Journal of Geometry and Physics 231 (2027) 106028

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/geomphys

How to untwist twisted gauge fields )

Check for
updates

Serge Lazzarini, Thierry Masson, Louis Usala *

Centre de Physique Théorique, Aix Marseille Univ, Université de Toulon, CNRS, CPT, Marseille, France

ARTICLE INFO ABSTRACT

Artic{e history: This paper provides an isomorphism between the space of twisted gauge fields on a
Received 23 July 2026 principal bundle P(M, H) and the space of standard gauge fields on a different principal
Received in revised form 14 October 2026 bundle Q(M, G) associated to P. This isomorphism extends to local fields on the base

Accepted 15 October 2026

- . manifold, which enables the use of local twisted fields in standard gauge theories (e.g.
Available online xxxx

Yang-Mills-like theories). This allows one to deal with two symmetry groups, coming

MSC: from P and Q, respectively. The construction makes use of a larger principal bundle S
53C05 which has P and Q as quotient bundles. S is a Hilsum-Skandalis bibundle between the
58A32 action groupoids H X P and G x Q. The gauge structure on S encodes both standard
70515 and twisted gauge structures on P. In addition, the equivalence classes of bundles S
53C80 up to an isomorphism covering the identity map on P are in 1:1 correspondence with
2006 the equivalence classes of cocycles (up to a coboundary). This paper also provides a new

interpretation of (full) dressing fields as dynamic (or active) sections of a principal bundle.
Keywords: © 2026 Elsevier B.V. All rights are reserved, including those for text and data mining, Al

Twisted gauge fields

Dressing field method

Non-Abelian group cohomology
Gauge theories

Extensions of principal bundles
Morita equivalence of Lie groupoids

training, and similar technologies.

Contents
B PO 15 o T L o o ) 2
2. Standard and twisted gauge fields, a reminder . . ... ... ... ... e 4
2.1, Standard gauge flelds . . ... .. . e e e 4
2.2.  The dressing field method (DFM) . ... ...ttt e ettt e e e e e e e e 5
2.3, Twisted gauge flelds. . . . .. .o e e e 8
3. Isomorphisms with a standard StIUCEUIE . . . . . . . .. ittt et et e ettt ettt e ettt 10
3.1.  Correspondence space and induced bundle . .. ... ... ... ... 10
3.2.  Isomorphism of bundle SEOMELIY . . . . . . ... e 12
3.3.  Twisted connections on P as induced STIUCLUIES . . . . . . ..ttt et ettt ettt eeeeeeen 15
4,  Connections and gauge StTUCLUIE ON S . . . . vttt ittt e et e e e et e e e et e e e ettt e e e et e e et e et 17
41, Connections ON'S . ..ttt 17
4.2, GaUuEe SITUCLUIE ON S o v v v vt et et e e e e e e e e e e e e e et e e e et e e e e e e et e e e e e 18
4.3. Some comments about S and Q . . . . . ... e 19
5. Groupoid aPPrOaCh . . . . oo e e e e e 20
5.1.  Definitions and Morita eqUIVAlENCE . . . . . . ...ttt e 20

* Corresponding author.
E-mail addresses: serge.lazzarini@cpt.univ-mrs.fr (S. Lazzarini), thierry.masson@cpt.univ-mrs.fr (T. Masson), louis.usala@cpt.univ-mrs.fr (L. Usala).

https://doi.org/10.1016/j.geomphys.2026.106028
0393-0440/© 2026 Elsevier B.V. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://doi.org/10.1016/j.geomphys.2026.106028
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/geomphys
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2026.106028&domain=pdf
mailto:serge.lazzarini@cpt.univ-mrs.fr
mailto:thierry.masson@cpt.univ-mrs.fr
mailto:louis.usala@cpt.univ-mrs.fr
https://doi.org/10.1016/j.geomphys.2026.106028

S. Lazzarini, T. Masson and L. Usala Journal of Geometry and Physics 231 (2027) 106028

5.2. Morita equivalence of untwisting bundles . . ... ... ... .. 22

5.3.  Comparison With Sec. 3 and 4 ... .. ... e e 22

6. CONCEIMING COCYCIES . . o\ttt et et e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e 24
6.1, Group CONOMOIOZY . . .« . vttt ettt e et e e e e e e e e e e e e e e e 24

6.2. Twisted associated bundles with different cocycles. . .. .. ... . i e e 24

6.3.  Link between the cohomology of C and the geometry of S. . .. ... ... ittt ittt 26

7. EXamples Of COCYCIES . . . .t e e e 28
70 Trivial COCYCIe . . oot e e 28

7.2, eIty MAD . o ottt ettt e e e e e e e 28

7.3.  Group homomoOIphiSI . . . . ..ot e e e 28

7.4.  Conformal Cartan GEOMELITY . . . . . . ..ttt e e et ettt ettt e ettt 29

8. Local POINt Of VieW . . . . oot e e e e e e e e e e e e e e e e e 30
8.1.  Local dressing fields on S, P and Q . ... ...ttt e 30

8.2. Local sections of S, P and Q . . . ...ttt e 31

8.3, Local flelds . . . ... e 32
Appendix A.  Proof of Lemma 3.3 . . . ... e e 33
Data availability . . . . ..o e e e e e e e e e 35
REfOIOIICES . . o o ottt e 35

1. Introduction

Fiber bundles provide the natural geometric framework for describing physical fields with non-trivial global structure.
Locally, a fiber bundle resembles a product U x F of an open subset U C M of the base manifold with a typical fiber F, yet
its global topology may be genuinely non-trivial, encoding phenomena that no local description can capture. A particularly
important class is that of principal bundles P(M, H), in which the fiber carries the structure of a Lie group H acting
freely and transitively on the total space P. The structure group H plays the role of a symmetry group for a physical
model. Principal bundles occupy a foundational role in differential geometry [1-3]: all other fiber bundles sharing the same
symmetry group - the so-called associated bundles - are modeled on them, making the principal bundle the central object
from which the full geometric structure of a theory is derived.

This framework finds its most prominent physical applications in gauge theories, where fields are defined so as to carry,
at each point of spacetime, additional internal degrees of freedom - a phase, an amplitude, or more generally an element
of some internal space. The Standard Model of particle physics [4-6] is most naturally formulated in this language, with
the gauge group based on the symmetry group H = U(1) x SU(2) x SU(3) defining a principal bundle over spacetime
whose sections ¢ of associated bundles' P xy W encode matter fields and principal connection 1-forms w € A(P) encode
interaction fields of the theory. In the same fashion, the curvature associated to w models the field strength, the correspond-
ing covariant derivatives models minimal coupling and vertical automorphisms model gauge transformations. Beyond local
structure, the topological aspects of principal bundles prove equally indispensable: phenomena such as the Aharonov-Bohm
effect [7,8] and the Berry phase [9,10] are fundamentally global in nature and find their precise mathematical expression in
the bundle-theoretic setting.

A closely related and geometrically rich construction is that of Cartan geometry [3,11], which may be understood as
a principal bundle equipped with an additional soldering form that constrains the geometry of the fibers to model the
geometry of the tangent space to the base manifold. A Cartan bundle is a principal bundle (M, H) modeled on a pair of
Lie groups (G, H), H C G, with Lie algebras g and h. The “model” consists in an isomorphism between g and the tangent
space TpP at each point p € P, which induces an isomorphism between h and the vertical tangent space V,P. Cartan
geometry thus generalizes Riemannian geometry in a natural and flexible way, and provides in particular the appropriate
framework for gauge formulations of general relativity. The most notable instance of such formulation is the Cartan tetrad (or
vierbein) formalism [12], in which the gravitational field is obtained from a connection on a Cartan bundle modeled on the
Poincaré and Lorentz groups (ISO(1,3), SO (1, 3)). This construction admits a natural and physically motivated extension
to conformal Cartan geometry [3], modeled on the group SO (2, 4), which captures the conformal symmetry structure of
spacetime and underpins several approaches to conformal field theory and twistor theory.

A recurring theme across these geometric frameworks is that of gauge symmetry reduction: the process by which the
structure group H of a principal bundle is reduced to a proper subgroup H’ C H. Such reductions arise both for practical
computational reasons and for physical ones, when only a subgroup of the full gauge symmetry is deemed physically
relevant.

The Dressing Field Method (DFM), developed since 2010, provides a systematic and geometric approach to such reduc-
tions, and has emerged as a compelling alternative to more ad hoc procedures [13,14]. In particular, it offers a natural
substitute for the Higgs® mechanism [15-17], circumventing the need for auxiliary hypotheses such as the assumption of a

T (w, pu) denotes a representation space of H.
2 Englert-Brout-Higgs-Guralnik-Hagen-Kibble mechanism for completeness.



S. Lazzarini, T. Masson and L. Usala Journal of Geometry and Physics 231 (2027) 106028

symmetric phase, and avoiding the philosophical difficulties surrounding the physical interpretation of gauge symmetries —
which, being redundancies of the mathematical description rather than physical symmetries in the strict sense, cannot be
broken in any operationally meaningful way.

The DFM has found a broad range of applications: it yields a reduction of the Cartan tetrad formalism to standard general
relativity [18], a reduction of conformal Cartan geometry to tractor calculus [19] or twistor geometry [20], a reinterpretation
of the Faddeev-Popov gauge-fixing mechanism [21], and a foundation for the program of general-relativistic gauge field
theory (gRGFT) [22-26].

The DFM aims at erasing a proper subgroup K C H of the structure group. It relies on the existence of a local “dressing
field” u : Py — H satisfying the equivariance property u(pk) = k~'u(p) w.r.t. any k € K. Provided such a field can be
constructed in the model, one can compose it with standard gauge fields ¢ and w to get composite fields (or dressed fields)
¢! and " which turn out to be invariant with respect to K. This process shall be interpreted as a new arrangement of the
degrees of freedom carried by ¢ and w: those related to K, seen as redundancies, are carried by u while the dressed fields
carry only the remaining (physical) degrees of freedom. This method leads to a residual gauge theory with structure group
H/K (when K is a normal subgroup).

It is worth insisting on the fact that a dressing field is not a gauge group element. Quite the opposite, u reduces the
symmetry while a gauge group element y merely shifts its reference. This paper also suggests that u might be better
interpreted as related to a local trivializing section of P, see Sec. 2.2.

A notable feature emerging from the application of the DFM to conformal Cartan geometry (and later on, to gRGFT) is
the appearance of residual symmetries of a new and unexpected type: rather than transforming in the standard way, the
remaining gauge fields exhibit twisted transformation laws under the residual symmetry group. This observation motivates
the development of a general theory of Twisted Gauge Fields, initiated in [27]. This forms the starting point of the present
article.

Let us sketch the origin of this more general mathematical framework for gauge theories. The usual approach for gauge
theories is based on the differential geometry of fiber bundles and connections. In this context, a specific Lie group Hp plays
two roles. The first one, of common use in theoretical physics, consists in modeling matter fields as functions with values
in some representation space (W, pg) of Ho. This role is of algebraic nature. The second role, of geometric nature, consists
in using Hy as the typical fiber and structure group of a principal fiber bundle Py(M, Hg) over a base manifold M. Working
globally at the level of Py (as opposed to the local approach on open sets of M), these two roles are consistently related
by an equivariance condition when one considers, for instance, matter fields as equivariant maps ¢g : Pp — W satisfying
@o(ph) = po(h~1)-@o(p). The geometric action on the left hand side (LHS) is consistently related to the algebraic action on
the right hand side (RHS).

The DFM does not necessarily preserve this relationship between the two roles. Indeed, a dressing field is crafted in
order to satisfy the relevant equivariance property u(pk) =k~u(p) for any k € K, the subgroup of Hg to be erased. Such a
field may be valued in a different (e.g. larger) group than Hg [19,20]. This shall impact the algebraic part of the equivariance
relation for the dressed field ¢§ defined by “u=1.¢y". When this latter expression exists (in a mathematical sense), ¢* does
not necessarily belong to (W, pp) anymore. We refer to [19,20] for further details. Concerning the geometric part, when it
exists, the residual group H = Ho/K defines a new principal fiber bundle P(M, H), which can replace Py to describe the
model at hand. However, the residual group H may no longer be consistent with the algebraic part.

This mismatch is the reason why the residual gauge model - after application of the DFM - requires a more general
framework to restore an equivariant relation between the geometric and algebraic parts. The minimal extension of the usual
framework consists in considering

o the principal fiber bundle P(M, H) as the geometric part,

e a Lie group G together with a representation space (V, p¢), modeling the algebraic part for the dressed fields,

eamap C:P x H— G used to relate these two actions through an equivariance relation of the form ¢(ph) =
p6(C(p, )~ N)-@(p) for any (p,h) € P x H, where ¢ : P — V.

Note that the twisted field ¢ is the field induced on P by the K-invariant field ¢ on Pg. One can forget about this lineage
and consider twisted fields for themselves, which is the approach followed in this article.
Since, on the geometric part, one has p(hh’) = (ph)h’ for any (p, h, h’), one gets from the equivariance relation®

@(p(hh')) = C(p, hh") "¢ (p)

= @((ph)h') = C(ph, k')~ -@(ph) = C(ph, "Y' C(p,H) "0 (p)

which leads to the so-called cocycle relation C(p,hh’) = C(p, h)C(ph,h’). This new standpoint is a generalization of the
standard framework, which is recovered in the specific case G = H and C(p, h) = h, see Sec. 7.2. We denote (P(M, H), G, C)
this new structure. The previous cocycle relation is nothing but the defining relation for cocycles appearing in the context
of twisted gauge fields, cf. [27].

3 pc is omitted from now on.
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The present work interprets twisted gauge fields on (P(M, H), G, C) as standard gauge fields on an additional principal
bundle Q(M, G) whose structure group is the action group of the twisted framework. The relevant choice for Q is a twisted
associated bundle to P of the form P xc(u) V. This construction relies on a correspondence space S(M, H x G) which has
both P and Q as quotient bundles. Note that one can still define standard H-gauge fields on P together with the previously
mentioned twisted gauge fields. In the current framework, both standard and twisted fields on P appear as pullbacks of
standard (H x G)(-gauge fields on S. In particular, these fields on S split naturally into H-fields (which induce the standard
fields on P) and G-fields (which induce the twisted ones). Going from S to Q amounts to retaining the G-structure while
forgetting the H one.

From a structural point of view, S appears as more than a mere correspondence space for twisted and standard gauge
fields. This work highlights a deep link between & and the cohomology of the cocycle map C. Note that the geometry
of S (as a (H x G)-principal fiber bundle) depends on the cocycle considered. In fact, the equivalence classes of S up
to a principal bundle isomorphism covering the identity on P are in 1:1 correspondence with the equivalence classes
of C up to a coboundary. This implies that two equivalent cocycles C and C’ induce the same space S in which two
different submanifolds are canonically identified with . On the contrary, two non-equivalent cocycles generate two non-
isomorphic S.

The paper is organized as follows. Sec. 2 recalls the theory of standard and twisted gauge fields. It also contains a
reminder on the DFM with a new interpretation. In Sec. 3, S and Q are introduced and an isomorphism between the
twisted structure on P and the standard one on Q is displayed. Sec. 4 highlights a correspondence between connections on
S and pairs of standard and twisted connections on P. An equivalent correspondence is displayed for gauge transformations.
Sec. 5 provides an alternative approach in terms of action groupoids and interprets S as a Hilsum-Skandalis bibundle
between H x P and G x Q inducing a Morita equivalence between them. Sec. 6 focuses on the behavior of this framework
under a change of cocycle. In particular, it draws a link between the cohomology of C and the geometry of S. Sec. 7 details
several particular cases when C has specific properties. Finally, Sec. 8 sets the local version of these constructions on U C M.
It makes use of the DFM to parametrize sections of the principal bundles and it suggests a use of twisted fields in standard
gauge theories.

2. Standard and twisted gauge fields, a reminder
2.1. Standard gauge fields

Let P(M, H) be a principal bundle over a manifold M, with structure group a Lie group H (whose Lie algebra reads
h). Rpp =: ph denotes the right action of H on P and 7p : P — M is the corresponding projection. Let (W, py) be a
representation space for H, ie. W is a vector space and py : H — Aut(W) is a group homomorphism. The right action of
H on W reads ap(w) := py(h~1)-w =h"1.w, for all he H and w € W, when the use of oy is unambiguous. Indeed, aj,
satisfies (@ o ap)(W) = ap(@y (W) = h~V-apy (W) = k=10~ Low) = (=T ™ Yw = (Wh) ™' w = app (W) = ay o ay = ayp.
Notice that py itself induces a left action of H on W.

