under gauge transformation. However, as a consequence of Proposition 6.5, 𝒫 ×C V ≃𝒫 ×Cγ V . This 
may explain why this feature has gone unnoticed so far.

The previous propositions apply in the study of 𝒬 =𝒫 ×C G as well.

Corollary 6.6. Let f ∈ℱ(𝒫, G), Ψ ∈ Aut(𝒫) and γ ∈ℋ𝒫 .

1. C and C f induce isomorphic bundles 𝒬C =𝒫 ×C G and 𝒬C f =𝒫 ×C f G. In particular, B(p,h) = f (p)−1 f (ph) induces a trivial 
bundle 𝒬B ≃ M × G.

2. C and CΨ induce isomorphic bundles 𝒬C = 𝒫 ×C G and 𝒬CΨ = 𝒫 ×CΨ G. In particular, if Φ : p ↦→ pγ (p) ∈ Autv(𝒫), then 
𝒬C ≃𝒬Cγ

.

In the next section, a similar result about 𝒮 is proved, which is even stronger.

6.3. Link between the cohomology of C and the geometry of 𝒮

Let us return to the geometric interpretation as stated in Sec. 4.3. In order to relate 𝒫 to 𝒮 , a convenient (though 
arbitrary) choice of inclusion was made by using ie . It was shown that this inclusion gave an effective correspondence 
between G-equivariant H-invariant fields17 φ𝒮 on 𝒮 and twisted fields φ𝒫 on 𝒫 . The equivariance of i∗eφ𝒮 is recalled 
here:

(i∗eφ𝒮)(ph) = φ𝒮(ph, e) = φ𝒮(p, C(p,h)) = C(p,h)−1·φ𝒮(p, e) = C(p,h)−1·(i∗eφ𝒮)(p).

It is worth paying attention to the pullbacks of φ𝒮 along other inclusion maps. For example, for g0 ∈ G , i g0 provides

(i∗g0
φ𝒮)(ph) = φ𝒮(ph, g0) = φ𝒮(p, C(p,h)g0) = φ𝒮(p, g0 g−1

0 C(p,h)g0) = (g−1
0 C(p,h)g0)

−1·φ𝒮(p, g0)

= C g0(p,h)−1·(i∗g0
φ𝒮)(p),

where C g0 : (p,h) ↦→ g−1
0 C(p,h)g0 is another cocycle. In general, let us define i f : 𝒫 → 𝒮 , p ↦→ (p, f (p)) for a given f ∈

ℱ(𝒫, G), then

(i∗f φ
𝒮)(ph) = φ𝒮(ph, f (ph)) = φ𝒮(p, C(p,h) f (ph)) = φ𝒮(p, f (p) f (p)−1C(p,h) f (ph))

= ( f (p)−1C(p,h) f (ph))−1·φ𝒮(p, f (p)) = C f (p,h)−1·(i∗f φ
𝒮)(p).

This shows that changing the embedding of 𝒫 into 𝒮 affects the equivariance of induced twisted fields by changing the 
cocycle within the same equivalence class.

Let us recall that ℱ(𝒫, G) ≃ Γ(𝒮(𝒫, G)) where the isomorphism is given by the correspondence f ∈ ℱ(𝒫, G) ↔ i f ∈
Γ(𝒮(𝒫, G)). One trivially checks that i f defined above satisfies πG ◦ i f = id𝒫 . This motivates the reinterpretation of the 
group cohomology introduced in Sec. 6.1. The 1-cocycle ˆ︁C is an element of18 H1(H,ℱ(𝒫, G)) ≃ H1(H,Γ(𝒮(𝒫, G))). Chang
ing the cocycle in the same equivalence class corresponds to a change of section of the same bundle 𝒮(𝒫, G). On the 
contrary, moving from one cocycle to another in a different equivalence class implies changing the right action ℛ𝒮

(h,e) of 
H on 𝒮 . This may modify the structure and underlying topology of 𝒮 . In other words, the elements of H1(H,Γ(𝒮(𝒫, G)))

label the set of actions of H on 𝒮(𝒫, G) that promote it to non-isomorphic bundles 𝒮(M, H × G). This is formalized in the 
following theorem.

Theorem 6.7. Let C1, C2 ∈ ℱ(𝒫 × H, G) be two cocycles. Let 𝒮1 := 𝒫 × G =: 𝒮2 be two principal (H × G)-bundles supporting the 
following right actions of H × G respectively:

ℛi
(h,g′)(p, g) := (ph, Ci(p,h)−1 gg′), i = 1,2.

Then 𝒮1 and 𝒮2 are isomorphic bundles if and only if C1 and C2 are equivalent cocycles up to an automorphism of 𝒫 .

∃Φ : 𝒮1
≃−→ 𝒮2, ∀(h, g′) ∈ H × G, Φ ◦ℛ1

(h,g′) = ℛ2
(h,g′) ◦ Φ

⇐⇒ ∃( f ,Ψ) ∈ ℱ(𝒫, G) × Aut(𝒫), C1(p,h) = (C f
2 )Ψ(p,h) = f (Ψ(p))−1C2(Ψ(p),h) f (Ψ(p)h).

17 If k-forms are considered, one should add the condition of being horizontal or of satisfying the relevant vertical normalization.
18 Here, because 𝒮 = 𝒫 × G , its space of sections inherits a group operation induced by the multiplication in G: (i f i f ′ )(p) := (p, f (p) f ′(p)). In this way 
ℱ(𝒫, G) ≃ Γ(𝒮(𝒫, G)) is a group isomorphism.
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Remark 6.8. In practice, one can consider an automorphism Ψ𝒮 of, say, 𝒮2 and work with 𝒮2 = Ψ𝒮 (𝒮2). By definition, 
𝒮2 ≃ 𝒮2. One can choose Ψ𝒮 such that it compensates Ψ ∈ Aut(𝒫) introduced in Theorem 6.7. This enables working with 
“C1 = C̃ f

2 '' effectively. In other words, Φ consist in changing the action of H on 𝒮 without moving points in 𝒫 . ■

Proof. Assume there exists a bundle isomorphism Φ : 𝒮1
≃−→ 𝒮2. For any (p, g) ∈ 𝒮1 and for any (h, g′) ∈ H × G , one has

Φ(ℛ1
(h,g′)(p, g)) = ℛ2

(h,g′)(Φ(p, g))

Let us decompose Φ = (Φ𝒫 ,ΦG) with Φ𝒫 : 𝒮1 →𝒫 and ΦG : 𝒮1 → G . Then the previous equation splits into{︄
Φ𝒫 (ph, C1(p,h)−1 gg′) = Φ𝒫 (p, g)h

ΦG(ph, C1(p,h)−1 gg′) = C2(Φ𝒫 (p, g),h)−1ΦG(p, g)g′.
(6.3)

At g′ = g−1C1(p,h)g and g′ = g−1C1(p,h), the first equation of (6.3) reads

Φ𝒫 (ph, g) = Φ𝒫 (p, g)h, Φ𝒫 (ph, e) = Φ𝒫 (p, g)h,

which proves that Φ𝒫 is independent of its second argument and Φ𝒫 (·, e) ∈ Aut(𝒫). At h = e, the second equation in (6.3)
reads

ΦG(p, gg′) = ΦG(p, g)g′ =⇒ ΦG(p, g) = ΦG(p, e)g.

