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1. Introduction

In this paper, we continue the investigation started in [14] on a new approach to propose a framework in Non-
Commutative Gauge Field Theory (NCGFT) to construct “unifying theories”. This framework relies on Approximately Finite
dimensional (AF) C*-algebras (see [1,6,16] for instance). As explained in [14] (to which we refer for more details), the idea
is to take advantage of two features of AF-algebras. On the one hand, it is a direct limit of finite-dimensional C*-algebra,
which are, up to isomorphisms, finite sum of matrix algebras over C. So one has a way to “approximate” an infinite di-
mensional algebra by finite dimensional structures. On the other hand, NCGFTs have been investigated on algebras of the
type C*°(M) ® A (“Almost Commutative Manifolds”) where A is a finite dimension algebra and (M, g) is a Riemannian spin
manifold equipped with its canonical spectral triple. These NCGFTs are naturally of Yang-Mills-Higgs type, and the propo-
sition of a reconstruction of the Standard Model of Particles Physics (in [2] for instance, see also [19] and [20] for reviews
and references) shows the relevance and interest of this approach to Gauge Field Theories (GFT).

In the past, tentatives have been proposed to extend the framework of Almost Commutative algebras in order to go
beyond the Standard Model of Particles Physics, see for instance [11,17,18]. One can consider that the present work is
part of this line of inquiry, taking a different route. Namely, let A = U;>0.4; be an AF algebra, where A, are finite
dimensional algebras. It is convenient to describe A as the direct limit A = lim A, of the inductive sequence of the
finite dimensional algebras {(An, ¢n.m)/0 <n < m} where ¢y m : Ay — An are one-to-one unital homomorphisms that
satisfy the composition property ¢m.p o ¢nm = ¢n,p for any 0 <n <m < p. From these relations, one needs only to de-
scribe the homomorphisms ¢ n41 : An — Apt1. For any n > 0, let us introduce an odd (resp. even) real spectral triple
(An, Hn, Dn, Jn) (resp. (An, Hn, Dn, Jn, ¥n))- The purpose of the present paper is to define a good notion of compatibility in-
herited from the maps ¢n n+1 between these spectral triples such that one can consider the sequence {(An, Hn, Dn, Jn)}n>0
(resp. {(An, Hn, Dn, Jn, ¥n)}n>0) as a finite dimensional approximation of a limiting spectral triple (A, ?H,D, J) (resp.
(A,H,D, J,y)) on A. Thanks to the compatibility condition that is required between two successive spectral triples in
this sequence, their spectral actions can be compared so that a “Limiting Non-Commutative Gauge Field Theory” on A can
be considered (at least in a formal sense) which is approximated by finite dimensional NCGFTs.

From a physical point of view, one can consider our contribution as a proposal for a general framework to elabo-
rate NCGFTs in a GUT-like way. The usual GUT are based on a large gauge group from which, after applying successive
Spontaneous Symmetry Breaking Mechanisms (SSBM), one gets a smaller gauge group corresponding to the desired phe-
nomenology. In our approach, we consider two finite dimensional algebras .A and B, corresponding, in the usual NCGFT
approach, to two gauge groups (modulo the tensor product with the canonical spectral triple of a compact Riemannian spin
manifold). Let us denote by NCGFT 4 and NCGFTg the corresponding NCGFTs. If ¢ : A — B is a one-to-one homomorphism,
then NCGFT has a larger gauge group than NCGFT 4, which provides a GUT-like situation, and the former may contain
more degrees of freedom than the latter. In order to be able to compare these two NCGFTs, we introduce a constraint at the
level of the two spectral triples in the form of a notion of “¢-compatibility”. This notion of ¢-compatibility is proposed for
generic algebras in Sect. 4.1, but it reveals its true richness for AF-algebras, see Sect. 4.3.

As a matter of fact, two notions of ¢-compatibility are proposed: a so-called ¢-compatibility (Definition 4.2) and a so-
called strong ¢-compatibility (Definition 4.3), which is stronger, as its name suggests. The strong ¢-compatibility is more
natural from a mathematical point of view, and it has indeed been used in the literature (see for instance [3], [10], [7]).
For instance, in Proposition 4.6 we show how it is compatible with composition of operators and with adjointness, in
Proposition 4.12 we show that it constrains the K O-dimensions to be the same, and in Proposition 4.13 we show how it
is compatible with unitary equivalence of real spectral triples. But, strong ¢-compatibility is too restrictive from a physical
point of view, since, for instance, it imposes that the Dirac operator Dg cannot couple inherited and new degrees of
freedom at the level of B. From a physical point of view, ¢-compatibility looks more natural since it is based on constraints
on inherited degrees of freedom only, so that, for instance, it allows the Dirac operator Dg to couple inherited and new
degrees of freedom.

As mentioned in [14], we are not aware of any empirical fact suggesting that such a radical new approach could be
suitable for Particles Physics. Nevertheless the study of this mathematical framework reveals some relevant and compelling
structures, and we feel that the forecasted phenomenological investigations will make appear nice ways to explore different
kinds of unifications.

In [14], we investigated this framework using derivation-based noncommutative geometry, and we exhibited interesting
results from the point of view of the SSBM. In the present paper, we focus on the spectral triple approach. One main result
of the paper is the description of what can be called a “lifting” of arrows in a Bratteli diagram (which characterizes the given
AF-algebra) to arrows between Krajewski diagrams which describe finite dimensional real spectral triples. Another result is
the possible comparison between successive spectral actions defined by the spectral triples introduced in a compatible way
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in the sequence {(An, Hn, Dn, Jn)}n=0 or {(An, Hn, Dn, Jn, ¥n)}n>0. This comparison permits to get an idea of the physical
content of the “unifying” NCGFT that could be formally considered in the limit.

The paper is organized as follows. In Sect. 2, we recall some main facts about NCGFTs and spectral triples. Since this is a
well-known subject, we focus on the structures that will be used later in the paper, in particular the universal differential
calculus. In Sect. 3, we recall the classification of finite (real) spectral triples using Krajewski diagrams. We outline the steps
of this classification in detail since some intermediate results that lead to these diagrams will be used later. In Sect. 4,
we describe how to lift arrows in a Bratteli diagram to arrows between Krajewski diagrams. This results leads to the
construction of a sequence of NCGFTs on top of an AF-algebra. We focus mainly on the “one step structure”. Finally, in
Sect. 5, we show how spectral actions are related in this sequence, taking one step in this sequence as an illustration. We
show, in a formal way, that the spectral action at one step in the sequence is part of the spectral action for the next step. It
is out of the scope of this paper to construct realistic models. The physical implications of the corresponding NCGFT limit
will not be discussed in details in this paper: only some general results related to other works will be presented.