Given all the above, the (standard) associated vector bundle Ep :=P xy W := (P x W)/H is the set of equivalence
classes on P x W under the relation (p, w) ~ (ph, h~!-w), Vh € H. Among the fields on P, i.e. f : P — F, some are said (H-
Jequivariant when their pullbacks through Ry, are given by a right action Act of H on their target space: R} f = Act,—1 f. For
example, ¢ € QO(P, W) = F(P, W) such that (Ry@)(p) = @(ph) = pu(h™1)-@(p) is said py-equivariant. The corresponding
space of equivariant maps will be denoted Feq(P, W). It is well known that such equivariant fields are in bijection with
sections ¢ € I'(E) of the corresponding associated bundle. Explicitly, the correspondence is given by

@ € Feq(P,W) «— ¢:xr>[p,@()]=Iph,h~"-¢(p)] = [ph, p(ph)] € T (E), (2.1)

for any p € 777;] (x). An equivariant field is fully determined by its values on a section of P. Indeed, knowing f at a given
point p, one deduces its value at any other point in the fiber of P using the equivariance relation. A particular case of an
equivariant field is an invariant field, satisfying Ry f = f.

Any tangent linear space T,P at p € P has a canonical “vertical” subspace V,P. This is the space of vertical vectors,
i.e. tangent vectors to curves which stay in the same fiber as p locally. As is well-known, V,P >~ b. Choosing a “horizontal”
supplementary subspace Hp,P such that T, =V,P @ H,P is equivalent to choosing an (Ehresmann) connection 1-form
w € Q1(P, ) satisfying the following vertical normalization and H-equivariance with respect to the adjoint action:

. wp(a;) =a,Vaeh,
e Rjw=Ad,-1w, Vhe H.

In the vertical normalization, “Z = (%p exp(ta)) o € VpP. The horizontal tangent space is then defined as H,P := Ker wp.

The set of connection 1-forms on 7 will be denoted A(P) and it has a structure of affine space modeled on the vector

4
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space of Ad-tensorial h-valued 1-forms, see below. Let p, be the representation of h induced* on W by p := py. Any
connection induces a covariant differential D = d + p,(w) on (R-valued, W-valued, h-valued...)’ differential forms and a
curvature 2-form Q =dw + %[w, w] € Q*(P, ). Like w, Q is Ad-equivariant.

A differential form is called horizontal when it vanishes on vertical vector fields. The space of S-valued horizontal
forms (for a given vector space S) is Qp (P, S) = {a € Q*(P,S), ap(X0. X}, ... X§) =0 VX0 € V,P; X, ...,X;; e TpP}.
In particular, any O-form is horizontal. An equivariant horizontal form is called tensorial and an H-invariant horizontal
form is called basic. These spaces are denoted Qf ., €85, €2}, Qfenss @p,s- Note that a H-tensorial form on P induces
a differential form on M and a H-basic form on P induces an invariant form on M. For instance, the curvature  is
Ad-tensorial but the connection w is not.

The group of vertical automorphisms Aut, (P) = {® € Diff(P) | &(ph) = &(p)h, 7wp o ® = wp} acts naturally on the
previous fields by pullback. Aut,(P) is isomorphic to the gauge group H* ={y : P — H | y(ph) = h~'y (p)h} with the
correspondence ®(p) = py (p). Note that both ® and y are defined through their equivariance properties: Rj® =Ry o ®

and Rpy = h=1yh. To be more explicit, the gauge transformations of the previous fields are given by

o’ =d*w =y wy +y dy, QY =d*Q=y"'Qy,

¢V =00 =p(y g, D”¢” := "Dy = p(y~")-Dy.
In addition, the elements of the gauge group themselves are subject to a specific gauge transformation: Vy,y’ e HF, y'V =
CD*]// — )/_1]//)/~

Any gauge field defined on P induces a field locally on M. Let U C M be an open subset and consider a (local) smooth
trivializing section of P denoted o : U — Py := n;l (U), which satisfies wp oo =idy. Given a local section, one can define
fields on U as pullbacks by o of fields on P. For example, consider (p77 € Feq(P, W), w” € AP) and o € Qfons (P, W).
These fields give rise to ¢ = o *@” € F(U, W), A:=o0*w” e Q'(U,h) and a:=c*a” € Q*(U, W). Let U, U’ C M be open
subsets such that U NU’ # @ and consider the sections o and ¢’ of P on U and U’ respectively. Let g: UNU’ — H be the
corresponding gluing function, ie. Vxe U NU’, o'(x) = o (x)g(x). With the notations ¢ = o*¢T, ¢ =o'*¢", one get that
forany xe UNU’,

') =pEx) ). (2.2)

With similar notations,

A, =g 'Ag® + g dgy, a,=pgx) ) a. (2.3)

As said before, since the curvature Q7% is Ad-tensorial, it yields a globally defined object on the base manifold M, say
F € Q2(M, ). It can locally be identified with the pull-back F := o*Q% € Q2(U, ) such that F = dA + A2 thanks to the
pull-back of the Cartan structure equation. One has Fj, = g() g (x).
A change of local trivializing section is often called “(local) passive gauge transformation” and is closely related to a so-
called “(local) active gauge transformation”, namely the pullback of a vertical automorphism by a local trivializing section.
Given a local trivializing section o of P, let us define the local gauge group Hy :={y =c*y | y € H7}. The defining

equivariance property of H” induces a characterization of the local gauge group: Hy = {y:U—H|Vy' e F(U,H), Z*/ =

y'~lyy’}. This characterization is independent of both o and P. The action of % on gauge fields induces an action of

Hy on their local counterparts. The local active gauge transformations of the previous local fields are
- Y — _
PrO=py 0 )¢®, Ar=y® TAY®+y©dy,, 04
4 — Y — .
Fr=y® 'Fy®, ar=p(y® )a.

These transformations are formally identical to passive gauge transformations. The compatibility between (2.3) and (2.4)
yields y' =g~ yg.

This framework is of great use in physics since it underlies gauge theories, in particular the Standard Model of Particle
Physics. In this framework, M models spacetime up to a diffeomorphism, H carries internal degrees of freedom, ¢ € I'(E)
and A € Q1(U, b) correspond to matter fields and interaction fields respectively and F € Q%(U, b) is the field strength.

2.2. The dressing field method (DFM)
The previous section highlights two ways of changing the reference of local gauge fields. One can either change the
section used to pullback fields on P (“passive gauge transformation”) or apply a vertical automorphism on P and pullback
4 pe(a)w= (%p(e“‘)w)lt:o, ach.
5 The implicit action of e is the action of § induced by the action of H. It depends on the space in which the form is valued.
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through the same section (“active gauge transformation”). In this sense, y € #P can be seen as the “active” (or “dynamic”)
counterpart of a gluing function. Similarly, a dressing field u (defined in the following) is a map on P crafted in such a way
that it is the active counterpart of a section o on U. The scheme of this approach is the following:

..passively ..actively
changes the reference... g(x) v (p) (2.5)
selects a reference... o(x) u(p)

Recall that a principal bundle is canonically associated to itself. Indeed, P xy H ~ P with the two (mutually inverse)
isomorphisms

P—-PxygH PxyH—>P
p+ [p,el=[ph,h™ 1] [p,hl+ ph

These two isomorphisms together with the correspondence (2.1) lead to the isomorphism Feq(P, H) =~ T'(P xy H) ~T'(P)
given by

u€Feq(P,H) <— & :x+>[p,u(p)l=[ph,h~'u(p)]=[ph,u(ph)] € T(P xy H)
«~— 0 :Xxt> pu(p)= phh’lu(p) = phu(ph) e T(P)

where p € n;l (x) is arbitrary. Note that a global section of P exists if and only if P >~ M x H is a trivial bundle. However,
the previous correspondences still hold locally: Feq(Py, H) >~ I'(Py). The global correspondence between dressing fields
and sections is discussed in [28] and generalized to partial dressings, see below.

Definition 2.1. A H-dressing field over U on P is an equivariant map u € Feq(Py, H) with equivariance property Rju(p) =
h~u(p).

One checks that this definition induces the gauge transformation

u?” (p) =y (p)"'u(p) (2.6)

The above stated information imply that

e a dressing field u is equivalent to a local section o of P over U,
e the existence of a global dressing field on P is equivalent to the triviality of P >~ M x H.

Similarly to the isomorphism H” — Aut,(P), y — ® : p > py(p), dressing fields correspond to H-invariant maps. Let
u € Feq(Py, H) and let us define

Y:Pu— Py, pr> pu(p).

This map trivially satisfies RZD*E = ¥ (contrary to vertical automorphisms & satisfying th*(b(p) = ®(p)h). Thus it induces
a map on U which is nothing else but o. ¥ will play a key role in the DFM, see below. The dressing field is indeed the
concept which consistently fills the bottom right cell of table (2.5).

Proposition 2.2. The passive and active gauge transformations are consistent. Given any sections o, o’ glued by g over U N U’ # 0,
their active counterparts u, u’ satisfy v’ =u” =y ~'u where y is the (active) gauge element corresponding to g~ .

Note that g = o*y~! instead of g =o0*y is a matter of convention. It depends on the chosen conventions for gluing

functions and for the action of the gauge group on P. The current conventions are commonly found in the literature.

Proof. o (resp. o’) has active counterpart u (resp. u’), which means that: Vx € U,
o(x)=pu(p), o'(x)=pu'(p),

where p € 717;1(x) is arbitrary. On the one hand,
o' (x) =0 (X)g).

On the other hand, suppose u’ =y ~'u. Then, using y (pu(p)) =u(p) "'y (p)u(p), one has

o’ (x) = pu'(p) = py ' (Pu(p) = pu(p)u(p) 'y " L(p)u(p) = pu(p)y (pu(p)) ' = o)y ().
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Since the action of H on P is assumed to be free, then g(x) =y (o0 (x)) ! =o*y 1 (x). O

The DFM consists in composing a dressing field with the standard fields of a gauge theory in order to get gauge-invariant
fields. Given u, and so X, one can pullback gauge fields w, 2, ¢ and D¢ through ¥ in order to define so-called dressed
(or composite) fields on Py

o' i=Y*w=uou+u du, QUi=T*Q=u"'Qu, (2.7)
Q=T = pu Y0, D! := £*Dgp = p(u~1)-De. '

Lemma 2.3. The dressed fields are invariant under the action of H* .

Proof. Let u be a dressing field and ¥ : p — pu(p). As shown before, ¥ is an H-invariant map. Thus, for any y € HP &
® € Auty(P),

Yo ®(p) =X(py(p) =py (Pu(py (p)) = pu(p) = X(p).
Let w € A(P). (The same proof holds for gauge fields of any other type.)

(a)u)y =d*T*w = (ZXo CID)*a) =Y*w=0ou".

Thus " is a gauge-invariant field. O

The use of %, already appearing in [19,20], provides a geometric interpretation of the dressing. The pullback ¢" = Z*¢
of a generic gauge field ¢ through ¥ consists in prescribing the value ¢"(p) = ¢ (pu(p)) = ¢(o (x)) for the dressed field at
any point p in the fiber 717;1 (x), where the local section o is defined from u as before. Then the equivariance of each gauge
field promotes this geometric operation to an algebraic operation of the type ¢"(p) =u(p)~'-@(p), as seen already in [14].
This recovers the approach based on field composers, of algebraic nature, used in [21] for instance.

Since dressed fields are gauge-invariant, they induce gauge-invariant local fields A%, FY, ¢%, D%¢% on U C M by taking
the pullbacks of (2.7) by the local trivializing section g, with u := oju. Following the gauge transformation (2.6) one has
u¥ =y ~lu, which is similar to u’ = g~u for a change of local trivializing sections, see (2.3).

It is worth noticing an important feature of local dressed fields. Let oy and o) be local trivializing sections on U and U’
such that U N U’ # &, with gluing function g. The local versions of the dressed fields are linked by

(AH)/ = O’é*(x)u = 0'6* Y*w = (Xo o‘é)*a)

Let us remark that

¥ 0 0 (X) = 00(X)g(X)u (00 (x)g(X)) = 0o(X)u(op(x)) = T 0 5p(X)

This implies that
(AY =0 0" =0T w =0 T w = of " = A% (2.8)

In other words, local dressed fields are independent of the chosen local description. One readily checks that (A%)' = (A’)E/ =
A%, The DFM enables to effectively reduce the structure group. Indeed, the dressed fields (interpreted as physically rel-
evant quantities) are gauge-invariant. However, contrary to a mere gauge fixing, H is still part of the theory since u is
H-equivariant. The correct way to interpret this trick is to see the pair (¢¥, u) as carrying the same information as ¢.® The
dressing field inherits the degrees of freedom related to the gauge group while the dressed field carries only the physically
relevant degrees of freedom. The existence of an undressing process ensures that no information is lost, see [21].

This section introduces only “full” dressing procedures. Indeed, u is required to satisfy the equivariance relation in Defini-
tion 2.1 for any h € K = H. One can equally define “partial” dressing fields satisfying R;u(p) = k=u(p) for any k € K where
K C H is a proper subgroup. If K is normal, one may prescribe an equivariance relation for u with respect to the residual
structure group H/K. The details of this process is out of the scope of this paper, see [19,20] for more details. Note that the
correspondence between local trivializing sections and equivariant H-valued local maps already appears in [29] with a field
“$e" corresponding to u~!. However, this was not used to generate (partially or fully) gauge-invariant composite fields as
with the DFM, see below.

6 To be precise, there is the same information carried by all the gauge fields {¢, w, ...} of the model and by ({¢", @, ...}, u).
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2.3. Twisted gauge fields

As mentioned in the introduction, twisted structures are a generalization of the standard gauge structures described in
Sec. 2.1. We present here a short review of the concepts used in the following and we refer to [27] for further details.

In the following, P, M, H, R, mp are defined as in Sec. 2.1. Let G be a Lie group (with Lie algebra g) and (V, p¢) be a
representation space for G.

Definition 2.4. A map C: P x H — G is called cocycle (or group action cocycle, or 1-cocycle) if it satisfies the cocycle
relation

C(p,hh"y =C(p,h)C(ph,h") forany p e Pand h,h’ € H. (2.9)

From this relation, one deduces that C(p,ey) =eg and C(p,h)~! = C(ph,h~1). As a smooth map w.r.t. both its argu-
ments, C can be differentiated on P and H respectively:

dpCipm : TpP — Tcp,nG
XF = (&) - 5:(=1,1) = P, 5(0) = p, §(0) = X7
dHcl(p,h) : ThH — TC(p,h)G

wmi

XH > (%C(p,E(t)))lt:O :(=1,1) > H, 5(0) =h, §(0) = X!

dCyp,n : TpyP ®TyH — Tep,nG
XZ,) o X[ —> d’Pcl(p,h)(XZ;) +dyCiipm (Xf)

Note that C(p,h)‘ldpq(p,h)(xf), C(p. W) 'duCpny (XI), C(p,h)‘1dC‘<p,h)(XZ,D @ X}') € T.G are seen as elements in the
Lie algebra g. The following result will be useful in several calculations.

Lemma 2.5. The differential of C with respect to its second argument satisfies

(duC3l) €.y =—Co. ™ (duCipmy)

-1

(0.h) is the differential of (p, h) — C(p, h)~! with respect to its second variable. In particular,

where, in the left hand side, dy C

-1
dHC(p,e) =—dyCpe)-

Proof. This result is obtained by deriving C(p, ﬁ(t))‘lC(p, fl(t)) =e att=0, where i : (=1,1) — H is a smooth curve such
that h(0)=h. O

Definition 2.6. The twisted associated vector bundle E% =P Xpeoc V=P xcy V=P xc V:=(P x V)/H is the set of
equivalence classes on P x V under the relation

(p, v) ~ (ph, pc(C(p,h)~1)-v) = (ph, C(p, h)~'-v).

The cocycle relation (2.9) ensures that ~ is an equivalence relation. The same procedure enables defining any twisted
associated bundle, where the associated space is any space with an action of G. Any section ¢ € T'(P xc) V) is in
1:1 correspondence with a C(H)-equivariant map ¢ € Qg_eq(P, V), where the C(H)-equivariance relation is Rj¢(p) =
C(p,h)~1-@(p). Note that twisted fields, together with the twisted forms and structures defined in the following, are a gen-
eralization of the standard fields defined in Sec. 2.1. Indeed, in the particular case of G = H and C(p,h) =h, Y(p,h), one
recovers standard H-fields, see Sec. 7.2. In the same way, one can generalize the notion of tensorial forms to C-tensorial
(V-valued) forms. These are horizontal forms satisfying a C(H)-equivariance relation. The space of C-tensorial forms will be
denoted Q¢ ., (P, V).