And, at g′ = e, the same equation reads

ΦG(ph, C1(p,h)−1 g) = C2(Φ𝒫 (p, g),h)−1ΦG(p, g)

ΦG(ph, e)C1(p,h)−1 g = C2(Φ𝒫 (p, e),h)−1ΦG(p, e)g

which leads to

C1(p,h) = ΦG(p, e)−1C2(Φ𝒫 (p, e),h)ΦG(ph, e) = f (Ψ(p))−1C2(Ψ(p),h) f (Ψ(ph))

where Ψ : p ↦→ Φ𝒫 (p, e) is an automorphism of 𝒫 and f : p ↦→ ΦG (Ψ−1(p), e) ∈ℱ(𝒫, G).
Conversely, if C1 = (C f

2 )Ψ , then the isomorphisms η f : (p, g) ↦→ (p, f (p)g) and ηΨ : (p, g) ↦→ (Ψ(p), g) induce an iso
morphism η f ◦ ηΨ : 𝒮1 → 𝒮2. Consider the following diagram

𝒮1 = 𝒫 × G 𝒮1 = 𝒫 × G

𝒮2 = 𝒫 × G 𝒮2 = 𝒫 × G

ℛ1
(h,g′)

η f ◦ηΨ η f ◦ηΨ

ℛ2
(h,g′)

This diagram is a commutative diagram. Indeed, on the one hand,

(p, g)
ℛ1

(h,g′) ↦−−−−→ (ph, C1(p,h)−1 gg′) η f ◦ηΨ ↦−−−−→ (Ψ(ph), f (Ψ(ph))C1(p,h)−1 gg′)

and, on the other hand,

(p, g)
η f ◦ηΨ ↦−−−−→ (Ψ(p), f (Ψ(p))g)

ℛ2
(h,g′) ↦−−−−→ (Ψ(p)h, C2(Ψ(p),h)−1 f (Ψ(p))gg′)

= (Ψ(ph), f (Ψ(ph)) f (Ψ(p))−1C2(Ψ(p),h)−1 f (Ψ(p))gg′)
= (Ψ(ph), f (Ψ(ph))(C f

2 )Ψ(p,h)−1 gg′)
= (Ψ(ph), f (Ψ(ph))C1(p,h)−1 gg′)

The commutation ℛ1
(h,g′) ◦ (η f ◦ ηΨ) = (η f ◦ ηΨ) ◦ ℛ2

(h,g′) implies that η f ◦ ηΨ is a principal bundle isomorphism, which 
concludes the proof. □
Remark 6.9. The results obtained in Proposition 3.5, 3.12, 3.15, 4.4 and 4.7 use the map ie . Similar results can be obtained 
using a generic embedding i f of 𝒫 in 𝒮 instead of ie . This provides

• an isomorphism i∗f π
∗
H between standard fields on 𝒬 and twisted fields on 𝒫 ,
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• an isomorphism i∗f between G-equivariant H-invariant fields on 𝒮 and twisted fields on 𝒫 .

Provided that the right action ℛ𝒮 -- defining 𝒮 as a principal fiber bundle -- involves C , then i∗f π
∗
H (resp. i∗f ) maps standard 

fields on 𝒬 (resp. 𝒮) to C f (H)-equivariant fields on 𝒫 . In other words, the twist on 𝒫 comes from both the right action 
ℛ𝒮 on 𝒮 and the canonical embedding i f of 𝒫 in 𝒮 . ■

Remark 6.10. The correspondence between equivalence classes of cocycles C and equivalence classes of bundles 𝒮 up to 
an isomorphism covering the identity map on 𝒫 enables relating the cohomology H1(H,ℱ(𝒫, G)) to geometric structures 
such as characteristic classes and classifying bundles. ■

7. Examples of cocycles

7.1. Trivial cocycle

Consider the case where C(p,h) = e for any (p,h) ∈ 𝒫 × H . Then, twisted fields on 𝒫 are H-invariant: φ(ph) =
C(p,h)−1·φ(p) = φ(p). Furthermore, twisted connections satisfy the vertical normalization ωp(𝔞v

p) = dH C|(p,e)(𝔞) = 0, ∀𝔞 ∈
𝔥.

The correspondence space of this example is 𝒮(M, H × G) = 𝒫 × G together with the right action ℛ𝒮
(h,g′)(p, g) =

(ph, gg′) = ˆ︁ℛh ◦ ℛ𝒮
(e,g′)(p, g). This makes 𝒮 trivial along G both as a manifold and as a principal bundle. The quotient 

𝒮/H induced by ℛ𝒮
(h,e) is the manifold 𝒬 ≃ M × G with points q = [p, g] = [ph, g] 1:1 ←→ (x, g) = (π𝒫 (p), g). According to 

Sec. 3, twisted fields on 𝒫 correspond (via pullback) to standard fields on 𝒬, i.e. fields on M × G . This is consistent with 
the fact that H-invariant fields on 𝒫 (or H-basic forms) induce well-defined fields on M .

Note that C(p,h) = e is equivalent to C f (p,h) = f (p)−1 f (ph) for any f ∈ ℱ(𝒫, G). Thus, any twisted gauge field on 𝒫
through C f corresponds to a H-invariant field, and then, to a field on M . The case of gauge-invariant fields is of interest 
since it may correspond to dressed fields after a global application of the DFM.

7.2. Identity map

Consider the case where G = H and C(p,h) = h, ∀(p,h) ∈𝒫 × H . In this case, twisted fields are genuine fields satisfying 
a standard H-equivariance condition: φ(ph) = C(p,h)−1·φ(p) = h−1·φ(p). Similarly, any C(H)-tensorial form is a standard 
tensorial form and any twisted connection is standard.