2. Spectral triples and gauge fields theories

In this section, we recall some main facts about the construction of Gauge Fields Theories from Spectral Triples. We also
take the opportunity to introduce notations for further developments. We refer to [4,13,20] for further details.

Let (A, H, D) be a spectral triple and denote by 7 : A — B(H) the representation on the Hilbert space H. This makes
‘H a left A-module. We will always suppose that A is unital, with unit 1. In the following, we will not need to consider
the analytic axioms since we consider only finite dimensional algebras and representations.

An even spectral triple (A, 7, D,y) is equipped with a Zj-grading linear map y on A such that y¥ =y, y2 =1,
yD+Dy =0 (D is odd), y7(a) =7 (a)y for any a € A (A is even). The grading y induces a decomposition H =HT & H ™
according to the eigenvalues 1 of y. Spectral triples without such a grading are referred to as odd spectral triples.

A real spectral triple (A, H, D, J) is equipped with a map J : H — H which is an anti-unitary operator: (Jy1, Jy2) =
(W2, Y1) for any vy, ¥ € H such that [a, Jb* J~1] = 0 (commutant property) and [[D, a], Jb* J~']= 0 (first-order condition)
for any a, b € A. The map H x A — H defined by (¢, a) — Ja* ]~ 1& defines a right module structure on # so that 7 is a A-
bimodule. We denote by a° the element in the opposite algebra .A° which corresponds to a € A.' Then, using a°® > Ja* ]!
as a left representation of .4°, 7 becomes a left A ® A°-module. We will frequently write a®y = Ja* ]~y = ya for any
ae A and v € H. We define A° := A® A°. An even real spectral triple is an uplet (A, H, D, J, y) with y as before. Notice
then that ya° =a°y for any a € A, and so y commutes with the left representation of .4° on .

In the odd and even cases, the K O-dimensions n mod 8 are given in Table 1, where the numbers €, €’,€” = 41 are
defined by the requirements J2 =¢, JD =¢'DJ, and Jy =€”yJ (in the even case). When J?> = —1 and # is finite
dimensional, then its dimension is even (see [20, Lemma 3.8] for instance).

Two spectral triples (A, H, D) and (A’, H', D’) are unitary equivalent when there exists a unitary operator U : H — H'
and an algebra isomorphism ¢ : A — A’ such that 7'0¢p = UnU~!, D’=UDU™', J=UJU"!, and y' = Uy U1, whenever
the operators J, J/, y and y’ exist.

A symmetry of a spectral triple is a unitary equivalence between two spectral triples such that H' =H, A" = A, and
/=, so that U :H — H and ¢ € Aut(A), ie. a symmetry acts only on D, J and y. In the following, we will only
consider automorphisms ¢ which are A-inner, that is, there is a unitary u € U/(A) such that ¢,(a) = uau*. This unitary
in A defines the unitary U =7 (u) Jr(u)J~! : H — H, which can be interpreted as the conjugation with 7 (u) for the
bimodule structure. A straightforward computation shows that U leaves | and y invariant, and the Dirac operator D is
modified as DY = D + w (u)[D, w W)*] + €' J (7w (W)[D, 7w (u)*]) J~!. The usual way to look at this relation is to interpret
the commutator with D as a differential: this expression tells us that D is modified by the addition of two inhomogeneous
terms of the form “udu~1". Notice that, depending on the sign of €’, these two inhomogeneous terms produce a commutator
or an anticommutator (from the point of view of the bimodule structure on #).

By definition, gauge transformations are inner symmetries of a spectral triple. In order to compensate for the inhomoge-
neous terms, we can use the same trick as in ordinary gauge field theory: add to the first order differential operator D a
gauge potential. To do that, we need a convenient notion of noncommutative connections. Let us consider the universal dif-
ferential calculus (f;(A),dy). A noncommutative connection is defined as a 1-form w = Z,-a?dua,-l € QL(A) (finite sum).
Elements in the vector spaces Qf,(A) can be represented as bounded operators on # by

mp(Xiaddyal - -dyal) =3 (@)D, 7 (@)]--- [D, 7 (@]

Notice that the map 7p is not a representation of the graded differential algebra Q7; (A). In particular, dy is not represented
by the commutator [D, —] as a differential. The representation 7p can also be used to represent n-forms on the right module
structure of H by Y; a?duai1 --dyal — Jmp (Zl a?duail -~~dua?) J~1. The map mp may have a non trivial kernel, this is
why we will prefer to use w € Qlu(.A) instead of 7rp(w) in some forthcoming constructions.

1 A~ A° as vector spaces by the formal map A >a > a° € A° and the new product in A° is a°bh° := (ba)°.
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Table 1

K O-dimensions of real spectral triples.
n 0 1 2 3 4 5 6 7
€ 1 1 -1 -1 -1 -1 1 1
€ 1 -1 1 1 1 -1 1 1
€’ 1 -1 1 -1

Given D and w € Qg,(A), one defines the operator Dy, := D + mp(w) + €' Jmp(w) ]~ 1. By a gauge transformation u €
U(A), D, is transformed into

(Do) =D + w(W)mp(w)m (u)* + w W)[D, 7w (u)*]
+ € JrWmp(wm @) J 7+ € Jr @)D, ww)*1) 7.

This relation can be written as D, where o € Q! y (A) is a gauge transformation of w defined as " := uwu* 4+ udyu*.

In the following, we will need a convenient presentation of the differential graded algebra (2, (.A) dy). We follow the
presentation in [12].> For any n >0, let 7" A := A2 and let T* A = ®n>0 T"A. This is a graded algebra for the product
TAQTY A— T A defined by @®°® - @ d")(@°® - ®ad") =a’®--- ®a"d’®--- ®a’™. In particular, T*A is a
bimodule over A= TPA. Define dy : 7" A — T"t1 A as

dU(ao®"-®an):]1®ao®...®a"
+Z?y 1(—1)pao®~-.®aP*]®]l®ap®_“®an
+-D"d’® - ®@d 1.