The relevant process to generalize a horizontal structure to the twisted context is not to prescribe a horizontal sup-
plementary subspace H,P to V,P. Indeed, sections of twisted associated bundles carry an action of G, whose horizontal
directions may not correspond to the ones defined by H. Instead, the connection 1-form is promoted to a twisted form.

Definition 2.7. The twisted connection 1-form w € Q! (P, g) is the g-valued 1-form satisfying the following vertical nor-
malization and H-equivariance:

° a)p(a;) = dHC|(p’e)(Cl), Yae h,
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o Riwpn =Adciy py-1 @p +C(p.h)"1dpCpny. Vh € H.
The set of twisted connections on P is denoted A€ (P) and it is an affine space modeled on Q}_tens(P, 9)-

Note that dyCj(p.¢)(a) is an instance of C(p, h)‘ldHCKp,h)(a) at h =e, which highlights that this is an element of g. Let
P+ be the representation of g induced on V by p := p¢. The exterior covariant differential associated to w is D :=d + p.(w)
on equivariant maps and tensorial forms. This operator acts on V -valued forms on P and preserves the horizontality and the
C(H)-equivariance. In particular, the covariant differential of a C(H)-tensorial form is a C(H)-tensorial form. Since sections
of P xcy V are equivalent to V-valued C(H)-equivariant O-forms on P, D provides a notion of covariant derivative of
sections. Additionally, RD¢ = o(C(p, h)~1).D¢. The twisted connection also induces a twisted curvature 2 € Q%_tens(P, 9)
defined by Q :=dw + %[a), w]. Its equivariance condition is (Ry€Q)p = Qpp o TyRp = Adc(p py-1 2p. Moreover, Q2 satisfies
the Bianchi identity dQ2 + [w, 2] = 0, meaning that DQ = 0. Additionally, for any V-valued tensorial form ¢, one has
D?a = p. () .

The gauge group H” ~ Aut,(P) acts on twisted fields. Their explicit gauge transformations read, with C y:P—>G, p—
C(p. ().

w) = (P*w)p = Cy (p) ' wpCy (p) + Cy (D)~ 'dCyp, Q) 1= (@*Q)p = C, (1) ' 2pCy (),

9" (p) == (*9)(p) = p(Cy (D)~ )0 (D), (Dp)” (p) := (®*Dy)(p) = p(Cy (p)~)-Dg(p).
Performing two gauge transformations is equivalent as performing a single gauge transformation of their product: (@)Y =
®??’. Note that the cocycle relation (2.9) imposes that a gauge transformed C(H)-equivariant field satisfies

@” (ph) = p(C(py (p). W~ )@Y (ph) =: p(C (p.h)~")-¢ (ph),

where C? : (p,h) = C(py(p),h) is a cocycle (called “gauge transformed cocycle”).” This means that ¢? is a C¥(H)-
equivariant field. This change of equivariance appears to be of importance in the following, see Sec. 6.2.

Consider o : U — Py a (local) smooth section of P and consider ¢” e Fceq(P, V), w” € ASP) and o €
Q% ons(P, V). These fields locally give rise to ¢ = 0*¢” € F(U,V), A:=0c*wF € Q'(U,g) and a:=oc*a” € Q*(U, V).
Similarly, one can define the local cocycle C, =0*C:U x H— G, (x,h) — C(o (x), h). This map is of great use when dealing
with several trivializing sections. Let o and o’ be two sections of P, respectively on U and U’, two intersecting open sub-
sets, and let g be their gluing function: 0’ = o g. It is relevant to define Cs o : UNU’ — G, x+— Cs (%, g(x)) = C(0 (%), g(X)).
This map appears in the gluing relations of local twisted fields. Indeed, with the notations ¢ = o*¢”, ¢’ =c"*¢F, one get
that for any xe UNU’,

¢' %) = p(Co,g®) N (x). (2.10)
With similar notations,

A;( = Co,g(x)_]AxCU,g(X) + Ca,g(x)_ld(co,g)m a;( = :O(Co,g(x)_])'ax- (2.11)

Note that d(Cy g) is a differential with respect to both occurrences of x.
The cocycle relation satisfied by C induces an expression for C,/ given C,:

Cor(x.h) = C(0”(x),h) = C(o(x)g(x). h) = C(0 (x). g(x)) ' C(0 (x), g(X)h)
=Co (%, gX) ™' Co (X, gRM) = Co g(X) ™' Co (X, gWON).
In particular on UNU'NU" #0,
Corg = C;,lgco,gg’v (212)

where g’ is a gluing function from ¢’ to another section 0” = o’g’ defined on U”. This expression ensures the consistency
of the gluing properties (2.10) and (2.11) at the intersection of three or more open sets.

These twisted passive gauge transformations correspond to twisted active gauge transformations. Given a local trivializing
section o of P, the action of H” on twisted fields induce an action of Hy on their local counterparts. This action involves
the map Cy y : x> C(0(x), ¥ (x)). The local active gauge transformations of the previous local fields are

$LX) = p(Coy @ N0, Ar=Coy®) ALoy® +Coy® dCoylx ar=p(Coy® Hax.

7 Mind the difference between a gauge transformed cocycle C? and a cocycle evaluated at (p, y (p)), written C y-

9
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These transformations are formally identical to passive gauge transformations. The maps C, and Cy,, undergo gauge trans-
formations induced by their global counterpart. Let Z/ =o*y’. Then

(€)Y == (o : () > C(E XY (0 (X)), ) = C(a Xy’ (%), ),
Co )t = (7)o y 121> CEDY (0 0). ¥ 1) = C@ XY (X). ¥ ().

From this transformation, the cocycle relation (2.9) on C implies Cy 5y = CU,V(CU,J,/)Z, which is equivalent to (2.12).
3. Isomorphisms with a standard structure
3.1. Correspondence space and induced bundle

The notations used in this section are defined in Sec. 2.3. In particular, (P(M, H), G, C) is the minimal setting to define
twisted gauge fields on P.

3.1.1. The correspondence space S
Let us define S :=P x G. This space is endowed with a right action of H x G which reads®

RGy.g)S = Rih.g(0- & = (ph. C(p,h) "' gg").

Lemma 3.1. RS is a right action. It induces a projection onto M, seen as the space of RS -equivalence classes: s (p, g) = np(p).S
is a principal H x G bundle over M for the right action RS with the same trivialization sections as P.

Proof. The action property of RS is obtained by straightforward computations. It relies on the cocycle property (2.9) sat-
isfied by C and the commutation of left and right multiplication on G. Let us prove that RS is free and transitive. Let
(p,g) €S and (h, g’) € H x G such that Rﬁ g,>(p, g) = (p, g). This implies

p=ph, g=C(p.h) 'gg"
Since the right action of H on P is free, the first equation implies h =e. Thus, C(p, h) = C(p, e) = e and the second equation
becomes gg’ = g. Multiplying by g~! from the left, one gets g’ =e. Then RS is free.
Consider now (p1, g1) and (p2, g2) two elements of the same fiber in S. In other words, mp(p1) =: ms((p1,&1)) =
ws((p2, &)) :=mp(p2). Since RP is transitive, there exists h12 € H such that py = p1hy 2. Let g’ € G arbitrary

R, 020 (P15 81) = (P1h12, C(p, h12) " g18) = (p2. C(p. h12) ' 818)
Let us define g1 := (C(p, hlyz)*lgl)f]gz. Then

Ry 0,010 (D1, €1) = (P2, 82)-

Thus RS is transitive, which concludes the proof.

The local trivializing sections of S induced by those of P are treated in detail in Sec. 8.2. This further section contains
a parametrization of any local trivializing section o5 : U — Sy as os(x) = (op(x), f(op(x)) with op a section of P and
f:P—>G. O

3.1.2. The quotient bundle Q
Let us define Q:=S/H =P xcm)G.

Lemma 3.2. Q is a principal G-bundle over M.

Proof. G acts® on Q as RgQ,q =qg’ =[p, glg’ :=[p,gg’l = [ph, C(p,h)~1gg’]. This induces a projection onto equivalence

classes w.rt. R which reads mg : Q — M, q=[p, gl — mp(p). o is well-defined since (p, g) — (ph, C(p,h)~'g) and
(p, &)+ (p, gg’) commute. O

8 Note that a simpler action of H x G on S can be defined as 7351 g,)(p,g) := (ph, gg’). In the following, this simpler action proves to be useful to

consider non-twisted (or trivially twisted) gauge fields such that C(p,h) =e.
9 1t should be clear from the context whether R refers to the action of H on P, the action of G on Q or the action of H x G on S. When the ambiguity
persists, they will be labeled R”, R2, RS.

10
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Q inherits its trivializing sections from those of P. It is equivalently seen as a twisted associated bundle to P or as a
quotient bundle of S with corresponding projection my : S — Q. Note that Q depends on the cocycle. S doesn’t depend
on C as a manifold, but it depends on C as a H-space. In the following, C is fixed unless otherwise specified. The following
diagram highlights the double structure of S. Each map m, is a principal bundle map.

S
/G /C(H)
A 7&
P s Q
\ﬂj’ ”y
/C(H) /G

M

(31)

Since § =P x G, there exist inclusion maps ig: P — S, p— (p,g) and ip : G — S, g+ (p, g). In the following, their
tangent linear maps are denoted Tpig(X]') =: X} @ 0y and Tgiy(X$) =: 0, & X§. Any XO . € T(p S =TpP & TG reads

Xé.g) = X;’ o XS = (X;’ @ 0g) + (0p @ X§). Among these vectors, any XS = XZ,’ @ X¢ € VsS corresponds to an element
(a, b) e Lie(H x G) = h & g. Explicitly,

XE = (@, 0.5 = (& (Pexp(ta), C(p, exp(ta)) ™' gexp(tt)) = (R poexnon (- 8)

=ay ® (TeRg o (AHC ™) p.e) (@) + byg)

where TeRg is the tangent linear map of the right multiplication on G at e.
It is worth stating some useful properties of the bundles introduced in this part.

t=0

Lemma 3.3. The maps i : P — S and 7wy : S — Q together with the right actions R, RS and R < satisfy the following properties.

(i) The right action on S induces the tangent linear map T(p, ¢ Rﬁ 2) which satisfies

S (xP e xG PoyP G 1 P
TR0 (XF  XE) =TyRE (X)) @ [TeLeqpiy1 (X) + Teqpuny-1Rg 0 dpClly (X7
Tp.g) Ry gy (XD ®X$) = X @ TgRg (X$),

where TgLg (resp. TgRg) is the tangent linear map of Ly g = g'g (resp. Ry g = gg’) the left (resp. right) multiplication in G and
(dpC N p.hy : TpP — Tepn-1 G is the differential of (p, h) + C(p,h)~" along p at (p, h).
(ii) The commutation relation of the tangent linear maps of ie : P — S, p— (p,e) and R is

\Y%
Tpnie o TyRY (XP) =Tip.00 Ry cpy © Toie XD + [Cp. 1) dp o (XF))] e (32)
(iii) The tangent map to ry has kernel
kerTp.g)7TH = {a‘l’, ®TeRg 0 dHC(_p],e)(a), ae b} . (3.3)

(iv) The vertical vectors on Q correspond to the vectors tangent to G in S, i.e.

Tipg)7H (Op ® TgG) = Vip, g1Q

and the isomorphism is given by T(p g7 (0p @ bg) = by, ., Vb € g."”

(v) The commutation relation of the tangent linear maps of wy and RS is

S Q
Tiph.cp.y-1gg)TH © Tp.9) Rin g1y = Tip.g1 Ry © T(p.g) TH,
ie Ty o TRﬁw) =Ty and Ty o TRf;g,) = TRgQ, oTrry.

(vi) The commutation relation of the tangent maps of 7wy o i and R is

ToonerTH © Tonie 0 TyRE (XP) = Tip et RE. + 0 Tep.er7 0 Toie (XT) + [C(p. by 1dpCopm (X7)]
(ph,e)7TH © Iphle © Ip/ey (Ap [p.el™~C(p,hy © L(p.e)TH © Iple(Xp p, PR Ep )]y

orin short, Tty 0 ie) o TyRY =TRE,, 4 0 Tp(Th 0 ie) + [C(P, M dpCipm ()] [y o

10 Note that in the left hand side, b € g is interpreted as a left-invariant vector field valued at g, while in the right hand side, b € g ~T.G is interpreted
as a tangent vector at e € G.

11
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The proof of this technical Lemma is given in Appendix A.

The representation p; of G on V induces a representation ppxc such that pyxc((h, g))-v = pc(g)-v. The induced
representation pyxc is trivial along H. Let us define the following two associated vector bundles Q x¢ V and S xyx¢ V
respectively through the equivalence relations (g, v) ~ (qg, pg(g~1)-v) on Q x V and (s, v) ~ (R, g, PG (g Hv)yonSxV.

The notion of tensorial forms extends naturally to S. A form o € Q°*(S, V) is called equivariant if

Ring)® = prxc((h, &)~ )-a=pc(g~")-a=g ", V(h,g) € H xG.

« is horizontal if it vanishes when applied on at least one vector in VsS. The resulting space is denoted Qf,,(S, V), where
“tens” encapsulates all together the G-equivariance, H-invariance and horizontality in this case.

Following the previous diagram (3.1), one can interpret S as either a (trivial) G-principal bundle over P or a H-principal
bundle over Q. Consequently, any map or form defined on P (resp. Q) corresponds to a G-basic (resp. H-basic) map or
form on S through m¢ (resp. ;). In particular, the horizontal structures and gauge structures of both P and Q have their
counterparts on S. Examples of these corresponding maps and forms are detailed in Sec. 3.2 and 4.

3.2. Isomorphism of bundle geometry

This section carries one of the main results of this paper, which relates the tensorial and C-tensorial forms on the
previously defined bundles.
Let (V, pc) be a representation of G. As before, p¢ is omitted in the notation.

Proposition 3.4. The twisted and standard associated bundles P x ¢y V and Q x¢ V are both isomorphic to S xpxc V.

Proof. RS induces an equivalence relation on P x G x V=8 x V:

(0): (p, 80, v) ~ (ph,C(p,h) 'gog, g~ "-v), V(h,g) e H x G.

The corresponding space of equivalence classes is the vector bundle S x ¢ V associated to S. RS is made of two com-
muting right actions of H and G respectively, which give rise to the two following equivalence relations on P x G x V

(1): (p, 80, v) ~ (P, g0g, & '-v) ~ (p,e, go-v), Vg € G,
(2): (p, g0, v) ~ (ph, C(p, h) ' go, v), Yh € H.

One can quotient along these equivalence relations and define new equivalence relations respectively on the quotient spaces
PxVand Q x V:

(3):(p, gy "-v)~ (ph,C(p, M) "gy'-v), Vhe H,
(@) : ([p, gol, v) ~ ([p, golg. g '-v), ¥g € G.

The situation is summarized in the following diagram:

SxV

/G /C(H)
) %
PxV (0) OxV
3 @ (34)
/cm %

S XHxG Vv
P XC(H) 74
Q XG 1%

Since the two actions commute, the same equivalence space is obtained by quotienting by H and G in any order. The left
branch of diagram (3.4) interprets this quotient space as P xcy) V while the right branch interprets it as Q x¢g V, thus
proving the isomorphism between the three quotient spaces. O

This correspondence between twisted and standard associated bundles extends to vector-valued tensorial forms.

Proposition 3.5. The spaces 22 (P, V) and Qp.,5(Q, V) are isomorphic.

C-tens

The proof of this isomorphism relies on the construction of three maps xsp, xos and xpg which will now be de-
scribed. In the following, {X} (resp. {X$'} = {X] @ XS}, {X2}) stands for an ordered collection of vector fields in I'(TP)
(resp. T'(TS), I'(TQ)) evaluated at p (resp. s = (p, g), q=[p, g1).

12
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Lemma 3.6. Let us define xsp as

VaP € Q¥ ens(P. V). xsp @) p.g(X) @ XS =g o) (XT)).
Then xsp : Q% _qons(P. V) = Qung(S. V).

Proof. One checks that xsp is well defined. From the algebraic definition together with the H-equivariance of «”, one
gets that xgp(aF) is H-equivariant. Also, the action of g~! provides the G-equivariance of xsp (™), which completes
the H x G-equivariance. Additionally, when evaluated on at least one vertical tangent vector (a, b) with (a,b) eh P g,

xsp (@) vanishes:

v
(p.8)’

xsP@") (. ((@. ), g)...) =g a) (ay,...) =0

because o” is horizontal. Then ysp (@) € % (S, V). O

Lemma 3.7. The map xos is implicitly defined by
S . S S
Ya© € Qtens(s, V), ng(oz )[p,g] OT(p,g)T[H = Ot(p’g).
Then x9s : Qens(S, V) = Qpns(Q, V).