The formalism developed previously becomes 𝒮(M, H × H) = 𝒫 × H as correspondence space, together with the right 
action ℛ(h1,h2)(p,h) = (ph1,h−1

1 hh2). There are two ways of interpreting this bundle. Either the two copies of H (denoted 
H1, H2 here) can be thought as encoding physically different degrees of freedom. In particular, one can generate associated 
vector bundles to 𝒮 through representations of either H1 or H2 and interpret their sections as matter fields with different 
gauge degrees of freedom. Or these two copies of H can be considered as a redundancy. Hence, there are two ways of 
canceling this redundancy: either by considering equivalence classes on 𝒮 generated by ℛ𝒮

(e,h2)
, thus recovering 𝒫 , or 

equivalence classes generated by ℛ𝒮
(h1,e) , thus generating 𝒬. These two quotients are isomorphic since any principal bundle 

is associated to itself: 𝒫 ≃𝒫 ×H H = {[p,h0] = [ph,h−1h0]} =𝒬.
C(p,h) = h is equivalent to C f (p,h) = f (p)−1hf (ph), for any f : 𝒫 → H . Note that this cocycle measures the difference 

between f (ph) and h−1 f (p). Let us assume that there exists a map f such that f (ph) = h−1 f (p), i.e. f has equivariance 
property (ℛ𝒫∗

h f )(p) = Lh−1 f (p). Then f is a global H-dressing field. Consequently, f induces a global section of the asso
ciated bundle 𝒫 ×H H ≃ 𝒫 which reads x ↦→ [p, f (p)] = [ph,h−1 f (p)] = [ph, f (ph)]. Hence 𝒫 is trivial. This is consistent 
with the previous example.

7.3. Group homomorphism

Consider a cocycle C which is independent of 𝒫 . In other words, C is independent of its first variable (which is omitted 
in the notations in this section). Consequently, C : H → G satisfies the cocycle relation C(hh′) = C(h)C(h′), i.e. it is a group 
homomorphism. (Note that conversely, any homomorphism H → G can be interpreted as a cocycle with trivial dependence 
in p ∈ 𝒫 .) In this context, twisted fields satisfy the equivariance relation φ(ph) = ρG(C(h))−1·φ(p). This is characteristic of 
a standard H-gauge field valued in the H-space (V ,ρG ◦ C).

The correspondence space of this example is 𝒮(M, H × G) = 𝒫 × G together with the right action ℛ𝒮
(h,g′)(p, g) =

(ph, C(h)−1 gg′). Similarly to the general case, the structure group acts on a G-space (V ,ρG) as ρH×G(h, g′)·v := ρG(g′)·v , 
and the action of H on V is trivial. Note, however, that one can define the action ρH = ρG ◦ C of H on V and induce a new 
action of the structure group H on V as ρ̃H×G(h, g′)·v := ρH (h)·v = ρG(C(h))·v . This new action should be identified with 
the (H × G)-action induced on H-spaces W by the standard action of H .

In this example, 𝒬 := 𝒫 ×C(H) G and the standard Hfields on 𝒫 with representation (V ,ρG ◦ C) correspond to 
standard Gfields with representation (V ,ρG) on 𝒬. This example offers an intuition for the more general case. Let 
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C(H) := {C(h), h ∈ H} ⊂ G . Because C is an homomorphism, C(H) is a subgroup of G . Note that C(H) may be a proper 
subgroup. At first glance, the correspondence between twisted fields on 𝒫 and standards fields on 𝒬 may appear counter
intuitive. Indeed, Gfields have internal degrees of freedom valued in a larger group. However, the G-equivariance satisfied 
by these fields also accounts for more constraints. Altogether, both kind of fields carry the same information, i.e. the infor
mation of a field on the base manifold.

7.4. Conformal Cartan geometry

Let 𝒫0 be a principal bundle over a smooth manifold M with structure group19 G = H ⋉ K , where both H and K are Lie 
groups. Since G = H ⋉ K , one has that K is a normal subgroup of G and H ≃ G/K is embedded in G . Thus 𝒫 = 𝒫0/K is 
endowed with an action of H making it a principal H-bundle over M . The projection on orbits of the action of K is denoted 
πK :𝒫0 →𝒫 .

Assume that there exists a partial dressing field u :𝒫0 → G w.r.t. K satisfying

u(p0k) = k−1u(p0),

u(p0h) = h−1u(p0)ˆ︁C(p0,h),

for any (p0,k,h) ∈𝒫0 × K × H , where ˆ︁C :𝒫0 × G → G satisfies

ˆ︁C(p0, g1 g2) = ˆ︁C(p0, g1)ˆ︁C(p0 g1, g2), and ˆ︁C(p0,k) = e

for any p0 ∈𝒫0, (g1, g2) ∈ G2 and k ∈ K . These two conditions imply that ˆ︁C(p0, gk) = ˆ︁C(p0, g) and ˆ︁C(p0k, g) = ˆ︁C(p0, g) for 
any (p0,k, g) ∈ 𝒫0 × K × G . Thus ˆ︁C induces a map C : 𝒫 × H → G, (p,h) ↦→ ˆ︁C(p0,h), where p0 ∈ π−1

K (p), and C satisfies 
the cocycle relation (2.9).

This setup appears in the symmetry reduction of the conformal Cartan bundle to the tractor bundle [19] or the local 
twistor bundle [20]. In this example, H := S O (r, s) × W is the direct product of the Lorentz group and the group of Weyl 
dilations W :=ℝ+\{0} and K = K1 =ℝm∗ (with r + s = m) is the group of conformal boosts. Let (V ,ρ) be a representation 
of G and consider φ0 ∈ ℱeq(𝒫0, V ), α0 ∈ Ω•

tens(𝒫0, V ) and ω0 ∈ 𝒜(𝒫0) be standard gauge fields on 𝒫0. These gauge fields 
are pulled back by Σ :𝒫0 →𝒫0, p0 ↦→ p0u(p0) to define dressed fields

φu
0 (p0) := Σ∗φ0(p0) = ρ(u(p)−1)φ0(p0)

αu
0|p0

:= Σ∗α0|p0 = ρ(u(p0)
−1)α0|p0

ωu
0|p0

:= Σ∗ω0|p0 = u(p0)
−1ω0|p0 u(p0) + u(p0)

−1du|p0 .

One checks that dressed fields are invariants wrt K . Thus, they induce fields on the quotient bundle 𝒫(M, H).

φ : 𝒫 → V , p ↦→ φu
0 (p0),

α ∈ Ω•(𝒫, V ), α|p := α0|p0

ω ∈ Ω1(𝒫,𝔤), ω|p := ω0|p0

where p0 ∈ π−1
K (p). The latter are twisted20 gauge fields on 𝒫 wrt the cocycle C . Applying the untwisting method, one 

defines 𝒮(M, H × G) = 𝒫 × G and 𝒬(M, G) = 𝒮/H . The twisted fields φ , α and ω are seen as pullbacks of standard fields 
on 𝒬.