Then dy is a derivation of degree 1 on the graded algebra 7°A such that df, =0. Notice that dy(a) =1 ®a—a® 1 on
TOA. It is convenient to introduce the maps i} (@°®---®a") :=a"® - ®P '®1®w’ ® - -®ad" forany p=0,...,n+1,
with the convention that for p = 0, the tensor factor 1 is added before a® (for p =n + 1, it is added after a"). Then
dy =Y pEp(-DPif T A— THHIA

Let p: 7' A — T°A be the multiplication map a® ® a' ~ a%a!, and define Q};(A) :=keru C T'A. Then dy maps
T°A into };(A) and Q) (A) is generated, as a bimodule on A, by the dya's for a e A2 Let QY (A) := A and QF(A) :=
QL(A) QA R QU(A) (n times tensor product over \A) for any n > 2 and Qf; (A) := ®n>0 Q (A) Equivalently, Q‘ (A) is
the graded sub-algebra of 7°.A4 generated by QO (A) and 91 (A). One can then check that Q” (A cCcT'Ais generated by
the a®dya’ ---dya” for a°,...,a" € A, so that dy restricts to maps Q7 b (A — Q”“(A) and then (2};(A), dy) is a graded
differential sub-algebra of (T'A, dy).

Let us consider the case A = ®]_; A;, where A; are unital algebras with units 1 4,. It will be useful in later discussions
to use explicit presentations of (7°A, dy) and (2};(A), dy) constructed as follows. Let

a0 - 0
Oay - O
04 .= . la=®[_jaie A
00 - ar
For any n>1 and any 1 <ig,...,ip <r, let us introduce the notation A® = Ay ® - ® Aj,. Now, let ‘Iﬂ ”__i,HA be the
set of matrices with entries in .Al iin_g,j AL TOW i and column j. This can be schematically visualized as
® ®
‘A] Li1,eenin_1,1 ‘Al Li1,eeesin—1,2 ‘Al 11 win—1.1
A2 J1yeenin—1,1 AZ i1,....in—1,2 o Aza"]a---yin—hr
® ® ®
‘Ar i1,0enin_1,1 Ar i1,0nin-1,2 77 Ar i1,0enin_1.1

where the first and last algebras in the tensor products will play a crucial role in the following. Combining the products
AZ @AY — A%,
n—1,

ii,. ke, 1o —1s N R K TTN R % T Jur—1:J?

defined by the product in 4, and the usual rules for matrix multiplications, one gets products

2 We owe this presentation to Michel Dubois-Violette.
3f Y0 ®al € T1A s such that (300 ®@al) =" a%! =0, then 3 @l =30 @ ®d! —a! @ 1) =3, d¥dyal.
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T AT Ao e, T A

peensdn=1Y S 1, j"/ i1,esin—1,K, j1,0e, Jn'—1

Let us introduce
TA = @?l;m,l’n—lil 511'11,...,1',171“4 and T°A:=®n=0T"A

then T°A is a graded algebra for the global product induced by the products defined above. Explicitly, for &

0
5 P l’n71:1 (aio ®
lg...d" 'ea ) r 0 1 &...ap'—1 n " / . . enan
[,Jil ®--- 0, ®ain)io,in=l €T"A and ®jla~~~=jn’—1:] (bjo ®b11 ® ®bjn’—1 ® bjn’)j(lvjn’:] € 3" A, their product in T.A
1S

0 1 -1 0 1 '—1 \NT
iprin, (0 ® @ @@ ®dj by ®bj ®---@b] T @b} ), @1
J1seees ]'nL]:]

Let u be the component-wise product on T!.A. Since multiplications by elements in .4; and A; are zero for i # j, the
resulting matrix is diagonal, and so one gets a natural map p: T'A — TOA. Let ], (A) :=kerp C T' A and @ (A) C T°A
be the graded sub-algebra generated by SZ?, (A):=%%4 and SZb(.A). For any p=0,...,n+ 1, define ii :‘3'171. A

P P |

r n+1 ; H N Wi io il — oy P ; ; ;
S/ Iil,...,ipq,k,ip....,inq'A by inserting 1 = @ _; 1 4, component-wise, i.e. iy = ®;_,; i, with obvious notations. Then one

can define dy := Y0 (- 1P if : TWA — THIA,

Proposition 2.1. The map dy is a differential on T°* A and there is an isomorphism t : T* A — %°*A of graded differential algebras
which induces an isomorphism of the graded differential (sub)algebras Q{; (A) and 7, (A).

a - 0

Proof. For n =0, one defines t(®_, a;) = € T A for any @®]_,a; € A. For n > 1, consider any A - s U=
0 - ar

T"A with a? = @]_; alp where alp € A;. Expanding the tensor products along these direct sums, one gets a sum of terms of
the form a) ®---®a} € AY . that we assemble as elements in 7 ; .A. This defines the map t: 7"A — T"A, which,
for any n > 0, is by construction an isomorphism of vector spaces. A straightforward computation shows that the product
on T°*A is such that t is a homomorphism of graded algebras.

By construction of i, one has toif =il ot, so that dy is a differential on T*.A and ¢ is an isomorphism of differential
algebras.

Finally, the map g has been defined such that t o 4 = g ot so that ¢t identifies Q}](.A) with SZ},(A). and so Q7 (A) with
QA). 1

Notice that, with 1 :=t(1 ® 1) € T' A, one has dyt(a) = [T, t(a)] for any a € A.

We now suppose that there is an orthogonal decomposition of the Hilbert space 7 = @]_; H; such that the representa-
tion decomposes along 7 = ®]_, 7r; where 7; is a representation of .4; on H;: forany ¥ =®|_, ¥i e H and a=®]_, a; € A,
7 (a)y = ®]_, i(a;)¥;. Then the Dirac operator D decomposes as a r x r matrix of operators DL :H; — H;.

We propose to write the representation wp as follows. Consider any w € @, (A) C T"A which decomposes along a sum

of typical terms Gatr],m,in_]:l (a? ® a}] R ® a?nj ® a’}):,jzl € T"A. Then mp(w) is the r x r matrix of operators

ji_ r 0pni1 1 pi2 in-1,_n—1pnJ n.ay. .
@)=Y i .i,=10Djal DD a! D] dliH;— H (2.2)
all terms at the
(i, j) entry in ®
Notice that, since @ € Q{,(A), these sums define bounded operators because only commutators [D,a] could appear in
7tp(w) (this is not necessarily the case for a generic element in T"A).