Proof. Let us check that xgs is well defined. xgs (@) does not depend on the choice of representative (p, g) € [p, g]
because oS is H-invariant. Also, kerTp )7ty = {a{, @ TeRg o (dHC”)(p,e)(a), a € h} since these are the tangent vectors
to curves which read t — (ph(t), C(p,h(t))~'g) with h(0) = e and fl(O) = a. Since kerT(p )Ty C V(p,g)S, the choice of a
reciprocal map to Ty g7y is defined up to a vertical vector. Because «® is horizontal, this does not affect the image of
XQS(QS). Hence xos is defined unambiguously.

The G-equivariance of xgs (a®) is directly inherited from the one of &S Let b € g and bz be its vertical tangent vector
inVgQ at g=[p, gl.

Xas@)q(by....) =, o (ay & (TeRg o (AHC ™) p.ey(@) +b7) ,..) =0,
where a € b induces an arbitrary element in the preimage of by through T(p g)7p. Since «® is evaluated on a vertical vector,

it vanishes. Then xgs(a®) is vertical, thus xos(@®) € Qs (Q, V). O

Lemma 3.8. The map xpg is defined by

Va2 € Q8,s(Q. V), xpo@9)p (X)) =03 4 0 TipeyTu({X) @ 0)).

Then xpg : Qens(Q, V) — Q& (P, V). Additionally, xpo («2) = i¥mjaQ = (y o ie)*a <.

C-tens
Proof. Let us check that xpg is well defined. First, compute the equivariance relation satisfied by XPQ(O[Q).
(RE* xpa@))p (X)) = (RE* iz /0 ?), (X))
= o1 © TphoyTh © Tpnie o TyRE ({X] ')

v o Q P
= a[p,C(p,h)] OT[Pqe]RC(p,h) OT(p’e)JTH OTple({Xp })

Q -1 31K
+a com ({ [C(p, h) = dpCip.n (X, )} [ph,e]}> .

where Lemma 3.3(vi) was used. The second term vanishes because o< is horizontal. By equivariance, the first term leads to

R xpa@Np(XTH =R | 1D ip.e1 0 TipeyTH 0 Tpie((X} )
=C(p. W) " o 0 Ty o Tpie(IX] )
=C(p. W (i mia ), (X))
=C(p.h) " xpa@)p({XT)).

Thus X’PQ(O[Q) is C(H)-equivariant.
Let ae b and a‘l’, be its vertical tangent vector in V,P at p. Note that ax @ (dg C‘l)(p,e)(a) € kerT(p eymy, which implies
that T(p_e)nH(u‘lQ @0)=Tp,eyTH(O0 D —(dGC*])(p,e)(a)). This enables computing

13
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XPo@)p(ap,..) = o 0 Tp.e T (ay SO, ..)
=a 0 TpoTH0® —(deC e (@) ...)

= a[%e] <(%[ps EXP(_t(dccil)(p’e) (a))]) =0 5 )

= a[%,e] ((%[P, e] exp(—t(ch_l)(p,e)(a))) o’ >
= o ((=d6C V) pe) @Iy o) =0.

Then ng(ag) inherits the horizontality of 2. Thus, XpQ(aQ) € Q¢ P,V). O

C-tens
Proof of Proposition 3.5. This result relies on the following diagram of maps:

Qfens (S, V)

XsP \XQ')S

. APQ .
QC—tens(P’ V) £ Qtens(Q» V)

One has to check that these maps compose to the identity map on each space.
Let Xpp i= XPQ © XOS © XSP : L tens(P> V) = Q& ons (P, V), P € QK (P, V) and {XF} € I(TP)¥. One has

C-tens

xpP@P)p (X)) = xas 0 xsP @ )p.e1 0 TpoyTH (X)) ®0) = xsp@F)pe)(Xy ©0) =e ) (X]).
So ypp is the identity map.
Let X0Q = XS © XSP © XPQ : Qens(Q, V) = Q0.1s(Q, V), @€ € QK (Q,V) and {X2} e [(TQ)¥. For each X<, let
XP & XS be a preimage of X< through Trry: X[prg] =T(p.g)TH (XZD ® X$). Hence,
x00 @) g (X3 o)) = xas © xsp 0 xPo@)p.g o Tp.gTu(X] & Xg})
= xsp o XPa (@) (p.g (X)) & Xg))
=g " xpo@)p (X H =g a2 o o T(poTu(X] & 0c})
=a2  oTpeRE 0T e Tn(XF ©0:) =a2 . 0 T(p.a)TH 0 Tp.ey RS o1 {XF @ 0e})
=%p,g1 © p.el/g (p.e)/tH (14 p ef) =Upp g1 © L(p.&)7TH © L(p.e) V(e,g)\ 1 2p e
=af 0 Tp.omu(X] ®0g))
=a2  oTpomu((XF @ XS —Sal , 0Ty gmh(....0, & XS, ..)
[p.g] © *(P.&)H A Ap g [p.g] © *(p.&)7*HY---» Hp g
The first term is oc[%g]({x[%g]}. The remaining sum carries the 2¥ — 1 terms obtained by developing a[%,g] oT(p,g)nH({XZ,’ ®
ch}) with respect to each argument, except the term evaluated at XZ’ @ 0g on each argument. According to Lemma 3.3(iv),
Tp.ey7TH(Op & Xg) € Vip.g1Q. Since a2 is horizontal, every term in the sum cancels. This proves xog is the identity map.
Let XS5 1= XSP © XPQ O XQS : Uens(S. V) = Qens(S. V), S € Q(S. V) and (XS} = (X] @ X$} € [(TS)*. Similarly
as the previous case, since ng(ocs) is horizontal and 0, ® Xg €Vp.gS, one has ng(ocs)(p,g)(..., 0, ® Xg, ...)=0.One is
thus led to compute
x55@)(p.g) (X5 o)) = x55 @) (p.g) ({XT ®0g) =g xpo o xas@®)p((XTH
=g " x05@%)p.e1 o Tip.oyTH(X] & 0c})
= X05@%)p.g 0 Tp.aRE 0 T(p.oyTHUX] @ 0e}) = X05@®)p.g1 0 Tp.g)TH (X)) ® Og})
— S P _ S S
=, ({Xp ®0gh) = o ({X(p g)D)-

So xss is the identity map. This proves that the three spaces are isomorphic. O
A specific case of this result holds for equivariant functions, which are tensorial 0-forms.
Corollary 3.9. The spaces Fc.eq(P, V), Feq(Q, V) and Feq(S, V) are isomorphic.

Remark 3.10. Another proof of this result consists in using the correspondence between equivariant V -valued functions and
sections of associated vector bundles.

14
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Fea(QV)=T(Qx6 V), 92 =g 9@ <¢®=I[q.0@]=[4g.g 0@ geng ().

Since Proposition 3.4 highlights bundle isomorphisms between P x ¢y V, @ x¢V and S xc(Hyxc V. their spaces of sections
are isomorphic, which concludes the proof. H

Remark 3.11. The commutative diagram used in the proof of Proposition 3.5 can be added a fourth space to mimic the shape
of the previous ones, see below. Recall that 8,,,(Q, V) ~ Q*(M, Q xy V) with the isomorphism o< € QtenS(Q, V)< ACe
Q*(M, Q xy V) given by AZ({Xx}) = [¢. & 2({X[°"})] which does not depend on the choice of q € er (x) (because € is
equivariant) or the choice of horizontal lift (because < is horizontal). The same holds for Qs (S, V) = Q*(M, S XpHxg V).
The isomorphism in Proposition 3.4 induces isomorphisms Q°*(M, Q xp V) ~ Q*(M, S xHxc V) = Q*(M, P xcy V). To-
gether with Proposition 3.5, this provides a correspondence between twisted tensorial forms o” € Q¢ (P, V) and
forms on M valued in a twisted associated bundle AP € Q*(M, P xceHy V). The correspondence is also provided by
AT (XD =[p. o] (1Xp° D).

tEHS (8 V)

Q¢ tens(P. V) *re Q. (Q, V)

= —

Q*(M, S xHxc V)
ZQ.(M,P XC(H) V)
~Q*(M,Q xyV)

This completes our study. W

3.3. Twisted connections on P as induced structures

In this section, the correspondence between the geometry of the bundle Q and its twisted version on top of P is
extended to a correspondence of their horizontal structures. This correspondence is better established at the level of con-
nection 1-forms, as well as gauge transformations.

Let us extend the definition of the map xpg, introduced in Lemma 3.8, to the space of g-valued 1-forms:

iro: |Q1(Q.9) — Q'(P.g)
02> Fpo(@2): (p. X)) = 02 o 0 Tp.oyTH(X] @ 0)

Note that )Zpg(wg) =iy (w2), which is similar to the definition of XPo on tensorial forms.

Proposition 3.12. Let < € A(Q) be a (standard) connection 1-form on Q. Then )"(pQ(wQ) is a twisted connection on P.
Reciprocally, any twisted connection on P (with cocycle C) is induced by a standard connection on Q through xpg.

Proof. 5po(w2) is a twisted connection on P.
The equivariance of )ZpQ(wQ) is obtained with the equivariance and vertical normalization of w< together with
Lemma 3.3(vi):

P AP (@ (Xp) =R ET[02(Xp) = 0, o 0 Toh(TH 0 i) o TyRY (X))

= 02 00 Tip.eRE,y py © T (TH 0 1) (X] >+w[p,1e]([6(p,h> arCon)| ]>
= Adc (p py-1 O 1 0 Tp(TH 0 1) (X]) + C(p, )~ dpCp iy (X))
=Adcp -1 XPo(@)p(XD) + C(p, h) " dpCipy (X))

The vertical normalization of )Zpg(a)Q) is obtained from the vertical normalization of @< together with Lemmas 2.5,
3.3(iii) and (iv). Let a € h and a" the corresponding fundamental vertical vector field.

X (@9)p(ah) = 0 Tp.oTH(a) ® 0e) = 0 4 0 Tp.oyTH (0p & —duCy, (@)
= “)[Qp,e] 0 Tp,e)TH(0p & dHC(p,e)(a)) = w[%,e] ([dHC(p @] Ip, e])

= dHC(p,e) (a)
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This proves that )Zpg(wg) is a twisted connection on P.

w” is the image of a unique connection <.

Recall that the spaces of standard (resp. twisted) connection 1-forms on Q (resp. P) are affine spaces modeled on
QEEHS(Q, g) (resp. Q}_tens(P, @)). In the proof of Proposition 3.5, these associated vector spaces are shown to be isomorphic
with isomorphism Xpo.

Let a)OQ € A(Q) be a standard connection and let a)g> = )Zpg(a)og). Let w” be any twisted connection. Then

of —of =a” € Qlens(P, 0)
= xPo (x;lg(oﬂ’))
where 56(@”) € Qleps(Q. V). Then

o’ =wf +a” = fpo (wOQ + x;lg(ap))

1

where a)OQ + X;Q(ozp) is a standard connection. Since xpg is invertible on Q¢ ...

(P, g), the antecedent is unique. This
proves that " is induced by a unique standard connection. O

Remark 3.13. This result provides a geometric interpretation of twisted connections, whose defining properties are purely
algebraic. However, this draws a link with the geometry of Q instead of P.

It is worth interpreting the degrees of freedom of these connections. A (twisted) connection is defined fiberwise, provided
that it varies smoothly from one fiber to another. Given its value at one point, its values in the corresponding fiber is
determined by equivariance. Let n = dimM, k =dimH, ¢ =dimG. In a given basis, a)qQ is represented by a ¢ x (n + ¢)
matrix and a)Z,D is represented by a ¢ x (n + k) matrix. They have to satisfy the vertical normalization a)qQ(bZ) =b and
wz,’ (a‘g) =dyC(p,e)(a). These correspond to £ (resp. k) independent equations with £ components each, which account for 22

(resp. k¢) constraints on the £(n + £) (resp. £(n +k)) components. This leaves both < and w” with n¢ degrees of freedom
corresponding to the freedom of mapping n = dim M independent vectors to elements of g which have ¢ components. W

The previous isomorphism between twisted and standard connections is compatible with the definitions of twisted and
standard covariant differentials.

Proposition 3.14. Let w2 be a standard connection with covariant differential DS := do+ 04 (029).LetDP :=dp +,0*()Zpg(a)9))
(which is a twisted covariant differential since )Zpg(wg) is a twisted connection). Then for any a© € Qs (2, V),

D” (xpo(@9)) = xpo(D2(@9)).

Proof. Let o< € QF, (Q, V). On the one hand,

9) = Xpo(do(@?))

where d and (;ry oie)* commute becaqse T ole iS a differgntiable map. On ‘the other hand, reca11 that given a basis {e;};
of V and a basis {bj}; of g, @ =2 ®e; and W< = w? ® b; where a9 € Q,((Q) and W< € Q! (Q). The implicit
summation on repeated indices is used. In these bases, p.(@<)-a< := (@2 A @ <) ® (p.(bj)-€;) (which does not depend
on the basis). Then,

dp(xpo(@2) =dp((Th oie)*a?) = (T oie)*do(

7o (P@)a®) (XP) = (0s@Daper 0 Tipou((X] @ 0c)
= (@Y A per 0 Ty TH(IX] B 0))) @ (pu(b))-e)

1 o
Tk Z (w[p,Je] (Tp.oy7H (Xf(o),p ®0.))

a,.
Ol[%,le]({T(p,e)TfH (Xf(m),P & Oe)}me[l..k])> 02 (p*(bj)'ei)

1 y A A
= Z (XPQ(wa)p(Xf(o),p)XPQ(agl)({Xf(m),p}meu..k])) ® (p«(bj)-e;)

o

= (xre@¥) A xpo@®) UXTH® pu(bp-e

= (pkro@®-xpo@®)) (XD,
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where )" is a sum over all permutations of [0, k]. This concludes the proof. O

The previous propositions highlight the status of twisted gauge fields on P as pull-backs of standard gauge fields on
Q through 7y o i.. Since fields on Q undergo gauge transformations under Aut,(Q) ~ G2 = {yQ :Q— G| yQ(qg) =
g‘lyg(q)g}, their twisted equivalent on P undergo an induced gauge transformation.

Proposition 3.15. The space G7 := {¢P : P — G | ¢F (ph) = C(p, h)"1¢ P (p)C(p, h)} is a group under multiplication in G. It acts
onitselfas'! ¢’ = ¢~1¢'¢ and it acts on twisted fields as

wp =) T wp(p) + ¢(p) " dep, Q5 = (p) ' 2pe(p),
@ (p) == p&(P) " H-p(p), (DP9)* (p) == p(p)~H-D (p).

Proof. The group property of G is a consequence of the group property of G and the equivariance property of ¢7 by
conjugation. The action of G is a direct consequence of Proposition 3.5. Note that G7 = Feeq(P,G) = Qg_eq(P, G) ~
Q2,(Q. G) = Feq(Q. G) = G2, where the twisted equivariance is stated in the definition of G”. Then, any ¢” € G” reads
P = ng(yg) for a unique yQ € G2. The action of G7 is defined such that it is compatible with the isomorphism of

structures on P and Q:
- o} - o)
Tro@1P) = gpo (@977). O

It is worth insisting on the double gauge structure underlying the twisted fields on P.

Geometric structure group H  Action structure group G

Gauge group HP ~ Auty (P) GP ~ G2~ Aut,(Q)
Equivariance yP(ph)y =h~"y P (p)h ¢P(phy=C(p, )¢ P (p)C(p, h)
Gauge transformation ~ @” = C,'wCy +C,'dC, ot =¢lwe +¢7de

On the one hand, equivariance properties encode the link between the fields (here, y7, ¢7) and the “geometric” H-
structure on P. Since )/7) belongs to this structure, its equivariance does not involve C. On the contrary, 7 belongs to the
G-structure and needs C to be connected to the geometry of P. On the other hand, twisted fields belong to the G-structure.
Their H-gauge transformations involve C while their G-gauge transformations do not need C.

4. Connections and gauge structure on S
As a principal (H x G)-bundle over M, S =P x G can be endowed with a standard connection and it supports an action
of its standard gauge group Auty(S). In this section, following the process of Sec. 3.3, the spaces of connections and of

gauge transformations on S are related to those on P and Q.

4.1. Connections on S

Definition 4.1. A (standard) connection w® € A(S) is a vector-valued 1-form &S € Q'(S,h @ g) satisfying the following
equivariance condition and vertical normalization

Rrg@® =Adp-1 g-1y0° V(h, g') € H x G, (4.1)
00 (@ 0.g)) =00 (@h ® (TeRg 0 ATl (@) + b)) = (@,b), Y(a,b) eh D g. (42)

As a (h @ g)-valued form, @S decomposes into (w", w?) with " € Q1(S, ) and w9 € (S, g). Equation (4.1) splits
into

R‘(S}‘:.Fg/)wh = Adh“1 wh ’ R'(S};Tg/)wg = Adg/—l 9.