In the current example, the bundle 𝒬 happens to have the same structure group as the initial bundle 𝒫0. An even 
stronger result holds.

Proposition 7.1. 𝒬 is isomorphic to 𝒫0.

Proof. The isomorphism is provided by the map Φ :𝒫0 →𝒬, p0 ↦→ [πK (p0), u(p0)
−1]. On the one hand, for any p0 ∈𝒫0,

π𝒬 ◦ Φ(p0) = π𝒬([πK (p0), u(p0)
−1]) = π𝒫 (πK (p0)) = π𝒫0(p0).

Thus Φ covers idM . On the other hand, for any p0 ∈𝒫0 and g ∈ G written g = hk for a unique (h,k) ∈ H ⋉ K ,

19 The notation H ⋉ K refers to semidirect groups and should not get mixed up with the action groupoid notation H ⋉𝒫 used in Sec. 5.
20 Note that in this example, C satisfies C(p,h) = h whenever h ∈ S O (r, s) ⊂ H . Thus the fields are trivially twisted wrt the subgroup of Lorentz transfor

mations. This does not impact the general argument.
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Φ(p0hk) = [πK (p0hk), u(p0hk)−1]
= [πK (p0)h,ˆ︁C(p0,hk)−1u(p0)

−1hk]
= [πK (p0)h, C(πK (p0),h)−1u(p0)

−1hk]
= [πK (p0), u(p0)

−1]hk

= Φ(p0)hk

Thus Φ is a morphism of G-principal bundles covering idM , hence an isomorphism. □
This particular property does not appear in general, as shown in the following.
Consider the principal bundle 𝒫0(M, G) where G = H ′

⋉ K ′ and a Lie group Ḡ such that G ⊂ Ḡ . In the second symmetry 
reduction of the conformal Cartan bundle [19,20], H ′ = W , K ′ = S O (r, s) ⋉ ℝ(m)∗ , G is unchanged and Ḡ = GLm+2(ℝ). 
Assume that the representation (V ,ρ) of G is induced by a representation (V , ρ̄) of Ḡ .

Assume that there exists a partial dressing field u′ :𝒫0 → Ḡ wrt K ′ satisfying

u′(p0k′) = k′−1u′(p0),

u′(p0h′) = h′−1u′(p0)ˆ︁C ′(p0,h′),

for any (p0,k′,h′) ∈𝒫0 × K ′ × H ′ , where ˆ︁C ′ :𝒫0 × G → Ḡ satisfies

ˆ︁C ′(p0, g1 g2) = ˆ︁C ′(p0, g1)ˆ︁C ′(p0 g1, g2), and ˆ︁C ′(p0,k′) = e

for any p0 ∈ 𝒫0, (g1, g2) ∈ G2 and k′ ∈ K ′ . Thus ˆ︁C ′(p0, gk′) = ˆ︁C ′(p0, g) and ˆ︁C ′(p0k′, g) = ˆ︁C ′(p0, g) for any (p0,k′, g) ∈
𝒫0 × K ′ × G . Thus ˆ︁C ′ induces a map C ′ : 𝒫 ′ × H ′ → Ḡ, (p′,h′) ↦→ ˆ︁C ′(p0,h′), where 𝒫 ′ = 𝒫0/H ′ , p0 ∈ π ′−1

K (p′), and C ′
satisfies the cocycle relation (2.9).

One can define dressed fields in an algebraic way, using the appropriate action of Ḡ on V :

φu′
0 (p0) := ρ̄(u′(p)−1)φ0(p0)

αu′
0|p0

:= ρ̄(u′(p0)
−1)α0|p0

ωu′
0|p0

:= u′(p0)
−1ω0|p0 u′(p0) + u′(p0)

−1du′|p0
.

These fields cannot be interpreted as pullbacks of standard fields by a map ``Σ′ : p0 ↦→ p0u′(p0)'' because 𝒫0 is not a 
priori21 endowed with an action of Ḡ . However, they are K ′-invariant and induce twisted gauge fields on 𝒫 ′ with cocycle 
C ′ . These fields are untwisted via the bundles 𝒮 ′(M, H ′ × Ḡ) =𝒫 ′ × Ḡ and 𝒬′(M, Ḡ) = 𝒮 ′/H ′ . Thus, the twisted gauge fields 
considered here are pullbacks of standard gauge fields on the bundle 𝒬(M, Ḡ) =𝒬(M, GLm+2(ℝ)).

8. Local point of view

Since 𝒫 , 𝒮 and 𝒬 are principal bundles over M , the fields defined on them locally give rise to fields on M by pullback 
through local sections. The aim of this section is to relate local versions of twisted fields on 𝒫 and the local versions of 
their corresponding (standard) fields on 𝒮 and 𝒬.

Therefore, all dressing fields are assumed to be local (i.e. defined on 𝒫U , 𝒮U or 𝒬U over U ⊂ M open and small enough) 
unless stated explicitly.

8.1. Local dressing fields on 𝒮 , 𝒫 and 𝒬

According to Sec. 2.2, any local section of a principal bundle is in 1:1 correspondence with a local dressing field. It proves 
useful to draw the link between local fields on 𝒮 , 𝒫 and 𝒬 through the relation between their local dressing fields.

Proposition 8.1. Any dressing field u𝒮 ∈ ℱeq(𝒮U , H × G) reads (π∗
G u𝒫 ,π∗

H u𝒬) for some dressing fields u𝒫 ∈ ℱeq(𝒫U , H) and 
u𝒬 ∈ℱeq(𝒬U , G).

Proof. Let u𝒮 ∈ ℱeq(𝒮U , H × G) be a dressing field on 𝒮U over U . This map reads u𝒮 = (uH , uG) for some uH : 𝒮U → H
and uG : 𝒮U → G . The equivariance property of u𝒮 implies that

21 In [19,20], the dressed fields considered are only the local version (on M) and the algebraic approach is the only one remaining.
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ℛ𝒮∗
(h,g′)u𝒮(p, g) = (h−1, g′−1)u𝒮(p, g)

⇐⇒ (uH (ph, C(p,h)−1 gg′), uG(ph, C(p,h)−1 gg′)) = (h−1uH (p, g), g′−1uG(p, g))

⇐⇒
{︄

uH (ph, C(p,h)−1 gg′) = h−1uH (p, g),

uG(ph, C(p,h)−1 gg′) = g′−1uG(p, g).