3. Normal forms of finite real spectral triples

In this section we recall all the important facts about finite real spectral triples that will be needed later. In particular
their classification by Krajewski diagrams [9] (see also [20], in which a sketch of this classification is given). All the missing
proofs of the results presented below are given in [15] with the same notations.

Many results rely on the following well-known technical result, which results from the existence of cyclic vectors in C"
for the matrix multiplication:

Lemma 3.1. For any n > 1 and any vector space V, a linear map ¥ : C" @ V — C" ® V such that ¥(a& ® v) = a¥ (¢ ® v) for any
aeM(C), e e C"and v € V, reduces to a linear map ¢ : V — V such that ¥(§ @ v) =& Q p(V).

5
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3.1. Finite spectral triples

A spectral triple (A, H, D) is said to be finite if A is a finite dimensional involutive C-algebra and # is a finite di-
mensional Hilbert space on which A is represented. The faithful representation 7 of A on H will be omitted when no
confusion is possible. By the Wedderburn Theorem, the algebra is of the form A = @i_; My, (C). In the following, we will
write A; = My, = My, (C) since no other matrix algebras will be considered. Let ' A; — A be the canonical inclusion and
i : A— A; be the canonical projection.

Consider the set A :={ny,...,n;} of irreducible representations (irreps) of .4, where n; is a short notation that des-
ignates at the same time the integer n; defining the irrep (on the space C") and the integer i (the same that appears
in A=@®]_, My,). A is completely defined by A and, reciprocally, A = @[_, My, can be recovered from A. Denote by
Hun; ;= C™ the irreducible representations (irreps) of the 4;’s, and so of A.

The Hilbert space H can be decomposed into orthogonal components ﬁni = 1(Aj)H, so that H = ®_, 7—7,,,.. Define
L%{ :ﬁm — H and niH TH— ﬁni the natural inclusions and (orthogonal) projections. Then there are integers u;, the
multiplicities of the irreps, such that 7—Aln1. >~ Hy, @ CHi = C™ @ CHi, So, up to unitary equivalence, the Hilbert space H
can be decomposed as H ~ @]_; C" @ C*i and we now suppose that a unitary map has been chosen such that ﬁni =
C" @ C* 4 If one requires a faithful representation of A, then w; > 1 for all i.

In the even case, one has:

Lemma 3.2. y decomposes along a family of linear maps ¢; : CH* — CHi such that y (& ® 0;) = & ® Li(0;) for any & ® o €
C" @ C*. This family satisfies Z}L =¢iand 2 = 1.

Let us consider any orthonormal basis {Uip}lspsui of CHi, Then, for any 1 <i <r, let FES) ={(@{,p)|1=<p=<pw}, and for
any v=(i,p) € FES), define A : F,(,?) — A as A(v) :=n;. Notice that u; = #Fff?). For any v e FES), we then define
Hy :=Span{§; ® aip | & € CMi} ~ Hp,

In the even case, we require the basis {aip }1<p<p; to be eigenvectors of ¢; with eigenvalues sf’ = =£1. Then y restricts to

the multiplication by sf’ on H, with v = (i, p). We define s(v) = sf for any v.

The map X is extended in an obvious way on the set '@ := Ulf:ll*ig) and there is an orthogonal decomposition of H
into irreps H = @, cro Hy. Let e = (vq,v2) € '@ x IO, then the Dirac operator decomposes along maps De : Hy, — Hy, .
With & := (v, v1), DY = D is equivalent to D; = DZ. In the even case, y D = —Dy implies that s(vy)De = —s(v1)De, so that
D is non-zero only when s(vy) = —s(vy).

The previous decomposition of the spectral triples (A, H, D) or (A, H, D, y) can be summarized using a decorated graph
I', a so-called Krajewski Diagram, together with A:

1. The set of vertex I'©® of the graph is equipped with a map A : I'® — A. By a slight abuse of notation, the map A will
sometimes be used in the compact notation C*() = C", We will also use the map i(v) :=1i for A(v) =n;.

For any vertex v € I'©, define H, :=H; ) = C*). The element A(v) € A is a decoration of the vertex v.

. For any n; € A, define F,(,?) ={velQ|xv)=m}=2"Tmy) and p; := #Fﬁ,?).

. In the even case, a second decoration is the assignment of a grading map s(v) = £1.

. For every e = (v1,v2) e IO x TO et & := (vy, v1).

. The space I'D c T'©® x '@ of edges of the graph are couples e = (v1, v2) such that:

oA W N

a. there is a non-zero linear map D. : Hy, — Hy, such that Dz = DZ 1 Hy, = Ho,.
b. s(vy) = —s(vq) in the even case;

Then D, defines a decoration of e.
Given such a Krajewski Diagram, one can construct a spectral triple up to unitary equivalence.
3.2. Finite real spectral triples

Let us now consider (odd) finite (resp. even) real spectral triples (A, H, D, J) (resp. (A, H, D, J,y)). The Hilbert space
H is then a bimodule over A = &;_; My, or equivalently a left .A°-module, with A® = & ;_; Mp, ® My . This implies that

‘H decomposes into orthogonal components ﬁ“i“j = Li(.Ai)Lj(.Aj)OH, so that H = @] =1 7?[,,,.“)..

4 For sake of completeness, let us mention that the scalar product of this decomposition is the usual one: (¥, ¥')3 = i i &)cni(oi,0f)cmi for any
¥ =@]_, & ®0; (and the same for ') where & € C" and o; € C*i.
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Denote by cmT (T for transpose) the m-dimensional C-vector space of row vectors, which is a natural right M,,-module,
and denote by C™ its corresponding left Mg,-module.” Let us recall the following result:

Lemma 3.3. For any integers n, m > 1, the irreducible left M, ® Mp,-representations are isomorphic to C" @ C™°.