In particular, w? is G-invariant and w9 is H-invariant. Equation (4.2) implies that

11 The superscript P in ¢” is dropped for convenience, when unambiguous.
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00, o (@ ® (TeRg 0 Ay, (@) + b)) =a., (4.3)

Wl 4 (@) ® (TeRg 0 dCl, (@) + bg)) = b (4.4)

-1
(p.e
Xg) = a. This implies that " is G-horizontal and its H-vertical normalization reads a)?p.g)(az ® 0g) = a. Similarly, one gets

In particular, any Xg € T¢G reads TeRg o dyC y(@) + bg for an appropriate b € g. Hence, Va € b, ‘v’XgG € TgG, w(bp_g) (a‘lg @

that a)(gp_g)(ag @ TeRg odHC(’pl’e)(a)) =0, ie. w? is H-horizontal. It will be useful to note that this implies

w?p!g)(a‘l’, (&) Og) = a)(gp'g) (Op (o) TeRg o} dHC(p,e)(a)) = dHC(p,e) (a) S TeG =g.

Lemma 2.5 was used here. Since w? is H-invariant and H-horizontal, it induces a well-defined form on Q. This is summa-
rized in the following proposition.

Proposition 4.2. The set A(Q) of standard connections on Q is isomorphic to the set of H-invariant H-horizontal w9 € Q1(S, g)
satisfying (4.4). The isomorphism is provided by ¥sg =7} : A(Q) — Q1(S, g).

Proof. The proof of this proposition is identical to the proof of Proposition 3.12. Similarly, @9 is G-invariant and G-
horizontal, so it induces a form on P. O

Proposition 4.3. The set A(P) of standard connections on P is isomorphic to the set of G-invariant G-horizontal " € Q(S, h)
satisfying (4.3). The isomorphism is provided by 7 : A(P) — Q1(S, b).

Proof. The proof is similar to the one of Proposition 3.12. The following result provides a view on twisted connections on
P as induced structures from S. 0O

Proposition 4.4. The set AC(P) of twisted connections on ‘P is isomorphic to the set of H-invariant H-horizontal w® € (S, g)
satisfying (4.4). The isomorphism is provided by xps :=1i}.

Proof. This is a direct consequence of Proposition 3.12 and 4.2. Let ¥ € AC(P). There is a unique @< € .A(Q) such that
wP = )Zpg(wg) = i;‘n,’f,wg. Then w” =i*w? for a unique w9 := n,’;a)Q. |

Following the definition in Sec. 2.1, one defines the covariant differential on S associated to @® as D :=dg + w®.
Note that this is a shorthand notation which presupposes the use of a representation. DS = ds + p*(a)‘s) with p, induced
on h® g by pyxc. Given the context, the appropriate representation is (W x V, pyx¢) such that pp«c(h, g)-(w,v) :=
(pu (h)-w, pc(g)-v). As a consequence of the previous correspondences, it is relevant to define “semi-covariant” differentials
DY =dg + (@Y, 0) and D% =dg + (0, w?). The previous propositions together with the commutation of d and the pullback
of any bundle map implies that DY corresponds to a unique covariant differential on P, and, D?® corresponds to a unique
covariant differential on Q and a unique twisted covariant differential on P.

4.2. Gauge structure on S

The group of vertical automorphisms of S, Auty(S) := {®S € Diff(S) | S o R%g,) = Rghg,) 0 @S, 50 @S =mg) is
isomorphic to the gauge group of S, Gauge(S) := {yS:S— H xG |R‘(§1fg/)y5 =, g HyS(h, g)}. Each yS € Gauge(S)
decomposes as (¥, ¥©) and the equivariance relation of ¥ implies

Rivgyy" =h""y"h. Ry e =g 1y
Hence, Gauge(S) = HS x G5 where HS = {y": S —» H | Rﬁl’j‘g,)y” =h~'yHn} and GS = {y¢: S —> G | Rﬁ:‘g,)yc =

g 'yCg)
Note that y© is a H-invariant map. Thus it induces a map on Q.

Proposition 4.5. There is an isomorphism between G< and GS given by .

Proof. The proof is analogous to the one of Proposition 3.15 and is a direct consequence of Corollary 3.9:

G2 = Feq(Q, G) = Feq(S. G) =G,

where the equivariance on F¢q(S, G) is a G-equivariance H-invariance. O
An analogous result holds for H-gauge transformations.
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Proposition 4.6. There is an isomorphism between H” and HS given by g and iy,

Proof. On the one hand,

@yMh) =y (ph,e) =h'yH(p,cp,h)h=h""y " (p,e)h=h~1 @y (p)h.
On the other hand,

&y P)(ph, C(p, ) 'gg) =y (phy =h 'y P(mh ==&y ") (p, gh,

since, as stated before, néyp, being G-invariant, does not depend on the second variable of its argument. Finally, note
that 71 oi, = idp and i, o T (p, g) = (p,e), so (7 oie)* is the identity on maps on P and (i, o )™ is the identity on
G-invariant maps on §. O

Finally, the following result provides an interpretation for twisted gauge transformations on P.
Proposition 4.7. There is an isomorphism between G7 and GS given by i.

Proof. This comes from Proposition 3.15 and 4.5. Given ¢¥ € G7, there is a unique y< € G< such that ¢¥ =ismjy <.
Since y2 € G2 > n,’_‘,yg =:y% € GS is an isomorphism, the correspondence ¢” =i*yS is 1:1. O

4.3. Some comments about S and Q

The current and previous sections highlight the origin of the standard and twisted gauge structure on P. P(M, H) is a
subbundle of a specific bundle S(M, H x G) with the same trivializing sections. Since S =P x G is trivial (as a manifold)
along G, P foliates S. In particular, P is embedded in S through i, : P — S, p — (p, e). The standard and twisted gauge
structures on P appear as being the pullback of the full (standard) gauge structure on S through i,.

Note that S is trivial along G as a manifold but it is not trivial as a principal bundle (i.e. as a (H x G)-space). This
is due to the right action of H x G on S considered here (specifically the right action of H) which connects H and G:
Rﬁl’g,)(p,g) = (ph,C(p,h)"'gg’). In terms of RS ) and of the simpler (“non-mixing”) action R of H on S defined as

(e.g
Ru(p, g) = (ph, &), R ) reads

Rije) (P, ) = (ph, C(p, 1) ~"g) = (ph, g7 ' C(, M) ') =Rn o R, ;1)1 (P> &)
S
(h.g=1C(p.hg)
gauge fields. Additionally, i has the right interplay with RS in order to generate the twisted equivariance on P. Let
¢S : S — G be both G-equivariant and H-invariant, and, let i;‘(ps be the map it induces on P.

(i29%)(ph) = 9 (ph,e) = °(p, C(p, h)) = C(p, ) 195 (p,e) = C(p, )"0 ) (p).

A deeper interpretation of this equation is given in terms of cohomology in Sec. 6.3.

Following the same interpretation, Q is seen as the space carrying only the G-structure inherited from S (i.e. the twisted
structure on P) and forgetting about the H-structure on S (i.e. the standard structure on P). Indeed, contrary to S, Q is not
a H-space. However, since Q is the space of orbits of R‘g]_e) (which explicitly depends on C), the topology of Q is expected
to depend on C. See Sec. 6.2 for more details. This provides three different approaches of C. The cocycle deals with

(Conversely, ﬁh(p, g=R (p, £).) This action carries the action'> of H on G through C which induces twisted

e the algebraic structure on P,
e the geometry of S,
e the topology of O.

Note that, since P is embedded into S through i, one can equally see standard and twisted fields on P as standard and
twisted fields on S. Indeed, one can pull back these fields from P to S through ¢, for instance, the connections, according
to

. ° N - ﬂ*l‘:
P RN &S = (0, ®9) ¢ ' @S = (Y, w9)
P (@], 0f)

12 g5 C(p,h)~'g is an action of H on G which does not preserve the group structure of G, i.e. this action is not a morphism of G.
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where S is a standard connection on S, w}] stands for a standard connection on P, wl stands for a twisted connection on

P and ®@° = (w", ®%) stands for a standard and a twisted connection on S. The same correspondence holds for equivariant
maps (pS and tensorial forms «®. The intuition behind this move is that the pulled-back fields correspond to the standard
fields evaluated at the specific point defined by the embedding i.: @S (p, g) := ¢S (p, e) for any g € G.

Definition 4.8. A twisted form on S (or twisted H-field) is a C(H)-equivariant G-invariant form which is G-horizontal (i.e.
it vanishes on vectors of the form 0 & Xg) and satisfies the relevant property with respect to vertical tangent vectors to P.

For instance, a twisted connection a)‘g e QI(S, h @ g) satisfies

Sx

. R(e ¢
o R(h,e)a)ﬂ(p,g) =Ad¢(p,m-1 wq(p,g) + C(p,h) ' dpC(p.n) o T(p.g)¢ (C(H)-equivariance),

° a)a(p.g)((a, b)‘(’p g>) =dyCj(p,e)(a) (vertical normalization w.r.t. VP & 0 and horizontality w.r.t. 0 ® TG).

)‘Uc —a)c (G- equ1var1ance)

Proposition 4.9. 77 %i; maps standard H-fields to themselves and standard G-fields to twisted H-fields.

Proof. The proof is given for connections and a similar proof holds for fields of other nature. Let @S be a standard connec-
tion on S. Following Proposition 4.2, 4.3 and 4.4, this connection decomposes as ® = nfw” + 7,09 where @” (resp.
w2) is a standard'® H-connection (resp. G-connection) on P (resp. Q). Additionally, a)? = ijn,’;wg is a twisted connection
on P. On the one hand,

ncle(rrcwp) =mE(g o io)*w? = e (idp)*w? = Jréa)P

So, the component of wS related to H is unchanged. On the other hand,
i () = TEof = of.

This new field satisfies
R(e g)a)c = R(e g)nca)c = (7g oR(e g)) a)c = JZ'GO)? = a)‘c9

S

ie. wg is G-invariant, and

Rine@2ip.0) = Rib: e>”c“’cw<p o = (TG o RG )" “’C|<p 0 =Ry oM6) 0y g = TERE “OF (p.g)
=R} *0f), 0 Tp.g76 = (Adcy py-1 08, + C(p. W) 1 dpCip.ny) 0 Tip.g) 76
= Adcp -1 @2 p.g) + C(P. )1 dpCip1y 0 Tip.g) TG
ie. w2 is C(H)-equivariant. Let (a,b) € h @ g.
OF|(p.) (. D) ) = TEOT ) (0 ® (TeRg 0 (AHC ™) p.o) (@) + bg) ) = 0 (ap)
= dHC|(p,e)(a). O

5. Groupoid approach

This section provides an alternative point of view on S and g oi, in terms of Lie groupoids. The content of this section
follows the conventions of [30-34] and some results can be found there.

5.1. Definitions and Morita equivalence

3

Definition 5.1. A Lie groupoid G = (G1 = Gg) consists of two smooth manifolds G1, G, called respectively “space of arrows’
and “space of objects” together with

e two smooth surjections «, 8: G1 — Go respectively called “source (projection)” and “target (projection)”;
e a smooth partial multiplication u: G %G — G, (g, g) — g’g, where G G :={(g’, ) € G1 x G1, a(g) =B}
e a smooth inclusion map i: Go — G1, x+ 1, and a smooth inverse map inv: Gy — G1, g+ g”,

satisfying

13 Beware, the notations are different from Sec. 3.3.
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(i) a(g'g) =a(g) and B(g'g) = p(g’) for all (g',g) € GxG;
(ii) w is associative;
(iii) a(1y) = B(1x) =x for all x € Go;
(iv) glag) =1pg=g forall geGy;
(V) a(g™) =B(g), B(g) =a(g), g7 g =14 and gg~' =1y, for all g€ G;.

Definition 5.2. Let H = (H; = Hp) and G = (G1 = Gg) be two Lie groupoids. A (Lie) groupoid morphism ¢ = (¢, ¢p) :
H — G is a pair of smooth maps ¢ : H; — G1 and ¢ : Hy — Go such that &’ o1 =g ox, B/ o p1 = g o B and ¢ (W'h) =
¢1(h)p1(h) for any (h',h) € H « H.

Definition 5.3. Let G = (G1 = Go) be a Lie groupoid, S a smooth manifold and 7 : S — Go a smooth map. Denote G x S =

{(g,5) € G1 x S, a(g) =1(s)}. A left Lie groupoid action of G on t, denoted (G1 = Gg) ~ (S BN Go) or G~ S, is a smooth
map A:GxS— S, (g,5) — Ags =: gs satisfying

(i) T(gs)=B(g) for all (g,s) €G = S;

(ii) g'(gs) = (g’g)s for all compatible (g’, g,5) € G1 x G x S;
(iii) 1;s=sforall seS.

Equivalently, one can define right groupoid actions (S AR Go) ~ (G1 = Go) where the source and target are exchanged.
Both 7t and o are called “momentum maps”, or sometimes “anchors”.

Definition 5.4. A (left Lie) groupoid representation is a (left Lie) groupoid action (G1 = Gg) v (E 5 Go) where E N Gy is
a vector bundle and Ag : Eq(g) = Epg(g) is a linear map for any g € G;.

Definition 5.5. Let (H; = Ho) ~ (Su =5 Ho) and (G1 = Go) ~ (S¢ —> Go) be two Lie groupoid actions. Let (¢1, ¢o) :
G — G be a groupoid morphism. An equivariant map v : Sy — S over ¢p is a map satisfying v (hs) = ¢1(h)y (s) for all
(h,s) e H*S.

Any action of a Lie group on a smooth manifold can be encoded as a groupoid.

Definition 5.6. Let G be a Lie group and M a smooth manifold endowed with a left Lie group action a : G — Diff(M) reading
ag(x) = gx. The action groupoid G x M = (G x M = M) is the groupoid with arrows (g, x) € G x M, with source and target
o(g,x) =x and B(g, x) = gx, and with partial multiplication (g’, gx)(g,x) = (g'g,x) for all (g’,g2,x) €eGxGx M

Definition 5.7. A Lie groupoid action G S is a principal action if

(i) T:S — Go is a surjective submersion (i.e. Vs € S, rank(Ts7) =dim Gp) and
(ii) the action is free (ie. Vs€ S, gs =5 < g=1.(5) and proper (i.e. the map G*S — S x S, (g,s) — (gs,s) is proper).

The definition adapts to right actions S ~ G.

Definition 5.8. Let H = (H; = Hyp) and G = (G1 = Gg) be two left Lie groupoids. A smooth manifold S is called a (H, G)-

bibundle if it is endowed with a left and a right Lie groupoid actions H ~ (S BN Hp) and (S LN Go) ~ G which commute,
ie.

e T(sg)=1(s) for all (s, g) € SxG;

o o(hs)=o(s) for all (h,s) e HxS;

e (hs)g =h(sg) for all (h,s, g) € Hi x S x Gy such that «(h) = 7(s) and o (s) = B(g).
A (H, G)-bibundle is denoted H ~ S ~ G.

It is understood that o, 8 may refer to a”, g : H{ — Hg or a®, 8¢ : G{ — Go depending on the context (and of the
argument).

Definition 5.9. A (H, G)-bibundle H ~ S ~ G is called an equivalence bibundle (or Hilsum-Skandalis bibundle) between
H and G if

1. H~ S and S ~ G are both principal actions and
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2. one has S/G ~ Hg and H\S =~ G with isomorphisms induced by T and o respectively.

Definition 5.10. Two groupoids H and G are Morita equivalent (or weakly equivalent) if there exists an equivalence bibun-
dle between them.

Proposition 5.11. If two groupoids H and G are equivalent, then the categories of representations Rep(H) and Rep(G) are isomorphic.
This proposition is stated and generalized in [33, Theorem 8.6].
5.2. Morita equivalence of untwisting bundles

This section applies the definitions in the previous section to the context of the bundles P, S and Q.
Let’s define the action groupoid H x P = (H x P = P) with

source and target projections «(h, p) := p and B(h, p) := ph~! =:h-p for any (h, p) € H x P;

partial multiplication (h’h, p) =: (W, h-p)(h, p), or equivalently, (W’h, p) =: (', ph~1)(h, p) for any (h’,h, p) € Hx H x P;
inverse map (h, p)~':=(h~!,h-p) = (h~1, ph~1) for any (h, p) € H x P;

identity map 1, := (e, p) for any p € P.

One defines the action groupoid G x Q = (G x Q = Q) similarly. The same notation is used for sources and targets of both
groupoid when the context makes the distinction clear.