This being valid for any (h, g′) ∈ H × G , the first equation implies that uH is independent of its second variable 
and uH (ph,•) = h−1uH (p,•). Then, uH induces a well-defined map u𝒫 : 𝒫U → H, p ↦→ uH (p, g) for any g ∈ G , and 
u𝒫 (ph) = h−1u𝒫 (p). Thus u𝒫 is a H-dressing field on 𝒫U and uH = π∗

G u𝒫 . Similarly, the equation on uG implies that 
uG(p, gg′) = g′−1uG(p, g) and that uG only depends on [p, g] ∈ 𝒬U . Then, uG induces a well-defined map u𝒬 : 𝒬U →
G, q = [p, g] ↦→ uG(p, g) for any (p, g) ∈ π−1

H (q), and u𝒬(qg′) = g′−1u𝒬(q). Thus u𝒬 is a G-dressing field on 𝒬U and 
uG = π∗

H u𝒬 . □
Remark 8.2. One straightforwardly checks that the converse is true: given u𝒫 ∈ ℱeq(𝒫U , H) and u𝒬 ∈ ℱeq(𝒬U , G) two 
dressing fields, (π∗

G u𝒫 ,π∗
H u𝒬) is a dressing field on 𝒮U over U . ■

This result means that trivializing 𝒮 is equivalent to trivializing both 𝒫 and 𝒬 independently. This link shows up in the 
usual approach in terms of local sections.

8.2. Local sections of 𝒮 , 𝒫 and 𝒬

Let σ𝒮 ∈ Γ(𝒮U ) be a local trivializing section and let u𝒮 ∈ℱeq(𝒮U , H × G) be the dressing field canonically associated to 
σ𝒮 . For any x ∈ U , σ𝒮(x) = s·u𝒮 (s) = ℛ𝒮

u𝒮 (p,g)(p, g) for any s = (p, g) ∈ π−1
𝒮 (x). Using Proposition 8.1, there exist dressing 

fields u𝒫 , u𝒬 such that u𝒮 = (π∗
G u𝒫 ,π∗

H u𝒬). Then

σ𝒮(x) = ℛ𝒮
u𝒮 (p,g)(p, g) = ℛ𝒮

(π∗
G u𝒫 (p,g),π∗

H u𝒬(p,g))(p, g) = (pπ∗
G u𝒫 (p, g), C(p,π∗

G u𝒫 (p, g))−1 gπ∗
H u𝒬(p, g))

= (pu𝒫 (p), C(p, u𝒫 (p))−1 gu𝒬([p, g])) = (σ𝒫 (x), C(p, u𝒫 (p))−1 gu𝒬([p, g]))
where σ𝒫 (x) := pu𝒫 (p) is independent of the choice of p ∈ π−1

𝒫 (x). The last equation implies that πG (σ𝒮 (x)) = σ𝒫 (x). 
Similarly,

πH (σ𝒮(x)) = [pu𝒫 (p), C(p, u𝒫 (p))−1 gu𝒬([p, g])] = [p, gu𝒬([p, g])] = [p, g]u𝒬([p, g]) = qu𝒬(q) =: σ𝒬(x).

Then, a section σ𝒮 of 𝒮U over U provides a section σ𝒫 = πG ◦ σ𝒮 of 𝒫U and a section σ𝒬 = πH ◦ σ𝒮 of 𝒬U over U . 
Note that, following Proposition 8.1, the converse is also true. Given σ𝒫 , σ𝒬 two sections, one can construct a section 
σ𝒮 . The explicit process is less straightforward. Either one has to construct u𝒫 , u𝒬 associated to σ𝒫 , σ𝒬 , then to define 
u𝒮 := (π∗

G u𝒫 ,π∗
H u𝒬) and to define σ𝒮 from u𝒮 . Or one can define σ𝒮 implicitly from σ𝒫 , σ𝒬 as follows. Let x ∈ U . Since 

σ𝒬(x) ∈ 𝒬U , there exists (p, g) ∈ 𝒮 such that σ𝒬(x) = [p, g]. Then there exists h ∈ H such that p = σ𝒫 (x)h. Thus one can 
rewrite σ𝒬(x) = [p, g] = [σ𝒫 (x)h, g] = [σ𝒫 (x), C(σ𝒫 (x),h)g]. One defines σ𝒮 (x) := (σ𝒫 (x), C(σ𝒫 (x),h)g). In other words, 
σ𝒮 (x) is ``the representative of the equivalence class σ𝒬(x) whose first component is σ𝒫 (x)''.

However, there exists another parametrization of σ𝒮 given σ𝒫 , σ𝒬 . Following Corollary 3.9, any (local) dressing field 
u𝒬 ∈ℱeq(𝒬U , G) corresponds to a so-called (local) ``twisted dressing field'' fu = χ̃𝒫𝒬(u𝒬) = i∗eπ∗

H u𝒬 ∈ℱC -eq(𝒫U , G).

Remark 8.3. There are two ways to link a twisted dressing field fu ∈ℱC -eq(𝒫U , G) to a section σ𝒬 ∈ Γ(𝒬U ).

• On the one hand, there is a 1:1 correspondence fu ↔ u𝒬 ∈ ℱeq(𝒬U , G) given by fu = i∗eπ∗
H u𝒬 and there is a 1:1 

correspondence u𝒬 ↔ σ𝒬 given by σ𝒬(x) = qu𝒬(q). This comes from the fact that 𝒬 is associated to itself: 𝒬 ≃
𝒬×G G .

• On the other hand, there is a 1:1 correspondence fu ↔ σ𝒬 ∈ Γ(𝒫U ×C(H) G) given by σ𝒬(x) = [p, fu(p)] =
[ph, C(p,h)−1 fu(p)] = [ph, fu(ph)]. This comes from the fact that 𝒬 is (twisted) associated to 𝒫 : 𝒬 =𝒫 ×C(H) G .

Both perspectives yield equivalent geometric formulations depending on the chosen framework. ■

Using the equivariance property of u𝒬 in the previous calculations,

σ𝒮(x) = (σ𝒫 (x), C(p, u𝒫 (p))−1 gu𝒬([p, g])) = (σ𝒫 (x), C(p, u𝒫 (p))−1 gu𝒬([p, e]g))

= (σ𝒫 (x), C(p, u𝒫 (p))−1u𝒬([p, e])) = (σ𝒫 (x), u𝒬([p, e]C(p, u𝒫 (p))))

= (σ𝒫 (x), u𝒬([p, C(p, u𝒫 (p))])) = (σ𝒫 (x), u𝒬([pu𝒫 (p), e]))
= (σ𝒫 (x), u𝒬([σ𝒫 (x), e])) = (σ𝒫 (x), i∗eπ∗

H u𝒬(σ𝒫 (x)))
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= (σ𝒫 (x), fu(σ𝒫 (x))) = i fu ◦ σ𝒫 (x)

This way, any local section of 𝒮U appears as being a section of 𝒫U embedded in 𝒮U through a twisted dressing field 
(which carries the same information as a local section of 𝒬U ). Note that this specific parametrization requires that 𝒫 is 
a submanifold of 𝒮 . In particular, one cannot define a similar parametrization exchanging the roles of 𝒫 and 𝒬 since the 
latter is merely a homogeneous space.