Let p;; be the multiplicity of the irrep Hp;n; := C" @ C"i° of My, ® M,‘;J_ and so of A€, in H. Then one has ﬁninj ~
Hnn; ® CHi = CM @ CHi @ C"°, so that H ~ @} =1 C"i @ CHii @ C™°, In the following, we suppose that a unitary map
has been chosen such that ’Hnl.nj =Cni @ CHij @ Cn°b

Denote by Jo the anti-unitary operator on C" @ C#* @ C™° defined by ¢ 0 ® n° — £ ® & ® 71° where & is the
entrywise complex conjugated vector (the same for & and n ) Then Jo extends naturally to 7 as an anti-unitary operator
which preserves each summand Hn ;n; and one has ]’ = Jo.” We will use the natural notation Jo(y) =1 for any v € H.
Define K := ] Jo, i.e. ] =K Jo. For any a = ®]_, a; € A, define al = =0_, al where al = Joaj Jo is the transpose of a; € Mpy,.
For any operator A on H, define A := JoAJo (if A is written as a matrix, A is the entrywise complex conjugate matrix,
whence the notation). The following result gives an explicit description of J that will be used in Sect. 4:

Proposition 3.4. K is a unitary operator on H such that KK = KK = €. Forany 1 <i, j<r, K(?—Atn,.nj) = ﬁnjni, so that 7—7,,1.,,]. and
Hn;n; have the same dimension, i.e. they correspond to the same multiplicity pij = [ ji.

There is a linear map L;j : CHii — CHi satisfying LT. =L Vand LjiLij = LjiLij = €, such that, for any & ® 0i; ® UHIS ﬁn,-nj,
K¢ ®oij® 77]) =1n; ® Lij(0ij) @ &/

For any §; ® 0ij ® 11 € Huyn;, one has J(§ ® 01 @ 17) =1 ® Lij(0i) ® £

In the even case, the following result gives an explicit description of y:

Proposition 3.5. In the even case, there is a family of linear maps ¢;j : C*i — CHii such that y (& ® 0jj ® r]]?) =& ®¢ij(0ij) ® n;?
forany & ® 0ij ® n;’ € ﬁninj. This family satisfies E}Lj = {;j and éizj =1.

Let us now describe, in the following two propositions, the key constructions which lead to the classification of finite
real spectral triples. The content of these two propositions will be useful in Sect. 4.3.

Proposition 3.6. Consider the odd case situation.
For 1 <i# j <r, there is an orthonormal basis {a }1<P<Mu of CHij such that O' = LU(O' ) and O' =€ ij(Eﬁ?i)for anyi<j
and any 1 < p < Wji = [Lij.
Fori = jand € = 1 (K O-dimensions 1 and 7), there is an orthonormal basis {0} }1 <p<y;; of CHii such that o} = Lii(@}).
For i=jand e = -1 (KO-dimensions 3 and 5), wi; is even and there is an orthonormal basis {O’f;}lSPSM“ of CHii such that
= Ll,(aza 1y and aza T_¢ L,,(cr N foranya=1,..., Lij/2.

Proposition 3.7. Consider the even case situation.
For 1 <i# j <r, there is an orthonormal basis {o }1<p<MU of CHii of eigenvectors of £;;j with eigenvalues s = %1 such that
= L,J(a ) ando —ELJ,( )foranyl <], ands —e”sfj
Forz =], e =1, and e = 1 (I(O-dimension 0), there is an orthonormal basis {ai’i’}lgpfu“ of CHii of eigenvectors of £;; with

eigenvalues s = =+1 such that o = L,-i(Ef’i).

Fori=j and €=—-1(KO- dlmensions 2and4),ore =1and €” = —1 (KO-dimension 6) J4ii is even and there is an orthonormal
basis {cr” h<p<u;; of CHit of eigenvectors of £;; with eigenvalues s = =1 such that cr = L,,(_za b, 02“ 1= =€ L;j(07; “) and
52‘7 € 52” Lforanya=1,..., wii/2. In K O-dimensions 2 and 6, one can choose the basts such that 52“ =+1and 52‘1 T=_1.

The proofs of Proposition 3.6 and 3.7 can be found with the present notations in [15]. They are adapted from [20].
Let us just mention some points that will be used later (see proof of Proposition 4.27 in Sect. 4.3). For 1 <i < j <r, the
orthonormal basis {05}1§p§mj of CHii can be chosen with few constraints, and we construct from it the basis {aﬁ =

Lij(gg)}lspsuﬁ of CHii, In that construction, some free choices can be made for later purpose. For i = j, the proof relies

5 CM~C™M as column vectors by the formal map C™ 5 £ > £° € C™ and, for any a € My, and £ € C™, a°£° := (¢ Ta) .

6 The factor C*i has been positioned in the middle to put forward the bimodule structure. In the proof of Proposition 4.27 it will be convenient to
change this convention.

7 Notice that Jo depends on the canonical basis for the vector spaces C", C* and C™. But any fixed orthonormal basis could have been used.
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on an iterative construction of the basis {Uill?}lfpfl/«ii of CHii using properties of the map L;; (and ¢;; in the even case). Here
again, some free choices are allowed at all steps.

We are now in position to use these results to decompose in a suitable way the Hilbert space H into irreps. We already
know that H = 69?,;‘:1 7'Aln,-n,- and that 7—7,,,.,,]. =C" @ CHi @ C"°. Using the orthonormal basis {65}15,,5”,.]. of CHii given
in Proposition 3.6 or Proposition 3.7, let us define

H, :=Span{§ ® ai‘j’ ®n3 | & € C" and 0% € C"°) ~ Hyyn, (3.1)

We have then the orthogonal decomposition of # along irreps: H =@, cro Hv.
Consider first the odd case. For any 1 <i, j <r, define the set Ff,%j ={@,p,j) |1 <p=<p} and for any v=_(,p, j) €

FE,%J., define A, p : Fﬁ,%j — A as A(v) :=m; and p(v) :=nj. Notice that w;; = #Fﬁ,%j. Define « : Fﬁ,%j — Fﬁg,)ni as k(v) :=

(j, p,1) for any v = (i, p, j). These maps induce an involution on I'® := Uf,j:]l"f,%j with the property Aok = p (and so

pok =2x), where &, p:T© — A are defined in an obvious way. This involution encodes some properties of the family of
maps Lij, and so of the map J: Hy — Hyv) for any v e 'O,

In the even case, the basis in Proposition 3.7 are composed of eigenvectors of y, and by construction, y is the multi-
plication by £1 on every #,. We define a grading decoration of v as s(v) = £1, which is the eigenvalue of the associated
eigenvector. Notice then that s ok =¢€”s as can be checked in Proposition 3.7. The grading decoration s fully determines y.