There is a left Lie groupoid action of H x P on 7 : S — P, (p, go) = p given by A p)s = Rﬁrlye)s =: (h, p)-s for any
((h,p),s)e (HxP)xS={((h,p),s) e (HxP) xS, ath,p)=mrc(s)}={((h,p),s) € (HxP) xS, mg(s) = p}. Taking into
account the compatibility condition, the groupoid action reads

Ah.p) (P, 80) = (ph~', C(p,h ™17 go) = (h-p, C(h-p, h)go).

Similarly, there is a right Lie groupoid action of G x Q on 7y : S — Q, (p, go) > [P, o] given by A q)s = Rfe’g)s =:

s:(g,q) for any (s, (8,9)) € S* (G x Q) ={(5,(£,9) € S x (G x Q), wu(s) =B(& P} ={(5,(g, @) €S x (G x Q), 7wH(s) =
qg~1'}. Thus the groupoid action reads

A(g,gfl.[pgoj) (P, 80) = A(g,[pgoen (P> &0) = (P, £08)-
Thus, (H x P) nS ~ (G x Q) is a bibundle. In addition, both actions are principal (r¢ and y are surjective submersions
and both actions are free and proper) since S(P, G, ) and S(Q, H, wy) are principal bundles. In addition, since both
groupoid actions are induced by group actions, the orbit spaces are (H x P)\S§ =S/H=Q and S/(G x Q) =S5/G ~P. As
a consequence, (H x P) ~ S ~ (G x Q) is an equivalence bundle and H x P and G x Q are Morita equivalent.

Let’s remark that the previous setup specializes in the case G = {e} and leads to the equivalence bibundle (H x P) ~P ~
(M = M). Indeed, S=P x{e}>~P, Q=S/H>~P/H>~M and G x Q= ({e} x M = M) = (M = M). Thus H x P is Morita
equivalent to M = M. One can adapt this result by replacing P (resp. H) by O (resp. G) to get the equivalence bibundle
(G x Q) 9~ (M= M) and the Morita equivalence between G x Q and M = M. Both equivalences are summarized in

HXP)APAM=M) ~N"Q(GKx Q),
where the left and right actions on Q were inverted. The two actions P ~ (M = M) «\ Q enable quotienting the space
PxQby M=M,leading to P xy Q={(p,q) € P x Q, wp(p) =7o(@)}=1{(p.[p.g)), (p.8 €P xG}=S.
5.3. Comparison with Sec. 3 and 4

The groupoid approach of the untwisting procedure clarifies several constructions at hand. As seen above, S is the
Hilsum-Skandalis bibundle encoding the Morita equivariance of the groupoids H x P and G x Q. The map used to pullback
standards gauge fields on Q to twisted gauge fields on P (see Sec. 3.2 and 3.3) appears to be the base map of the groupoid
morphism ¢ = (¢1,¢p) : Hx P — G x Q be defined as ¢9 = my oie : p+— [p,e] and ¢ : (h, p) — (C(h-p,h), dpo(p)) =
(C(h-p, h), [p,el).

Remark 5.12. It is more straightforward that (p, h) — ([p,e], C(p, h)) is a groupoid morphism P x H — Q x G. Indeed, for
any (p,h,h) e P x H x H,

([p.el, C(p,hh")) = ([p, el, C(p, h)C(ph, h"))
= ([p.el,C(p.h)) ([p,elC(p,h), C(ph,h"))
=([p.e],C(p.h)) ([ph, e], C(ph,h'))
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This comes from the use of right group actions (of H on P and of G on Q) to define right action groupoids P x H and
Q % G. The former involves inverses in order to define the left action h-p := ph~! of H on P. However, most of the literature
on Morita equivalence for groupoids and Hilsum-Skandalis bibundles uses left Lie groupoids. This justifies the choice of the
current cumbersome convention. W

Remark 5.13. Note also that in this context, a cocycle C is seen as a groupoid morphism (P x H) — (G = {x}). Further-
more, any groupoid morphism (P x H) — (G = {x}) defines a cocycle since the compatibility condition for the partial
multiplication induces the cocycle relation. W

One can recover the isomorphism between C-equivariant maps on P and equivariant maps on Q as a commutation
relation between equivariant sections of representation bundles of (H x P), (G x Q) and an equivariant map induced by ¢
between the representations.

Consider'# Ep :=P x V together with the map prp : Ep — P, (p, V)~ p. This is a trivial vector bundle over P. One
defines a groupoid action of H x P on Ep by (h, p)-(po, v) = (ph~', p(C(h-p, h))v) for any ((h, p), (po, v)) € (Hx P)xEp =
{((h, p), (po,Vv)) € (Hx P) x Ep, a(h,p)=prp(po, v)}. The compatibility condition rewrites p = po and one checks that
pr’P((’L p)(pﬁ V)) = hp = ﬁ(h’ p)v (67 p)(pa V) = (p’ V) and (h/»hp)((’L p)(pa V)) = (h,h7 p)(pa V) for any (h7 h/! b, V) €
HxHxPxV.

Equivalently, one defines Eg := Q x V together with the projection prg : Eg — Q, (q,v) — q and the groupoid action

of G x Q on Eg given by (g,q)-(q, v) := (g-q, p(&)V).
Let's consider the map v : Ep — Eg, (p, V)~ ([p,el, v). Note that ¥ (p, v) = (¢o(p), v) for all (p, v) € Ep. One checks

that prg oy = ¢o o prp and ¥ ((h, p)-(p,v)) = ¢1(h, p)-¥((p, v)) for any ((h, p), (p,Vv)) € (H x P) x Ep. This ¢ is ¢1-
equivariant.

Proposition 5.14. The maps (¢1, o) and  provide a bijection between (H x P)-equivariant sections of Ep and (G x Q)-equivariant
sections of E g.

Proof. The proof is based on the following diagram:

EPL)EQ

fﬁ f% (5.1)

The commutation of this diagram induces a 1:1 correspondence between (G x Q)-equivariant sections f<:Q — Eg and
(H x P)-equivariant sections f” :P — Ep. Indeed, two corresponding maps satisfy

Yo fP=f20¢y. (5.2)

In addition, these maps decompose as f” = (idp, fF), fF :P — V and f =(idg, f;2), f;2:Q— V. The equivariance
of fP and f< translates into

7 (h-p) = p(C(h-p, ) T (p)
(g9 =p@f2@
for any (h,p) €e H x P and (g,q) € G x Q. For any p € P, equation (5.2) reads

v T e = (90 [L00p)) & (0. T ®) = (d0(p). [ G0(P).

Then the partial maps f2Q and f27’ must satisfy f273 = fZQ oo = qbg‘fZQ. One checks that ¢* : Foq(Q, V) = Fceq(P, V) is an
isomorphism whose inverse is f27> — ([p, gl— p(gfl)ff(p)). The C-equivariance of f27> ensures that the latter definition
is independent of the representative (p, g) € n,;l([p, gD.

Note that the correspondence between fz73 and fZQ is also a consequence of Corollary 3.9. O

Remark 5.15. Note that the bijection between equivariant maps comes from the existence of a particular groupoid morphism
¢:HxP— Gx Q and an equivariant map v : Ep — Eg. This is not a direct consequence of the Morita equivalence. In
addition, the generalization of this bijection to tensorial forms is not straightforward and the tools needed exceed ¢ and .
|

14 Recall that (V, p) is a representation of the Lie group G.
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6. Concerning cocycles
6.1. Group cohomology

The cocycle C is closely related to an instance of non-Abelian group cohomology. Let us recall that given a group H
and a H-module M, one can define the group cohomology of H with coefficients in M in the following way. The space of
n-cochains is F(H", M), the space of maps from H" to M, the differential 8" : F(H", M) — F(H"*!, M) is defined as

n
" f)h1, ... hnn) =an,-fha, . g + > (=D (b, iy, hihig, higa, - heg)
i=1
+ DM f (e,
where ap, is the action of H on M. One defines n-cocycles as elements of kerd" and n-coboundaries as elements of
ims"~1. Since §"t1 o 8" =0, im8"~!  kers", which enables defining the equivalence relation “up to a coboundary”:

f~f+8"1g Vfekers", Vge FH™ !, M). The spaces of equivalence classes under this relation are the cohomology
groups'® of H with coefficients in M. It is worth giving an explicit expression for §° and §':

OO (h)y=an-f—f. (8" )(h1,ha) =an, f(ha) — f(hih2) + f(hy).
The group cohomology admits a generalization when M is a (not necessarily Abelian) group supporting an action of H.
Let us define a 1-cocycle as a map C : H — M satisfying'®
C(hihy) = C(hn)(an,-C(ha)). (6.1)

Note that this is equivalent to (ahlf(hz))f(h]hz)*lf(h]) = e, which corresponds to (Sl/C\)(hL hy) =0 in the Abelian case,
hence the name “1-cocycle”. Let us define an equivalence relation on cocycles by

C~C «=13feM, VheH, C'(h=f"Ch)af). (6.2)

Once again, this reduces to the addition of a coboundary in the Abelian case. This defines the non-Abelian group cohomology
of H with coefficients in M. Notice that this group cohomology exists only for n =0, 1.

Let us consider the specific case where M = F (P, G). This is an (a priori non-Abelian) group whose product is inherited
from the product on G by pointwise multiplication. Also, F (P, G) supports a right action of H induced by the right action
of Hon P: ay-f = R,?*f, ie. (ay-f)(p) = f(ph). Then, any 1-cocycle Ce F(H, F(P,G)) is equivalent to a map C € F(P x
H, G) satisfying C(p, h1hy) = C(p, h1)C(ph1,h2) (as a consequence of (6.1)), with the correspondence given by C(p,h) =
(6(h))(p). In this sense, the cocycle defined in Sec. 2.3, or equivalently the groupoid morphism defined in Remark 5.13, is a
1-cocycle in the non-Abelian group cohomology of H with coefficients in F (P, G). This approach provides a natural notion
of equivalence of cocycles inherited from (6.2):

C~C «=13f e F(P,G), V(p,h) e P x H, C'(p,h) = f(p)~'C(p, h) f(ph).

One checks trivially that C’ satisfies the cocycle relation if C does. In the following, given a cocycle C and a map f €
F (P, G), the equivalent cocycle mentioned above is denoted C/ : (p,h) — f(p)~1C(p, h) f(ph).

6.2. Twisted associated bundles with different cocycles

This section points out several results on associated bundles through related cocycles. First is shown the role of equivalent
cocycles (up to a coboundary).

Proposition 6.1. Let f € F(P, G) and C, C/ be two equivalent cocycles. Then there exists an isomorphism of associated bundles:

Pxcr V=P xcV.

Proof. Let nf 1P xV — P xV defined by nf :(p,v) — (p, f(p)-v) (where the representation p of G on V is implied). Let
Rﬁ :P xV — P xV be the right action of H on P x V associated with C, i.e. ’R,f :(p,v) = (ph, C(p, h)~1-v). Identically,

R,le(p, v) := (ph, ¢f (p, h)~1-v). The following diagram is commutative:

15 Note that this notion of cohomology corresponds to the singular cohomology of the Eilenberg-Maclane space K(H, 1) with coefficients in M, see [35].
16 The group action in M is written with the multiplicative convention here, contrary to the additive convention in the Abelian case.
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PxV —" s pxv

On the one hand,

nf R 1
(p,v) — (p, f(p)-v) —> (ph,C(p,h)"" f(p)-v),
and, on the other hand,

Ry’ f -1 -1 -1 n’ -1
(p, v) —— (ph, C’ (p,h)™"-v) = (ph, f(ph)""C(p, )™ f(p)-v) —> (ph,C(p,h)"" f(p)-v).

As a consequence, nf induces an isomorphism [nf] :P xcf V— P xc V with inverse [nff] 1. O

Remark 6.2. This induces a map from elements of the cohomology H!(H, F(P, G)) to twisted associated bundles (up to an
isomorphism). Note that this map may not be an injection. In particular, depending on the space V, several non-equivalent
cocycles may induce isomorphic associated bundles. W

Corollary 6.3. Any coboundary B(p, h) = f(p)~! f (ph) for agiven f : P — G induces trivial twisted associated bundles P xg V ~
MxV.

Proof. The proof relies on the fact that P xc VM x V for C=e. O
Another relation comes from precomposing a cocycle with an automorphism of P.

Definition 6.4. Let C be a cocycle and W € Aut(P). Let us use the notation C¥ : (p, h) — C(¥(p), h). It is straightforward
to check that C¥ is a cocycle. In the particular case of a gauge transformation ® € Auty(P), ® reads ®(p) = py (p) for a
unique y € #P and the notation CY : (p, h) C(py(p), h) is adopted, following the convention adopted in Sec. 2.3.

Proposition 6.5. Let W € Aut(P) and C a cocycle. There exists an isomorphism of associated bundles:

P X v VP xcV.
Proof. Let ¥ : P x V — P x V defined by n¥: (p,v) — (¥(p), v). As defined before, R (p, v) := (ph, C(p.h)~'-v) and
’ng(p, v) := (ph, C¥(p, h)~1-v). The following diagram commutes:

C\IJ
PxV —* s pxvV

hnw M]q‘
RC

PxV — " s pxv

On the one hand

n" R -1 w -1
(p,v) — (¥(p), V) — (¥(p)h, C(¥(p). )™ -v) = (¥(ph),C (p,h)™"-v).

On the other hand
C\Il

(,v) LN (ph,C¥(p.m)~ ") LI (¥(ph), C¥(p, )~ 1v).

As a consequence, ¥ induces an isomorphism [7¥]: P xcv V — P x¢ V with inverse m¥"'1. o

This result is of particular importance in the case of gauge transformations. As stated in Sec. 2.3, a C(H)-equivariant
map ¢ € Feq(P, V) transforms under a gauge transformation y € HP into a C (H)-equivariant map @Y. These maps are
in 1:1 correspondence with sections of different twisted associated bundles, namely ¢ € I'(P x¢ V) and ¢¥ € T'(P xcr V).
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In other words, performing a gauge transformation at the level of P leads to gauge-transformed equivariant fields which
correspond to section of a different associated bundle, namely, P x ¢y V. This should be interpreted as a change of nature
of the associated fields under gauge transformation. However, as a consequence of Proposition 6.5, P x¢ V >~ P x ¢y V. This
may explain why this feature has gone unnoticed so far.

The previous propositions apply in the study of Q@ =P x¢ G as well.

Corollary 6.6. Let f € F(P,G), ¥ e Aut(P)and y € HT.

1. C and ¢! induce isomorphic bundles Q€ = P x¢ G and ch =P x¢s G. Inparticular, B(p, h) = f(p)~ f(ph) induces a trivial
bundle QF ~ M x G. y

2. C and CY induce isomorphic bundles Q€ =P x¢ G and Q° =P xcv G. In particular, if ® : p — py(p) € Auty(P), then
Q= Q.

In the next section, a similar result about S is proved, which is even stronger.
6.3. Link between the cohomology of C and the geometry of S

Let us return to the geometric interpretation as stated in Sec. 4.3. In order to relate P to S, a convenient (though
arbitrary) choice of inclusion was made by using i.. It was shown that this inclusion gave an effective correspondence
between G-equivariant H-invariant fields'” ¢ on S and twisted fields ¢ on P. The equivariance of ijgos is recalled
here:

(i29%)(ph) = 9 (ph,e) = ¢°(p, C(p, h)) = C(p, ) 195 (p,e) = C(p, )" -({05)(p).

It is worth paying attention to the pullbacks of (ps along other inclusion maps. For example, for go € G, ig, provides

(i5,9°)(ph) = ¢° (ph, g0) = ¢° (p, C(p, M g0) = ¢° (p. g0g; ' C(p. h)g0) = (g5 C(p. 1) g0)~"-¢° (. g0)
=& (p, ) (15,05) (),

where C80 : (p,h) — gO_1C(p,h)gg is another cocycle. In general, let us define iy : P — S, p — (p, f(p)) for a given f €
F(P,G), then

(i%9%)(ph) = ¢° (ph, f(ph)) = ¢ (p. C(p. h) f (ph)) = ¢° (p. F(p)f(p) ' C(p. h) f (ph))
= (f(P)"'C(p. W) f(ph) "% (p, f(p)) =T (. )"0 ().

This shows that changing the embedding of P into S affects the equivariance of induced twisted fields by changing the
cocycle within the same equivalence class.