Remark 8.4. It is worth insisting on the interpretation of f and fu , since both share common features and related uses. On 
the one hand, f ∈ ℱ(𝒫, G) parametrizes cocycles within an equivalence class. Thus, it is interpreted as a coboundary. The 
same f provides an embedding of 𝒫 in 𝒮 through i f . These two roles of f are the reason why the cohomology class of C
is linked to the isomorphism class of 𝒮 in Theorem 6.7. A priori, f satisfies no particular equivariance relation. On the other 
hand, fu ∈ ℱC -eq(𝒫U , G) is the twisted version of a local dressing field on 𝒬U . It parametrizes local trivializing sections of 
𝒬U . fu is a priori local. The following property highlight the consequence of the very restrictive case where f and fu are 
identified. ■

Proposition 8.5. 𝒬 is a trivial principal bundle if and only if C is a trivial cocycle, i.e.

C ∼ e ⇐⇒ 𝒬 ≃ M × G.

Proof. The proof is as follows:

𝒬 ≃ M × G ⇐⇒ There is a global section σ𝒬 ∈ Γ(𝒬) = Γ(𝒫 ×C(H) G)

⇐⇒ There is a global twisted dressing fu ∈ ℱC-eq(𝒫, G)

⇐⇒ ∃ f ∈ ℱ(𝒫, G), f (ph) = C(p,h)−1 f (p)

⇐⇒ ∃ f ∈ ℱ(𝒫, G), f (p)−1C(p,h) f (ph) = e

⇐⇒ C ∼ e. □
Remark 8.6. This result gives the reciprocal implication of the particular case stated in Corollary 6.6. Contrary to Theo
rem 6.7, this proposition does not generalize to arbitrary equivalent cocycles C ∼ C ′ . ■

8.3. Local fields

Standard and twisted gauge fields on 𝒮 , 𝒫 and 𝒬 induce local fields on a generic open set U by pullback through local 
trivializing sections. Several relations between sections of these principal fiber bundles were displayed in Sec. 8.2: given a 
σ𝒮 ∈ Γ(𝒮U ), one defines σ𝒫 := πG ◦ σ𝒮 ∈ Γ(𝒫U ) and σ𝒬 := πH ◦ σ𝒮 ∈ Γ(𝒬U ). Conversely, given σ𝒫 and σ𝒬 , one defines 
fu ∈ℱC -eq(𝒫U , G) such that σ𝒬(x) =: [p, fu(p)] and σ𝒮 := i fu ◦σ𝒫 . Together with these links between sections were proven 
relations between (twisted or standard) equivariant fields on 𝒮 , 𝒫 and 𝒬 in Sec. 3 and 4. These relations between both 
global fields and sections induce relations between local fields.

Proposition 8.7. The standard gauge fields on 𝒬 and their corresponding fields on 𝒮 (in the sense of Proposition 3.5, 4.2 and 4.5) 
induce the same local fields on U .

Note that, since these are local versions of standard Gfields on 𝒬, they support a standard action of 𝒢U as described in 
(2.4).

Proof. Let σ𝒮 be a section of 𝒮U over U and set σ𝒬 := πH ◦ σ𝒮 , a section of 𝒬U over U . Consider α𝒬 ∈ Ω•
tens(𝒬, V ), 

ω𝒬 ∈ 𝒜(𝒬) and γ𝒬 ∈ 𝒢𝒬 . As seen in Proposition 3.5, 4.2 and 4.5, these fields are in 1:1 correspondence with α𝒮 :=
π∗

Hα𝒬 ∈ Ω•
tens(𝒮, V ), ω𝔤 := π∗

Hω𝒬 which is the 𝔤-valued part of a connection ω𝒮 ∈ 𝒜(𝒮), and γ G := π∗
Hγ𝒬 ∈ 𝒢𝒮 . The 

local version of the fields on 𝒬 induced through σ𝒬 are

a := σ ∗
𝒬α𝒬 = (πH ◦ σ𝒮)∗α𝒬 = σ ∗

𝒮π∗
Hα𝒬 = σ ∗

𝒮α𝒮 ,

A := σ ∗
𝒬ω𝒬 = (πH ◦ σ𝒮)∗ω𝒬 = σ ∗

𝒮π∗
Hω𝒬 = σ ∗

𝒮ω𝔤,

γ := σ ∗
𝒬γ𝒬 = (πH ◦ σ𝒮)∗γ𝒬 = σ ∗

𝒮π∗
Hγ𝒬 = σ ∗

𝒮γ G . □
A similar link exists between the local versions of twisted fields on 𝒫 and of standard fields on 𝒬.
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Proposition 8.8. The twisted gauge fields on 𝒫 and their corresponding fields on 𝒬 induce the same local fields on U for a local 
trivialization of 𝒬 induced by a local trivialization of 𝒫 , as an associated bundle.

Proof. This proof relies on the use of a section σ𝒬 induced by a section σ𝒫 . Let σ𝒫 ∈ Γ(𝒫U ). Using the fact that 𝒬 is a 
bundle associated to 𝒫 , one defines σ𝒬 : x ↦→ [σ𝒫 (x), e], i.e. σ𝒬 := πH ◦ ie ◦ σ𝒫 .

Consider α𝒬 ∈ Ω•
tens(𝒬, V ), ω𝒬 ∈ 𝒜(𝒬) and γ𝒬 ∈ 𝒢𝒬 . As seen in Proposition 3.5, 3.12 and 3.15, these fields are in 1:1 

correspondence with α𝒫 := i∗eπ∗
Hα𝒬 ∈ Ω•

C -tens(𝒫, V ), ω𝒫 := i∗eπ∗
Hω𝒬 ∈ 𝒜C (𝒫) and ζ𝒫 := i∗eπ∗

Hγ𝒬 ∈ 𝒢𝒫 . The local version 
of the fields on 𝒬 induced through σ𝒬 are

a := σ ∗
𝒬α𝒬 = (πH ◦ ie ◦ σ𝒫 )∗α𝒬 = σ ∗

𝒫 i∗eπ∗
Hα𝒬 = σ ∗

𝒫α𝒫 ,

A := σ ∗
𝒬ω𝒬 = (πH ◦ ie ◦ σ𝒫 )∗ω𝒬 = σ ∗

𝒫 i∗eπ∗
Hω𝒬 = σ ∗

𝒫ω𝒫 ,

γ := σ ∗
𝒬γ𝒬 = (πH ◦ ie ◦ σ𝒫 )∗γ𝒬 = σ ∗

𝒫 i∗eπ∗
Hγ𝒬 = σ ∗

𝒫ζ𝒫 . □
Let us insist on the main difference of the last two proofs. In the former, the (global) gauge fields on 𝒬 are naturally 

induced by the H-invariant fields on 𝒮 . Then, at fixed σ𝒬, one could perform the proof with any σ𝒮 such that πH ◦σ𝒮 = σ𝒬
(the 𝒫 part of σ𝒮 is arbitrary.) On the contrary, the proof of Proposition 8.8 involves a specific section, which is compatible 
with the isomorphism i∗eπ∗