The Dirac operator decomposes along the orthogonal subspaces H, as D¢ : Hy, — Hv, where we define e := (v1,v3) €
Ir'® » 1O With &:= (v,, v1), D' = D is equivalent to D; = D}. Moreover, the first-order condition imposes some restric-
tions on the e = (vq, v3) such that D, # 0 (see below). Let x (e) := (k(v1), K (v2)). Then the relation JD =€’D J implies that
D, and Dy () are related by J and €’ (an explicit expression is given below). In particular, they are both zero or non-zero
at the same time. In the even case, the relation y D = —Dy implies that D, is non-zero only when s(vy) = —s(v1).

Let us abstract the construction using a decorated graph I, together with A and the K O-dimension d.

1. The set of vertex I'® of the graph is equipped with two maps 4, p : T@ — A x A, that we write as a single map
Typ =X x p, and define i(v) :=1i and j(v) := j for m,(v) = (n;, nj).

2. There is an involution « : '@ — '@ such that A o ¥ = p and such that x (v) = v when A(v) = p(v) in K O-dimensions
0, 1, and 7.

3. For any vertex v € 'O with 7;,(v) = (n;, nj), define Hy := Haw)p) = C*V @ CPWV° = C" ® C"°. The element
(nj,nj) € A x A is a decoration of the vertex v.

4. Define I‘igz,j ={velQ|m,(v)=m,n)}= n)fpl (nj,nj) and pij = #Fgﬁ,}..

5. Define &y : Hy — Hivy as Ky(EV @7nW°) =M @&Me for any £V € C*Y) and n° € CPV)°, Notice that Ky (y) oKy =
Idyy, .

6. If the KO-dimension is even, a second decoration of each vertex is the assignment of a grading map s(v) = £1 such
that sokx =€”’s.

7. If the KO-dimension is 2, 3, 4, 5, or 6, then w;; is even and another decoration of each vertex v € Ff,?},i is the parity

x(v) =0,1 such that x (k(v)) =1— x(v), so that half of the vertices in F,(,?)ni are decorated by the value 0 (resp. 1).
8. For any v € '@, define

1 fori(v) < j(v),
cv.d) = € fori(v) > j(v), (32)
RS fori(v) = j(v)andd =0,1,7, ’

eX) fori(v)=j(v)andd=2,3,4,5,6.

One can check that €(v, d)e(k(v),d) = € for any v € ['®,
9. For every e = (vq,v2) e 7@ x T'O et & := (vy, v1) and k(e) := (k(v1), K (v2)).
10. The space I'D c T'©® % 1 © of edges of the graph are couples e = (v1, v3) such that:

a. A(v1) =A(vz) or p(v1) = p(vz) (or both);
b. s(vy) = —s(vq) in the even case;
c. there is a non-zero linear map D. : Hy, — Hy, such that:

i. Dg =D} :Hy, — Ho,:

ii. Diey=€€(v1,d)e(Va, d) Ky, JoDe JoKic(vy) : Hic(vy) = Hic(va)s
iii. For A(v1) =X(v2) and p(v1) # p(v2), De =1y, ® Dre With Dpe: CMi1° — C"i2°;
iv. For A(vq1) #A(v2) and p(v1) = p(v2), De =D ® Jlnj] with Dy : C"i1 — CMiz,

Then D, defines a decoration of e.
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Fig. 1. A Krajewski diagram for the algebra My, & My, & My, in the 3-dimensional representation explained in the text. The component D, (resp. De,) of
the Dirac operator joins two irreps with same A (resp. same p); D¢, and De, join irreps with the same X and p, but D, can be non zero only in the odd
case. The maps ¥ realize the axial symmetry defined by the dotted line in the A lattice.

@

Re'lj, as a sumless Sweedler-like notation®

For any & ® nj’ € Hy,, it is convenient to write D.(§;; ® ’7;1) = (1)&1 ®D
where there is an implicit summation over finite families of operators D(Lg C"1 — C™2 and Dg)e CMi1° — C"2°, In the
previous points 10.c.iii and 10.c.iv, this decomposition is explicitly given (summation reduced to a single term).

One can see T'© as a set of points on top of the points A x A, where the (down) projection is myp. Each point in

FE,%J = nm (nj, mj) is a copy of the irrep Hp;n;: we can look at v as an element of the “fiber” Ff,?},j on top of (mj,n;).

The edges in I'D, once projected in A x A, connect points horizontally, vertically or self-connect a (projected) point. A
convenient representation of I' is then a 3-dimensional set of points decorated by some values (as seen above) and linked
by decorated lines, see Fig. 1.

These data completely determine a real (odd or even) spectral triple A vertex v € I'©® defines the irrep 7, with mul-
tiplicity w(v) := #F(O) (v SO the Hilbert space is H = ®,.r0 Hy = 1]:1 Hnn; With Hpp, = C" @ CHi @ C"°. Any
operator A on H decomposes into linear maps A‘,2 T Hy, = Hy,.

It will be useful to describe the representation 7 along these two decompositions. For any a = ®]_,a; € A, any v =
(i,p. ), and any ¥ = @ycro Yy = B ;_; 6 ®0y; ®n;’ with ¢y € Hy = C*V @ CPV)° and & @0 @13 € Cl @ CHi @ C°,
one has w(a)y = ®,cro Gi)¥v = 1(al$,) ® o ® 77] where a;()¥y is the multiplication of the matrix a;() on the left
factor of C*V) @ CPWV)° and aisf is the usual matrlx multiplication on C™. In other words, the decomposition of the
operator 7 (a) along the H,’s is

n(a)z; = a,-(vl)(S\‘,’; S Hyy = Ho,y (3.3)

(where 8:,’2] is the Kronecker symbol). In the real case, for any a = @®/_,a; € A, any b = ®§=1 bje A, and any v, € Hy, one
has ab®yry = ajv)b$,, ¥v € Hy (7 omitted) where b$, acts on the right factor of C*V) @ CPW)° (see footnote 5). A similar
relation holds on C™ @ CHii @ C"i°.

In the even case, y is determined as the multiplication by the decoration s(v) = =1 on H,. The real operator J is
reconstructed by the family of maps

vi=¢€(v,d) .]OI/{\V =€(V7d)//(\v]0 CHy = Hiew)

or, equivalently, with i =i(v) and j = j(v), and any & ® n;? eHy, JE® r);?) =e(v,d)n; ® §i° € Hiv). In other words,
vy = €1, d)8LL, ) Jok, .