Let us recall that F(P,G) ~T'(S(P, G)) where the isomorphism is given by the correspondence f € F(P,G) < iy €
I'(S(P, G)). One trivially checks that iy defined above satisfies 7 o iy = idp. This motivates the reinterpretation of the
group cohomology introduced in Sec. 6.1. The 1-cocycle C is an element of'® H! (H, F(P,G)) ~ HY(H,I'(S(P, G))). Chang-
ing the cocycle in the same equivalence class corresponds to a change of section of the same bundle S(P, G). On the
contrary, moving from one cocycle to another in a different equivalence class implies changing the right action Rﬁue) of
H on S. This may modify the structure and underlying topology of S. In other words, the elements of H' (H, I'(S(P, G)))
label the set of actions of H on S(P, G) that promote it to non-isomorphic bundles S(M, H x G). This is formalized in the
following theorem.

Theorem 6.7. Let C1, C2 € F(P x H, G) be two cocycles. Let S1 := P x G =: Sy be two principal (H x G)-bundles supporting the
following right actions of H x G respectively:

Rip.g (D &) = (ph, Ci(p,h) "' gg), i=1,2.
Then 87 and S, are isomorphic bundles if and only if C1 and C, are equivalent cocycles up to an automorphism of P.
= 2
3P :81 = S, ¥(h, &) €H x G, ®oRfy g1y =Ripy gy 0 P
— 3(f, V) € F(P, G) x Aut(P), C1(p,h) = (sz)q'(p, h) = f(W(p) ™' C2(¥(p). h) f (W(p)h).
17 |f k-forms are considered, one should add the condition of being horizontal or of satisfying the relevant vertical normalization.
18 Here, because S =P x G, its space of sections inherits a group operation induced by the multiplication in G: (igig)(p):=(p, f(p)f'(p)). In this way

F(P,G)~T(S(P,G)) is a group isomorphism.
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Remark 6.8. In practice, one can consider an automorphism Ws of, say, S; and work with S, = Ws(S,). By definition,
Sy >~ S, One can choose Vs such that it compensates W € Aut(P) introduced in Theorem 6.7. This enables working with
“C1 = ﬁzf " effectively. In other words, ® consist in changing the action of H on § without moving points in P. B

Proof. Assume there exists a bundle isomorphism & : S; = S,. For any (p, g) € S and for any (h, g’) € H x G, one has

DRy (P, ) = Ry g (PP, £))

Let us decompose ® = (Op, D) with &p : S; — P and &g : S; — G. Then the previous equation splits into

®p(ph, C1(p.h)'gg) = Pp(p. Oh
®c(ph, C1(p.h) "' gg") = C2(Pp(p. 8).h) ' Pc(p. 2)g’.
At g =g 1Ci(p.h)g and g’ = g~ 1C1(p, h), the first equation of (6.3) reads

®p(ph, g) = Pp(p,&h, Pp(ph,e)=>p(p, Hh,
which proves that ®p is independent of its second argument and ®p (-, e) € Aut(P). At h =e, the second equation in (6.3)
reads

@6 (p,g8") = Pc(p, 88 = Pc(p. &) = Pc(p.e)g.

And, at g’ =e, the same equation reads

®c(ph, C1(p,h)~'g) = C2(Pp(p, ), h) ' c(p, 8)
®¢(ph,e)Ci(p,h)'g = Ca(dp(p,e),h) ' dg(p,e)g

which leads to

Ci(p, h) = Dc(p, €)™ Co(Pp(p, e), HPc(ph, e) = f(¥(p) ™' Ca(W(p), h) f (¥(ph))

where W: p — ®p(p,e) is an automorphism of P and f: p— O (¥~ 1(p),e) € F(P,G).
Conversely, if C; = (sz)‘l’, then the isomorphisms nf 2(p, &)~ (p, f(p)g) and Y : (p, ) — (¥(p), g) induce an iso-
morphism nf o n¥ : S; — S,. Consider the following diagram

th,
S;=PxG —22 L §i=PxG

[nfon“’ [nfon“’
2
72<fmg/>

SH=PxG ———— $H=PxG
This diagram is a commutative diagram. Indeed, on the one hand,

R Fon¥
(0. &) —% (ph, C1(p, h) "' gg") =15 (W(ph), f(W(ph))C1(p, ) 'gg))

and, on the other hand,

’Iforl\y R(Zh.g’) -1 /
(p, &) —— (¥(p), fF(¥(p)g ———> (¥(p)h, C2(¥(p), )™ f(¥(p))gg)

= (W(ph), f(¥(ph)) f(¥(p)) ' C2(¥(p), )~ f(W(p))gg)
= (W(ph), FO¥(ph))(CHY (. h) " gg)
= (W(ph), f(¥(ph))C1(p,h)'gg)

2

(h.g") implies that nf o n¥ is a principal bundle isomorphism, which

The commutation R, ., o Mo =mf oY o R
concludes the proof. O

Remark 6.9. The results obtained in Proposition 3.5, 3.12, 3.15, 4.4 and 4.7 use the map i.. Similar results can be obtained
using a generic embedding iy of P in S instead of i.. This provides

e an isomorphism i7}; between standard fields on Q and twisted fields on P,
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e an isomorphism i? between G-equivariant H-invariant fields on S and twisted fields on P.

Provided that the right action RS - defining S as a principal fiber bundle - involves C, then i?n;‘, (resp. i’}) maps standard

fields on Q (resp. S) to C/(H)-equivariant fields on P. In other words, the twist on 7 comes from both the right action
RS on S and the canonical embedding irof PinS. W

Remark 6.10. The correspondence between equivalence classes of cocycles C and equivalence classes of bundles S up to
an isomorphism covering the identity map on P enables relating the cohomology H!(H, F(P, G)) to geometric structures
such as characteristic classes and classifying bundles. W

7. Examples of cocycles
7.1. Trivial cocycle

Consider the case where C(p,h) =e for any (p,h) € P x H. Then, twisted fields on P are H-invariant: ¢(ph) =
C(p,h)~1-@(p) = ¢(p). Furthermore, twisted connections satisfy the vertical normalization a)p(a‘lg) =dyCip,e(@) =0, Vae
b.

The correspondence space of this example is S(M,H x G) =P x G together with the right action Rag,)(p,g) =

(ph, gg) = 7@,1 o Rf;’g,)(p,g). This makes S trivial along G both as a manifold and as a principal bundle. The quotient

S/H induced by Rﬁ],e) is the manifold @ ~ M x G with points q = [p, g] = [ph, g] X (x,g) = (mp(p), g). According to
Sec. 3, twisted fields on P correspond (via pullback) to standard fields on Q, i.e. fields on M x G. This is consistent with
the fact that H-invariant fields on P (or H-basic forms) induce well-defined fields on M.

Note that C(p,h) =e is equivalent to Cf(p,h) = f(p)~'f(ph) for any f € F(P, G). Thus, any twisted gauge field on P
through C/ corresponds to a H-invariant field, and then, to a field on M. The case of gauge-invariant fields is of interest
since it may correspond to dressed fields after a global application of the DFM.

7.2. Identity map

Consider the case where G = H and C(p, h) =h, Y(p,h) € P x H. In this case, twisted fields are genuine fields satisfying
a standard H-equivariance condition: @(ph) = C(p,h)~'-¢(p) =h~'-@(p). Similarly, any C(H)-tensorial form is a standard
tensorial form and any twisted connection is standard.

The formalism developed previously becomes S(M, H x H) =P x H as correspondence space, together with the right
action R, hy) (P, h) = (phl,h{1hh2). There are two ways of interpreting this bundle. Either the two copies of H (denoted
H1, H; here) can be thought as encoding physically different degrees of freedom. In particular, one can generate associated
vector bundles to S through representations of either Hy or H, and interpret their sections as matter fields with different
gauge degrees of freedom. Or these two copies of H can be considered as a redundancy. Hence, there are two ways of
canceling this redundancy: either by considering equivalence classes on S generated by Rg’hz), thus recovering P, or
equivalence classes generated by R‘él, ey thus generating Q. These two quotients are isomorphic since any principal bundle
is associated to itself: P ~P xy H ={[p, hol = [ph, h~Tho]} = Q.

C(p,h) =h is equivalent to Cf(p,h) = f(p)~'hf (ph), for any f:P — H. Note that this cocycle measures the difference
between f(ph) and h~! f(p). Let us assume that there exists a map f such that f(ph) =h~'f(p), ie. f has equivariance
property (th*f)(p) =L,-1 f(p). Then f is a global H-dressing field. Consequently, f induces a global section of the asso-
ciated bundle P xy H ~ P which reads x +— [p, f(p)] = [ph,h~! f(p)]1 = [ph, f(ph)]. Hence P is trivial. This is consistent
with the previous example.

7.3. Group homomorphism

Consider a cocycle C which is independent of P. In other words, C is independent of its first variable (which is omitted
in the notations in this section). Consequently, C : H — G satisfies the cocycle relation C(hh") = C(h)C(h'), i.e. it is a group
homomorphism. (Note that conversely, any homomorphism H — G can be interpreted as a cocycle with trivial dependence
in p € P.) In this context, twisted fields satisfy the equivariance relation ¢(ph) = pg(C(h))~!-@(p). This is characteristic of
a standard H-gauge field valued in the H-space (V, p¢ o C).

The correspondence space of this example is S(M,H x G) =P x G together with the right action Rﬁ,’g,)(p,g) =

(ph, C(h)~'gg’). Similarly to the general case, the structure group acts on a G-space (V, pg) as pyxc(h, g)-v = pg(g’)-v,
and the action of H on V is trivial. Note, however, that one can define the action py = pg o C of H on V and induce a new
action of the structure group H on V as pyxc(h, g’)-v:= py(h)-v = pc(C(h))-v. This new action should be identified with
the (H x G)-action induced on H-spaces W by the standard action of H.

In this example, Q :=P xc) G and the standard H-fields on P with representation (V, oc o C) correspond to
standard G-fields with representation (V, pg) on Q. This example offers an intuition for the more general case. Let
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C(H) :={C(h), h e H} C G. Because C is an homomorphism, C(H) is a subgroup of G. Note that C(H) may be a proper
subgroup. At first glance, the correspondence between twisted fields on P and standards fields on Q may appear counter-
intuitive. Indeed, G-fields have internal degrees of freedom valued in a larger group. However, the G-equivariance satisfied
by these fields also accounts for more constraints. Altogether, both kind of fields carry the same information, i.e. the infor-
mation of a field on the base manifold.

7.4. Conformal Cartan geometry

Let P° be a principal bundle over a smooth manifold M with structure group'® G = H x K, where both H and K are Lie
groups. Since G = H x K, one has that K is a normal subgroup of G and H ~ G/K is embedded in G. Thus P = P%/K is
endowed with an action of H making it a principal H-bundle over M. The projection on orbits of the action of K is denoted
i PO — P.

Assume that there exists a partial dressing field u : P® — G w.rt. K satisfying

u(pok) =k~ 'u(po),
u(poh) =h~"u(po)C(po, h),

for any (po, k,h) € P° x K x H, where C: P° x G — G satisfies

C(po, g182) = C(po, g1)C(pog1, £2), and C(po.k)=e

for any pg € P°, (g1, g2) € G? and k € K. These two conditions imply that 6(p0A,gk) = f(po, g) and E(pgk, g) = E(po, g) for
any (po,k, g) € P® x K x G. Thus C induces a map C:P x H— G, (p,h) — C(po, h), where pg € n,{l(p), and C satisfies
the cocycle relation (2.9).

This setup appears in the symmetry reduction of the conformal Cartan bundle to the tractor bundle [19] or the local
twistor bundle [20]. In this example, H := SO(r,s) x W is the direct product of the Lorentz group and the group of Weyl
dilations W :=R\{0} and K = K1 = R™ (with r +s=m) is the group of conformal boosts. Let (V, p) be a representation
of G and consider ¢g € Feq(PO, V), ap € Qt’enS(PO, V) and wg € A(P?) be standard gauge fields on 7°. These gauge fields
are pulled back by T :P% — P% pgi— pou(po) to define dressed fields

96 (po) == =*@o(po) = p(u(p)~)@o(po)
opjp, = T ojpy = P (o)~ etojp,
W, = T @0jpy = U(P0) " WoppoU(Po) + U(po)” durjp,.

One checks that dressed fields are invariants wrt K. Thus, they induce fields on the quotient bundle P(M, H).

@:P—>V, pr¢5(po).
aeQ(P, V), a)p = ag|p,

we 521(73, 9), W|p :=Wo|p,

where pg € n,}l(p). The latter are twisted? gauge fields on P wrt the cocycle C. Applying the untwisting method, one
defines S(IM,H x G) =P x G and Q(M, G) = S/H. The twisted fields ¢, o and w are seen as pullbacks of standard fields
on Q.

In the current example, the bundle Q happens to have the same structure group as the initial bundle °. An even
stronger result holds.

Proposition 7.1. Q is isomorphic to P°.
Proof. The isomorphism is provided by the map ® : P° — Q, pg — [k (po), u(pg)~'1. On the one hand, for any pg € PP,

7o 0 ®(po) = mo [k (Po), u(po) ') = wp (K (o)) = T po(Po).

Thus & covers idy. On the other hand, for any pg € P° and g € G written g = hk for a unique (h, k) € H x K,

19 The notation H x K refers to semidirect groups and should not get mixed up with the action groupoid notation H x P used in Sec. 5.
20 Note that in this example, C satisfies C(p, h) =h whenever h € SO(r, s) C H. Thus the fields are trivially twisted wrt the subgroup of Lorentz transfor-
mations. This does not impact the general argument.
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®(pohk) = [k (pohk), u(pohk) ']
= [k (po)h, C(po, hk)~"u(po) " hk]
= [7k (po)h, C (i (po), )" u(po) ' hk]
= [k (Po), u(po) ™~ 'Thk
= ®(po)hk
Thus @ is a morphism of G-principal bundles covering idy;, hence an isomorphism. O

This particular property does not appear in general, as shown in the following. )

Consider the principal bundle P°(M, G) where G = H' x K’ and a Lie group G such that G c G. In the second symmetry
reduction of the conformal Cartan bundle [19,20], H = W, K’ = SO(r,s) x R™* G is unchanged and G = GLy2(R).
Assume that the representation (V, p) of G is induced by a representation (V, p) of G.

Assume that there exists a partial dressing field u’: P° — G wrt K’ satisfying

u'(pok’) =K "u'(po),
' (poh’) = h'"u'(po)C' (po. h').

for any (po, Kk, h") € P° x K’ x H’, where C': P? x G — G satisfies

C'(po, g1£2) = C'(po, £1)C (Pog1, £2), and C'(po, k) =e

for any pg € P°, (81, 82) € G2 and k' € K'. Thus E’(pg,gk/) = /C\/(pg\, g) and /C\/(pok’,g) = E’(po,g) for any (po.K,g) €
PO x K’ x G. Thus C’ induces a map C’: P’ x H' — G, (p’,h’) > C'(po, ), where P' = P°/H’, po € 7 ' (p), and C’
satisfies the cocycle relation (2.9).

One can define dressed fields in an algebraic way, using the appropriate action of G on V:

o8 (po) == (' (P) " )go(po)
ol = (' (Po) " topp,
@l 5, = (p0) ™ @ojpot’ (po) + ' (po) " duf,.

These fields cannot be interpreted as pullbacks of standard fields by a map “X’ : pg — pout’(po)” because PP is not a
priori’! endowed with an action of G. However, they are K’-invariant and induce twisted gauge fields on P’ with cocycle
C’. These fields are untwisted via the bundles S'(M, H' x G) =P’ x G and Q' (M, G) = S’/H’. Thus, the twisted gauge fields
considered here are pullbacks of standard gauge fields on the bundle Q(M, G) = Q(M, GLy 2 (R)).

8. Local point of view

Since P, § and Q are principal bundles over M, the fields defined on them locally give rise to fields on M by pullback
through local sections. The aim of this section is to relate local versions of twisted fields on P and the local versions of
their corresponding (standard) fields on S and Q.

Therefore, all dressing fields are assumed to be local (i.e. defined on Py, Sy or Qu over U C M open and small enough)
unless stated explicitly.

8.1. Local dressing fields on S, P and Q

According to Sec. 2.2, any local section of a principal bundle is in 1:1 correspondence with a local dressing field. It proves
useful to draw the link between local fields on S, P and Q through the relation between their local dressing fields.

Proposition 8.1. Any dressing field us € Feq(Su, H x G) reads (wiup,wjjug) for some dressing fields up € Feq(Py, H) and
Ug € Feq(Qu, G).

Proof. Let us € Feq(Su, H x G) be a dressing field on Sy over U. This map reads us = (uy, ug) for some up : Sy - H
and ug : Sy — G. The equivariance property of ug implies that

21 In [19,20], the dressed fields considered are only the local version (on M) and the algebraic approach is the only one remaining.
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Rirgus(p. 8 =" g Hus(p, g
< (un(ph, C(p.h)~" gg"), uc(ph, C(p.h)~'gg")) = (h 'up(p. g). g 'uc(p. )
{uy(ph, C(p.h)y~'gg)=h"luy(p. ).
ug(ph, C(p. W) 'gg") =g 'uc(p. o).