H . Given σ𝒫 , the others sections must be σ𝒮 : x ↦→ (σ𝒫 (x), e) and σ𝒬 : x ↦→ [σ𝒫 (x), e].
This last constraint echoes the distinction made at the end of Sec. 3.3 between gauge transformation associated to the 

geometric structure group H and the algebraic one G . Indeed, these active gauge transformations locally correspond to 
passive ones, i.e. gluing functions for σ𝒫 and σ𝒬 . Without constraint, one could relate two sections σ𝒬, σ ′

𝒬 by any g𝒬 :
U → G . However, assuming that σ𝒬, σ ′

𝒬 are induced by σ𝒫 , σ ′
𝒫 and denoting g H : U → H such that σ ′

𝒫 (x) = σ𝒫 (x)g H (x), 
one has

σ ′
𝒬(x) = [σ ′

𝒫 (x), e] = [σ𝒫 (x)g H (x), e] = [σ𝒫 (x), C(σ𝒫 (x), g H (x))] = [σ𝒫 (x), e]C(σ𝒫 (x), g H (x))

= σ𝒬(x)C(σ𝒫 (x), g H (x)).

Then, gG must read gG(x) = C(σ𝒫 (x), g H (x)) for some σ𝒫 and g H . With no constraint, gG is the local representative of an 
active gauge transformation in 𝒢𝒫 , while with constraint, g H is the local representative of an active gauge transformation 
γ𝒫 ∈ℋ𝒫 and gG(x) = C(σ𝒫 (x), g H (x)) corresponds to C(p, γ (p)).22

Given Proposition 8.8, one can interpret any model on M involving twisted fields as a standard model on M with 
local gauge transformations valued in G . For instance, one can define a manifestly gauge-invariant Lagrangian (w.r.t. the 
local gauge group 𝒢U ) involving the previously-defined fields on U . Examples of Yang-Mills Lagrangian and Gravity Gauge 
Lagrangians dealing with local twisted fields were introduced in [27]. The 𝒢U -invariance of such Lagrangian is enough to 
work with local twisted fields and get gauge-independent predictions.

Appendix A. Proof of Lemma 3.3

Proof. Item (i)
Let ϕ𝒫

X (resp. ϕG
X ) be the flow of X𝒫

p at p (resp. of X G
g at g).

T(p,g)ℛ𝒮
(h,e)(X𝒫

p ⊕ X G
g ) = T(p,g)ℛ𝒮

(h,e)

(︃(︂
d
dt (ϕ

𝒫
X (t),ϕG

X (t))
)︂

|t=0

)︃
=
(︂

d
dt (ϕ

𝒫
X (t)h, C(ϕ𝒫

X (t),h)−1ϕG
X (t))

)︂
|t=0

=
(︂

d
dt (ϕ

𝒫
X (t)h, C(p,h)−1 g)

)︂
|t=0

+
(︂

d
dt (ph, C(ϕ𝒫

X (t),h)−1 g)
)︂

|t=0

+
(︂

d
dt (ph, C(p,h)−1ϕG

X (t))
)︂

|t=0

= TphiC(p,h)−1 g

(︂
d
dt ϕ

𝒫
X (t)h

)︂
|t=0

+ TC(p,h)−1 g iph

(︂
d
dt C(ϕ𝒫

X (t),h)−1 g
)︂

|t=0

+ TC(p,h)−1 g iph

(︂
d
dt C(p,h)−1ϕG

X (t)
)︂

|t=0

= TphiC(p,h)−1 g ◦ Tpℛ𝒫
h (X𝒫

p ) + T gC(p,h)−1 g iph ◦ TC(p,h)−1 Rg ◦ d𝒫C−1
(p,h)

(X𝒫
p ) 

+ TC(p,h)−1 g iph ◦ TgLC(p,h)−1(X G
g ) 

22 There is no effective constraint if, at any p ∈ 𝒫 , any g ∈ G reads g = C(p,h) for some h ∈ H .
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= (Tpℛ𝒫
h (X𝒫

p ) ⊕ 0g) + (0p ⊕ TC(p,h)−1 Rg ◦ d𝒫C−1
(p,h)

(X𝒫
p )) + (0g ⊕ TgLC(p,h)−1(X G

g ))

= Tpℛ𝒫
h (X𝒫

p ) ⊕ (TC(p,h)−1 Rg ◦ d𝒫C−1
(p,h)

(X𝒫
p ) + TgLC(p,h)−1(X G

g ))

T(p,g)ℛ𝒮
(e,g′)(X𝒫

p ⊕ X G
g ) = T(p,g)ℛ𝒮

(e,g′)

(︃(︂
d
dt (ϕ

𝒫
X (t),ϕG

X (t))
)︂

|t=0

)︃
=
(︂

d
dt (ϕ

𝒫
X (t),ϕG

X (t)g′)
)︂

|t=0

=
(︂

d
dt (ϕ

𝒫
X (t), gg′)

)︂
|t=0

+
(︂

d
dt (p, ϕG

X (t)g′)
)︂

|t=0

= Tpigg′
(︂

d
dt ϕ

𝒫
X (t)

)︂
|t=0

+ Tgg′ ip

(︂
d
dt ϕ

G
X (t)g′)︂

|t=0

= (X𝒫
p ⊕ 0gg′) + (0p ⊕ TgRg′(X G

g ))

= (X𝒫
p ⊕ TgRg′(X G

g ))

Item (ii)
Let ϕ𝒫

X be the flow of X𝒫
p at p.