The Dirac operator is reconstructed by the decorations D, of the edges e € 'V, Introduce an orthonormal basis for each

CHi and label all these basis vectors in the union of all the C*ii’s as {0y}, : for any v € Fﬁ,%j, oy is an element of an

orthonormal basis of CHii, We use the identification H, = Span{é ® oy ®1° | § € C*™) p° e CHYI°), For any e=(vi,v2) €
r'D with v I‘f,?)n] and vy € Fn, nj,» define De: ’Hm nj, = Hn, n;, for any & € C"1 and n° e C"i1°,

8 This notation is usual for computations on coalgebras.
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Bt ®0 ®n°) = 0 ifv+#vy
¢ Y (D& ® 0y, ® (Dn®) ifv=v1.

Then D is completely given as a matrix with entries f)e in the decomposition H = EB{_]-Zl 7—7,,1.“1..

One can write a specific version of (2.2) for the decomposition H = &, .ro Hy in terms of the operators D, for e € r,

For any @ € Qf;(A) C T"A which decomposes along a sum of typical terms eB,Tl =1 (a? ® a}l R -® a?nj ® a?);j:1 €

%" A and any vg, v, € I'©, one has

n_ 0 1 -1 .
50 - V1 Vp—1€0O Yi(vg) ¥ (v1,vo)Yi(vy) F(va,vy) ° 77 ?(v",l) Vn,Vn-1 ?(Vn) - Ttvp Vo
7p(®) E > © a D )a D¢ yoo-a D¢ )a Hy, > H

all terms at the
(i(vg),i(vyp)) entry in @

(3.4)

In this formula, one supposes D(y,,, v,y =0 when (viyq, vj) ¢ V.
4. Lifting one step of the defining inductive sequence

In this section, we study the “lifting” to spectral triples of a one-to-one homomorphism ¢ : A — B. As explained in
Sect. 1, the main idea, which is central in our paper, is to define a notion of ¢-compatibility for the structures defining
spectral triples (A, H.a,D 4, Ja,y4) and (B,Hg,Dg, ]B,yr) on top of A and B. This construction, applied in Sect. 4.3
to AF-algebras, can be interpreted as a lift of arrows in a Bratteli diagram to arrows between Krajewski diagrams.

4.1. General situations

The first structure to consider are the Hilbert spaces H 4 and #g, that we can consider as left modules on A and B
via their corresponding representations that are not explicitly written in the following. Similarly to [14, Definition 15], we
introduce the following definition:

Definition 4.1. A morphism (bounded linear map) of Hilbert spaces ¢ : Ha — Hp is ¢-compatible if ¢y (ay) =
¢(a)py (¥) for any a € A and € H 4 (the representations w4 and 7 are omitted in this relation).

In this definition, we suppose that ¢, is only a bounded linear map: we look at the category of Hilbert spaces as a
dagger category. But in order to get some useful results, we will assume later that ¢4 is an isometry (see Sect. 5.1).
Given the morphism ¢ : H4 — Hp, one can decompose Hg as Hp = ¢ (Ha) ® ¢ (H4)" in a unique ¢y-
dependent way, where ¢, (H_4) = Ran(¢) is the range of ¢4,. This implies that any operator B on Hp can be decomposed
B? BL
as B = ( jj ﬁ) with obvious notations, for instance B$ (9 (H )t — ¢ (H.4). In this orthogonal decomposition, one
BL BL

g pot
has BT = ( fT jf>
B, BT
Definition 4.2 (¢-compatibility of operators). Given two operators A on H 4 and B on Hg, we say that they are ¢-compatible
if ¢ (AY) = BSpa, () for any v € H 4 (equality in ¢py (H.4)).
This definition makes sense since both sides belong to ¢3;(# 4). Notice that, by an abuse of notation, we use the

terminology “¢-compatibility” but this notion depends on the couple of maps (¢, ¢3;).
One can define a stronger ¢-compatibility between A and B:

Definition 4.3 (Strong ¢-compatibility of operators). Given two operators A on H 4 and B on Hp, we say that they are strong
¢-compatible if ¢p9;(AY) = By (¥) for any ¢ € H 4 (equality in Hpg).

Remark 4.4. Notice that these two ¢-compatibility conditions imply that Ker ¢4, C Ker¢yy o A, since, if ¢ € Ker ¢y, then

0= Bzzpﬂ(tp) = ¢4, (Ay) in the first case, and similarly in the second case. A sufficient condition for this to hold for every
A is to require ¢3; to be one-to-one. [J

Remark 4.5. Definition 4.1 implies that 7 4(a) and wg(¢(a)) are strong ¢-compatible for any ae A. O

The following Proposition gives other consequences of the two definitions, where diagonality refers to the previously
defined 2 x 2 matrix decomposition.

10
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Proposition 4.6.

. ¢-compatibility and strong ¢-compatibility are stable under sums of operators.

. Compositions of strong ¢-compatible operators are strong ¢-compatible (this is not necessarily true for ¢-compatible operators).

. If Aon H 4 and B on Hp are strong ¢-compatible then B‘j’_ =0.

. Strong ¢-compatibility implies ¢-compatibility.

. IfB’ﬂ =0, the ¢-compatibility implies the strong ¢-compatibility.

. When B is self-adjoint, strong ¢-compatibility implies that B is diagonal.

. If Aon H 4 and B on Hp are strong ¢-compatible and A and B are unitaries, then AT and BT are strong ¢-compatible and B is
diagonal.

NG AN W N~

o ¢ 0
8. Forany a € A, the operator tg o ¢ (a) on Hp reduces to a diagonal matrix w3 o ¢ (a) = (ﬂs @y )

0 mop@T

Proof. Point 1 is obvious by linearity of the compatibility conditions and the matrix decompositions. For point 2, let A1, A3
be two operators on H 4 and Bi, B, two operators on Hp which are strong ¢-compatible with A; and A; respectively.
Then for any ¥ € H 4, one has ¢ (A1A2¢) = B1¢p3(A2¥) = B1Bag3 (¥) so that A1A; is strong ¢-compatible with BqB;.
For ¢-compatibility, this line of reasoning is not possible in general.