This being valid for any (h,g’) € H x G, the first equation implies that up is independent of its second variable
and uy(ph,e) = h~'uy(p,e). Then, uy induces a well-defined map up : Py — H, p+— uy(p,g) for any g € G, and
up(ph) = h~lup(p). Thus up is a H-dressing field on Py and upy = méup. Similarly, the equation on ug implies that
ug(p, gg’) = g 'ug(p, g) and that ug only depends on [p, g] € Qu. Then, u¢ induces a well-defined map ug:Qu —
G, q=I[p,gl+~ uc(p,g) for any (p,g) € n;l(q), and ug(qg) = g/”ug(q). Thus ug is a G-dressing field on Quy and
U =mhug. O

Remark 8.2. One straightforwardly checks that the converse is true: given up € Feq(Py, H) and ug € Feq(Qu, G) two
dressing fields, (wiup,mfug) is a dressing field on Sy over U. W

This result means that trivializing S is equivalent to trivializing both P and Q independently. This link shows up in the
usual approach in terms of local sections.

8.2. Local sections of S, P and Q

Let o5 € T'(Sy) be a local trivializing section and let us € Feq(Su, H x G) be the dressing field canonically associated to
os. For any x e U, os(x) =s-us(s) = Rfs(p,g)(p’ g) for any s=(p, g) € ngl(x). Using Proposition 8.1, there exist dressing
fields up, ug such that us = (wiup, wjug). Then

050 =Ry (p.g) (P 8) = Rirrup (p.g) e (p.gn (P 8 = (PTEUP (P, 8), C(p. wEup(p. 8) ' gmfjuo(p. 8)
= (pup(p), C(p, up(p)) ' guo(lp, &) = (ap (), C(p, up(p) ' guo(lp, g1)
where op(x) := pup(p) is independent of the choice of p € 717;1()(). The last equation implies that m¢(os(X)) = op(x).
Similarly,

mh(os(x) = [pup(p), C(p, up(p))~'guo(lp, gD =[p, guo(p. gD =Ip, glua(p. &) = quo(q) =: oo ().

Then, a section os of Sy over U provides a section op =76 o 05 of Py and a section og = 7y o o5 of Qu over U.
Note that, following Proposition 8.1, the converse is also true. Given op, o9 two sections, one can construct a section
os. The explicit process is less straightforward. Either one has to construct up, ug associated to op, o9, then to define
us = (miup,wjjug) and to define os from us. Or one can define os implicitly from op, og as follows. Let x € U. Since
0o (x) € Qu, there exists (p, g) € S such that og(x) = [p, g]. Then there exists h € H such that p = op(x)h. Thus one can
rewrite og(x) = [p, gl = [op(x)h, g] = [op(x), C(op(x), h)g]. One defines o5(x) := (op(x), C(op(x),h)g). In other words,
os(x) is “the representative of the equivalence class og(x) whose first component is op (x)”.

However, there exists another parametrization of os given op, og. Following Corollary 3.9, any (local) dressing field
ug € Feq(Qu, G) corresponds to a so-called (local) “twisted dressing field” f, = xpo(ug) =i;mjjug € Fceq(Pu, G).

Remark 8.3. There are two ways to link a twisted dressing field f, € Fc.eq(Pu, G) to a section og € I'(Qy).

e On the one hand, there is a 1:1 correspondence f, < ug € Feq(Qu,G) given by f, =iimjjug and there is a 1:1
correspondence ug < og given by og(x) = qug(q). This comes from the fact that QO is associated to itself: Q ~~
Q XG G.

e On the other hand, there is a 1:1 correspondence f, <> 0g € I'(Py xcmy G) given by ogo(x) = [p, fu(p)] =
[ph, C(p, )~ fu(p)] = [ph, fu(ph)]. This comes from the fact that Q is (twisted) associated to P: Q =P xcH G.

Both perspectives yield equivalent geometric formulations depending on the chosen framework. W

Using the equivariance property of ug in the previous calculations,
05(X) = (op(x). C(p. up(p))~ ' gua(lp. &) = (op(x). C(p.up(p)) ' guo(lp. lg))
= (op(x), C(p, UP(P))*lug([P, e])) = (op(x), ug([p, elC(p, up(p))))
= (op(X),ug([p, C(p,up(p)D) = (op(x), ug(lpupr(p), el)
= (op(x), ug([op(x),el)) = (op(X), iyTug (0P (X))
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= (op(X), fulop (X)) =if, cop(X)

This way, any local section of Sy appears as being a section of Py embedded in Sy through a twisted dressing field
(which carries the same information as a local section of Qy). Note that this specific parametrization requires that P is
a submanifold of S. In particular, one cannot define a similar parametrization exchanging the roles of P and Q since the
latter is merely a homogeneous space.

Remark 8.4. It is worth insisting on the interpretation of f and f,, since both share common features and related uses. On
the one hand, f € F(P, G) parametrizes cocycles within an equivalence class. Thus, it is interpreted as a coboundary. The
same f provides an embedding of PP in S through iy. These two roles of f are the reason why the cohomology class of C
is linked to the isomorphism class of S in Theorem 6.7. A priori, f satisfies no particular equivariance relation. On the other
hand, fy € Fceq(Pu, G) is the twisted version of a local dressing field on Qy. It parametrizes local trivializing sections of
Qu. fu is a priori local. The following property highlight the consequence of the very restrictive case where f and f, are
identified. W

Proposition 8.5. Q is a trivial principal bundle if and only if C is a trivial cocycle, i.e.

C~e<—=9>=MxG.

Proof. The proof is as follows:

Q~M x G <= There is a global section 0g € I'(Q) =I'(P x¢cH) G)
<= There is a global twisted dressing fy € Fc.eq(P, G)
< 3f e F(P.G), f(ph)y=C(p.h)"' f(p)
& 3f e F(P.G), f(p)~'C(p.h)f(ph) =e
& C~e. O

Remark 8.6. This result gives the reciprocal implication of the particular case stated in Corollary 6.6. Contrary to Theo-
rem 6.7, this proposition does not generalize to arbitrary equivalent cocycles C ~C’. W

8.3. Local fields

Standard and twisted gauge fields on S, P and Q induce local fields on a generic open set U by pullback through local
trivializing sections. Several relations between sections of these principal fiber bundles were displayed in Sec. 8.2: given a
os € I'(Sy), one defines op :=mgoos € I'(Py) and og :=my o os € I'(Qy). Conversely, given op and og, one defines
fu € Fceq(Puy, G) such that oo (x) =: [p, fu(p)] and o5 :=if, cop. Together with these links between sections were proven
relations between (twisted or standard) equivariant fields on S, P and Q in Sec. 3 and 4. These relations between both
global fields and sections induce relations between local fields.

Proposition 8.7. The standard gauge fields on Q and their corresponding fields on S (in the sense of Proposition 3.5, 4.2 and 4.5)
induce the same local fields on U.

Note that, since these are local versions of standard G-fields on Q, they support a standard action of Gy as described in
(2.4).

Proof. Let os be a section of Sy over U and set og := 7y o 0g, a section of Quy over U. Consider = Qrns (2, V),
w? e A(Q) and y< € G9. As seen in Proposition 3.5, 4.2 and 4.5, these fields are in 1:1 correspondence with a® :=
THo2 € Qpns(S, V), w9 := /w2 which is the g-valued part of a connection w® € A(S), and y¢ := 7}y < € G5. The
local version of the fields on Q induced through og are

a:=050% = (myoos)a=oin}a=0%as,
A:=050° = (Ty 0 05)* 0w = oinjjw? = 00",
Y :aayg =(mHoos) y< :agn;}yg :agyc. O

A similar link exists between the local versions of twisted fields on P and of standard fields on Q.
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Proposition 8.8. The twisted gauge fields on P and their corresponding fields on Q induce the same local fields on U for a local
trivialization of Q induced by a local trivialization of P, as an associated bundle.

Proof. This proof relies on the use of a section og induced by a section op. Let op € I'(Py). Using the fact that Q is a
bundle associated to P, one defines g : x> [0p(X), €], i.e. 0g ;=7 oie 0 OP.

Consider &< € Q%,(Q, V), ®2 € A(Q) and y< € G<. As seen in Proposition 3.5, 3.12 and 3.15, these fields are in 1:1
correspondence with a” := i;‘n;ag € Q¢ _tens(P, V), P = ijn;‘,wg e AS(P) and (T := ijﬂ,’jyg € GP. The local version
of the fields on Q induced through oo are

a:= GéOtQ =Ty oicoop)a= crjéijn,’qag = 07’50573,

A:= aaa)g = (Ty oie 0 0p) WS = U;Sijn;}a)g = 07’5607),

Z::aéyg =(THole oap)*yQ =a;§i;‘n;f,yg = 67’S;°P. |

Let us insist on the main difference of the last two proofs. In the former, the (global) gauge fields on Q are naturally
induced by the H-invariant fields on S. Then, at fixed o g, one could perform the proof with any os such that 7tgoos =09
(the P part of og is arbitrary.) On the contrary, the proof of Proposition 8.8 involves a specific section, which is compatible
with the isomorphism i} ;. Given op, the others sections must be o5 : x> (op(x),e) and og : x> [op(X), e].

This last constraint echoes the distinction made at the end of Sec. 3.3 between gauge transformation associated to the
geometric structure group H and the algebraic one G. Indeed, these active gauge transformations locally correspond to
passive ones, i.e. gluing functions for op and og. Without constraint, one could relate two sections og, U’Q by any g<:
U —>hG. However, assuming that oo, G’Q are induced by op, 05 and denoting gl 1 U — H such that opx) =op g x),
one has

oo =lop®). el =[op(x)g" (). e] = [op (). C(op (). g (x)] = [op (). elC(op (). 8" (%))
=00(X)C(op®), gM(x)).

Then, g¢ must read g©(x) = C(op(x), g/ (x)) for some op and gH. With no constraint, g€ is the local representative of an
active gauge transformation in G¥, while with constraint, gf is the local representative of an active gauge transformation
vP e P and g€(x) = C(op(x), g"(x)) corresponds to C(p, y (p)).>

Given Proposition 8.8, one can interpret any model on M involving twisted fields as a standard model on M with
local gauge transformations valued in G. For instance, one can define a manifestly gauge-invariant Lagrangian (w.r.t. the
local gauge group Gy ) involving the previously-defined fields on U. Examples of Yang-Mills Lagrangian and Gravity Gauge
Lagrangians dealing with local twisted fields were introduced in [27]. The Gy-invariance of such Lagrangian is enough to
work with local twisted fields and get gauge-independent predictions.

Appendix A. Proof of Lemma 3.3

Proof. Item (i)
Let ¢)7(> (resp. ¢§) be the flow of X;’ at p (resp. of XgG at g).

T Ripey XD ®XE) =T R e) ((%(d&’ ©), ¢% (t))) |t=0>

(&@Xoh c@f©.m"efw)

|t=0

($@Foncm.ng) ot (&wh.c@fo.n'a) =0

d -1,G
+ (&wh.co.mefo)

i d P . d P 1
=Tpnicp.ny-1g (§¢x (t)h) =0 + Tep,hy-1giph (EC(‘PX ®),h) g) o
+Te(p,m-1giph (%C(P,h)”qﬁg(t))lt:o
= Tpniceon 120 ToRE (XT) + Tge(pmy-1giph © Tep-1Rg 0 dpCl (X7
ph C(p,h) 1g p’Vh p gC(p,h) 1g ph C(p.h) 1Rg P (0.h) 4
i G
+ Tep.my-1giph © Tglegp my-1(Xg)

22 There is no effective constraint if, at any p € P, any g € G reads g = C(p. h) for some h € H.
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= (TyRY (X)) @ 0g) + (Op ® Tc(p py-1Rg 0 dpCylp (X)) + (Og @ Telep py-1(Xg))
= TPR,?(XZ,’) @ (Tep.m-1Rg 0 dpc(—p{h) (XZ,’) + TeLe(p.py-1 (ng))

s G s d G
—1-(17,g)73(e,g/)(xl793 ®Xy) =Tp.9oRe.g) ((a(%?()(f), ®x (t))) |t:0>

= (§@F0.0508))

t=0

= (§0F0.20)) _ + (& s500)

[t=0
=Tpigy (%¢)7<D(t)) o T Teg'lp (%‘%G( (f)g/) o
= (X} @ 0gg) + (0p ® TRy (XS))

= (X] ®TgRg (X))

0

Item (ii)
Let qb;(? be the flow of Xf at p.

Toe o TyRE P = ($0F 0h.0)

=Tp.coh) Rine) ((%@Z?(t), C@F©.) 0)

lt=

= T(p,C(p,h))th,e) ((%((ﬁ;() (f), C(P, h))) |f=0> + T(p,C(p,h))Rﬁlye) ((%(Fh C(¢)7() (t)! h))) |t=0)

=Tip.com Rip o ((%(d&’(t), ) u:o) + (& ».co.m I C@F O, )

t=0
\%

=T Cpin RS copy © ToieXF) + [Cp, ) dpCop iy (XD e
Item (iii)
Let us proceed by double inclusion. First, consider a € . The flow of a;; @ TeRg 0 (dGC‘l)(p,e)(a) at (p, g) is given by
da(t) = (pexp(ta), C(p, exp(ta)) ' g).

T (6 © TeRg 0 (deC ey (@) = (4 (P exp(ta), C(p, exp(ta)) ' 2)))

t=0

S
TTH OR(exp(ta),e)((p’ g))) [t=0

Gmw.)

I
O — o~ —
&=

)

S S
(p.& (p.g

= 0. This means that gy (¢f(t)) is locally constant around t = 0. Thus, ¢>)‘?(t) is locally confined in an

which proves one inclusion. Then, consider X
d S
Lru 3 ©)
(dt H(¢X( ) It=0

H-equivalence class. Arou_nd t=0, 4)3? (t) is parametrized as (ph(t), C(p, h(t))~'g) for some curve h:] — ¢, e[— H satisfying
h(0) =e. Let us call a:=h(0) € TeH ~ §. Then the tangent vector to d);? at t =0 reads

4050) = (&Ph®),Cp. k) "g)
(#650),.= )

) € kerT(p, gy and let q&;? be the flow of X y at (p, g). By definition,

t=0

= (&whw.2) _ + (&@.co.nn )

t=0

- (%ph(t)) L ®0+08 (%C(p, h(t))”g)

|t=0

v
d -1 d
= [(ah(t)) |t=0:| , ©0+00TeRg o (dHC™ Dp.e) ((&h(t)) ‘t:())
=ay ®TeRg o (dC™ N p.e)(a),

which proves the other inclusion.
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Item (iv)
Let ¢ be the flow of X© at g.

Gy_ (d G _(d -1,G _ c1Y
To.omi(0p & X)) = (&lp.0501) _ = (&lp.21g7'050) _ = [Tl XG] Vg

S0 T(p,eyTH(0p @ TgG) C Vip ¢ Q. Note that according to C, ker Ty N (0 @ TgG) = {0}. Hence

dilTlT(p,g)ﬂH (Op @TgG) =dim Op (&) TgG = dlmg = dimV[p,g]Q,
which concludes the proof.

Item (v)
On the one hand, T(,p c(p.ny-1g)7H © T(P~g)Rg1,e) =T(p,g7H is a direct consequence of the definition of 7y as projection

onto equivalence classes generated by Rﬁl‘e). On the other hand, let ¢)7(3 (resp. ¢§) be the flow of Xf at p (resp. of Xg at
g)and let g’ €G.

Tip.58)TH © Tp.0) Ry g (X5 @ X§) = T(p g\ 7T <(%(¢2€(t>, $502)) .t:o)

= (4107 0.45021) _ = (&7 0.6501¢')

t=0 t=0

=TpgRy ((%[qsf(t), 950)1) H)
G
= T[pngRg ° T(p’g)T[H (prv Xg )

Item (vi)
This is a direct consequence of (ii), (iv) and (v).

. (i) . _ v
Tiphe)TH © Tpnie o TyRE (X)) = Tiph,e)7TH (T(pyc(p,h))ngc(p,h)) o Tpie(X]) + [C(p,h) 1dpc(p,h)(x;’)] on e))
v

(v, . .
T R Ep ) © T Th 0 Tyie(X]) + [ dpCipy (X)) hel

\4

where the use of (iv) is possible because [C(p, h)‘1de(p,h)(XZ,7)] whe)

is a vertical vector in T(pp S tangent to G. O
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