Tphie ◦ Tpℛ𝒫
h (X𝒫

p ) =
(︂

d
dt (ϕ

𝒫
X (t)h, e)

)︂
|t=0

= T(p,C(p,h))ℛ𝒮
(h,e)

(︃(︂
d
dt (ϕ

𝒫
X (t), C(ϕ𝒫

X (t),h))
)︂

|t=0

)︃
= T(p,C(p,h))ℛ𝒮

(h,e)

(︃(︂
d
dt (ϕ

𝒫
X (t), C(p,h))

)︂
|t=0

)︃
+ T(p,C(p,h))ℛ𝒮

(h,e)

(︃(︂
d
dt (p, C(ϕ𝒫

X (t),h))
)︂

|t=0

)︃
= T(p,C(p,h))ℛ𝒮

(h,C(p,h))

(︃(︂
d
dt (ϕ

𝒫
X (t), e)

)︂
|t=0

)︃
+
(︂

d
dt (p, C(p,h)−1C(ϕ𝒫

X (t),h))
)︂

|t=0

= T(p,C(p,h))ℛ𝒮
(h,C(p,h)) ◦ Tpie(X𝒫

p ) +
[︂

C(p,h)−1d𝒫C(p,h)(X𝒫
p )

]︂v

(ph,e)

Item (iii)
Let us proceed by double inclusion. First, consider 𝔞 ∈ 𝔥. The flow of 𝔞v

p ⊕ TeRg ◦ (dG C−1)(p,e)(𝔞) at (p, g) is given by 
ϕ𝔞(t) = (p exp(t𝔞), C(p,exp(t𝔞))−1 g).

T(p,g)πH
(︁
𝔞v

p ⊕ TeRg ◦ (dG C−1)(p,e)(𝔞)
)︁ =

(︂
d
dt πH

(︁
(p exp(t𝔞), C(p,exp(t𝔞))−1 g)

)︁)︂
|t=0

=
(︂

d
dt πH ◦ℛ𝒮

(exp(t𝔞),e)((p, g))
)︂

|t=0

=
(︂

d
dt πH ((p, g))

)︂
|t=0

= 0,

which proves one inclusion. Then, consider X𝒮
(p,g) ∈ ker T(p,g)πH and let ϕ𝒮

X be the flow of X𝒮
(p,g) at (p, g). By definition, (︂

d
dt πH (ϕ𝒮

X (t))
)︂

|t=0
= 0. This means that πH (ϕ𝒮

X (t)) is locally constant around t = 0. Thus, ϕ𝒮
X (t) is locally confined in an 

H-equivalence class. Around t = 0, ϕ𝒮
X (t) is parametrized as (ph(t), C(p,h(t))−1 g) for some curve h :] − ε, ε[→ H satisfying 

h(0) = e. Let us call 𝔞 := ḣ(0) ∈ Te H ≃ 𝔥. Then the tangent vector to ϕ𝒮
X at t = 0 reads(︂

d
dt ϕ

𝒮
X (t)

)︂
|t=0

=
(︂

d
dt (ph(t), C(p,h(t))−1 g)

)︂
|t=0

=
(︂

d
dt (ph(t), g)

)︂
|t=0

+
(︂

d
dt (p, C(p,h(t))−1 g)

)︂
|t=0

=
(︂

d
dt ph(t)

)︂
|t=0

⊕ 0 + 0 ⊕
(︂

d
dt C(p,h(t))−1 g

)︂
|t=0

=
[︃(︂

d
dt h(t)

)︂
|t=0

]︃v

p
⊕ 0 + 0 ⊕ TeRg ◦ (dH C−1)(p,e)

(︃(︂
d
dt h(t)

)︂
|t=0

)︃
= 𝔞v

p ⊕ TeRg ◦ (dH C−1)(p,e)(𝔞),

which proves the other inclusion.
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Item (iv)
Let ϕG

X be the flow of X G at g .

T(p,g)πH (0p ⊕ X G
g ) =

(︂
d
dt [p, ϕG

X (t)]
)︂

|t=0
=
(︂

d
dt [p, g]g−1ϕG

X (t)
)︂

|t=0
=
[︂

TgLg−1 X G
g

]︂v

[p,g] ∈ V[p,g]𝒬.

So T(p,g)πH (0p ⊕ Tg G) ⊂ V[p,g]𝒬. Note that according to C, ker TπH ∩ (0 ⊕ Tg G) = {0}. Hence

dim T(p,g)πH (0p ⊕ Tg G) = dim 0p ⊕ Tg G = dim𝔤= dim V[p,g]𝒬,

which concludes the proof.

Item (v)
On the one hand, T(ph,C(p,h)−1 g)πH ◦ T(p,g)ℛ𝒮

(h,e) = T(p,g)πH is a direct consequence of the definition of πH as projection 
onto equivalence classes generated by ℛ𝒮

(h,e) . On the other hand, let ϕ𝒫
X (resp. ϕG

X ) be the flow of X𝒫
p at p (resp. of X G

g at 
g) and let g′ ∈ G .

T(p,gg′)πH ◦ T(p,g)ℛ𝒮
(e,g′)(X𝒫

p ⊕ X G
g ) = T(p,gg′)πH

(︃(︂
d
dt (ϕ

𝒫
X (t),ϕG

X (t)g′)
)︂

|t=0

)︃
=
(︂

d
dt [ϕ𝒫

X (t),ϕG
X (t)g′]

)︂
|t=0

=
(︂

d
dt [ϕ𝒫

X (t),ϕG
X (t)]g′)︂

|t=0

= T[p,g]ℛ𝒬
g′

(︃(︂
d
dt [ϕ𝒫

X (t),ϕG
X (t)]

)︂
|t=0

)︃
= T[p,g]ℛ𝒬

g′ ◦ T(p,g)πH (X𝒫
p , X G

g ).

Item (vi)
This is a direct consequence of (ii), (iv) and (v).

T(ph,e)πH ◦ Tphie ◦ Tpℛ𝒫
h (X𝒫

p )
(ii)= T(ph,e)πH

(︃
T(p,C(p,h))ℛ𝒮

(h,C(p,h)) ◦ Tpie(X𝒫
p ) +

[︂
C(p,h)−1d𝒫C(p,h)(X𝒫

p )
]︂v

(ph,e)

)︃
(iv,v)= T[p,e]ℛ𝒬

C(p,h)
◦ T(p,e)πH ◦ Tpie(X𝒫

p ) +
[︂

C(p,h)−1d𝒫C(p,h)(X𝒫
p )

]︂v

[ph,e] ,

where the use of (iv) is possible because 
[︁
C(p,h)−1d𝒫C(p,h)(X𝒫

p )
]︁v

(ph,e)
is a vertical vector in T(ph,e)𝒮 tangent to G . □
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[19] J. Attard, J. Franç ois, Tractors and Twistors from conformal Cartan geometry: a gauge theoretic approach I. Tractors, Class. Quantum Gravity 34 (2017) 

085004, https://doi.org/10.1088/1361-6382/aa627d, arXiv:1609.07307 [math-ph].
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