One can identify ¢, () with ("’Ho“”) € pp(HA) ®pp (H )T =Hp (resp. ¢y (Ay) with (ngm)), 50 that B¢z, (1)
B g2 (¥)
B ¢3 (V)
Bﬁ t o (Ha) — ¢ (H 4) is completely determined by A and ¢4, while the strong ¢-compatibility condition implies firstly
that ¢ (AY) = Bi(py(l[/), and secondly that B‘ﬂ t o (Ha) — ¢y (H)T is the zero map, which is point 3. So, using

these results, one gets that the strong ¢-compatibility implies the ¢-compatibility condition (which only constrains the Bg

@
identifies with (%ﬁ:“’”) while B¢y () identifies with ( ) The ¢-compatibility condition implies that the map

@
component of B), which is point 4. For point 5, from B"i =0 and ¢y (AY) = Bﬁd)y(lﬁ), one gets Boy (V) = (5;’2“?;;) =
1PH

¢
(B¢¢’O*(‘/’)) = (¢” E)A‘”) = ¢ (Ayr), which is the strong ¢-compatibility condition.

Point 6: if B is self-adjoint, the condition B = Bf implies Bf = qu =0, so that B is diagonal.

Point 7: if A and B are unitaries, then ¢ () = ¢y (ATAY) on the one hand and ¢ () = BTBgy () on the other

hand, so that ¢, (ATAY) = BTBgy (v) = Bl (Ay). Since A is invertible, any v’ € 4 can be written as ¥’ = Ay, so that
1. (ATy) = BTy, (y) for any v, which proves that AT and BT are strong ¢-compatible. The strong ¢-compatibilities implies
B =0 and (B"? =B, =0, and so B is diagonal.
TBog(@)) TEoP@;
TBop(@) TEop@
¢-compatible with 7 4(a), so that 73 o ¢(a)‘ﬁ =0. Since 3 0 ¢ (a*) = w5 o ¢ (a)T, this implies that 75 o ¢(a*)$ =0 for any
a, so that g o ¢ (a) reduces to a diagonal matrix. H

Point 8: let us use the notation 3 o ¢(a) = ( ) for any a € A. From Definition 4.1, 75 o ¢(a) is strong

B? BL =~ ¢
One can associate to B = (Bg B"i) the operator BY = (Bo¢ g). Then the ¢-compatibility between A and B is equivalent
1 -1

to the strong ¢-compatibility between A and ﬁi.

Definition 4.7 (¢-compatibility of spectral triples). Assume given a ¢-compatible map ¢ : H 4 — H3.
Two odd spectral triples (A, H 4, D 4) and (B, Hp, D) are said to be ¢-compatible if D 4 is ¢-compatible with Dg.
Two real spectral triples (A, H.4,D 4, J4) and (B, Hp, Dp, Jg) are said to be ¢-compatible if D 4 (resp. J4) is ¢-
compatible with Dg (resp. Jg).
In the even case for A, one requires that B is also even and that the grading operators y 4 and yp are ¢-compatible.

Strong ¢-compatibility of spectral triples can be defined in an obvious way.

Remark 4.8. Notice that strong ¢-compatibility of spectral triples is similar to the condition (3) given in [7, Def 2.1] where
their couple (¢, I) corresponds to our couple (¢, ¢3). We depart from this paper where inductive sequences of spectral
triples are studied in the following way: we will restrict our analysis to the algebraic part of spectral triples since only
AF-algebras will be considered later, so that the analytic part is quite trivial in our situation, and we will focus on gauge
fields theories defined on top of spectral triples. For instance, conditions like (ST1) (about the x-subalgebra .4°°) and (ST2)
(about the compactness of the resolvent of the Dirac operator) in [7] will not be considered here. Other papers use also this
notion of strong ¢-compatibility, see for instance [3] and [10]. But, since we are interested in accumulating “new degrees

11
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of freedom” along the inductive limit, the ¢-compatibility condition will be more relevant than the strong ¢-compatibility
condition in that respect. [

Since J 4 and Ji define A® = A®.A° and B¢ = B® B° modules structures on H 4 and Hp, it is convenient to express ¢-
compatibility in terms of this structure. The homomorphism ¢ defines a canonical homomorphism of algebras ¢° : A° — B°
by the relation ¢°(a°) := ¢ (a)°. We then define ¢°: A° — B° as ¢ :=¢p ®¢°, i.e. ¢°(a1 ®a5) = ¢(ar) ® $°(a5). Let M (resp.
N) be a A-bimodule (resp. B-bimodule), which is also a A°-left module (resp. B¢-left module) by (a1 ® a$)e := ajea;
for any e € M and aq,a; € A (and similar relations for B and A'). Then, we say that a linear map between the two
bimodules ¢pjoq : M — N is ¢-compatible if it is ¢°-compatible between the two left modules, that is ¢mod((a1 ® a5)e) =
¢ (a1 ® a3)Pmod(€), which is equivalent to ¢mod(a1eaz) = ¢(ar)Pmod(€)¢ (az).

Lemma 4.9. Suppose that ¢3; : H 4 — Hp is ¢p-compatible as a map of left modules and that | 4 and i are strong ¢-compatible.
Then ¢4 is ¢p¢-compatible as a map between the bimodules defined by the real operators.

Proof. For any y € H 4, a1, az € A, by definition, one has a1ya; = (a1 ® a3)y¥ =ayJ 4a5 ] 4¥. On the one hand, since ¢y
is ¢-compatible, one has ¢, (a1y) = ¢(a1)¢# (¥). On the other hand, ¢y, (Yaz) = ¢ (Jaa5 ] aV) = IBp(a2)* Ipdpu(¥) =
dr()paz). W

Lemma 4.10. Suppose that | is strong ¢-compatible with | 4:

1 €4=¢€p.

2. 11_31 is strong ¢-compatible with ];‘1

3. Jpisdiagonal in its matrix decomposition.

4. If two operators A on H 4 and B on ‘H g are ¢-compatible, then the operators ]AA]:4l and ]3311_31 are ¢-compatible.

Proof. From J% =€ and J§ = €p, one gets € 4y (V) = dp(J4 V) = J5on (V) = €pdy (¥) for any ¥ € H 4, so that
€B = € 4. From this we deduce that ]; =€pJp is strong ¢-compatible with ];\1 =€epjA.
15 Jbg
Let Jp = ( o
Jsi Js
$n(Hp) and v H.)L. Th = (75099 and Ju(yy) = (500 that 0 = (] -
1 (Hp) and Y € ¢ (Ha)—. Then Jp(y¥p) = A and Jp(y¥y) = s ) so that 0 = (Y, ¥B)Hg =
(JBWB). IBWE) s = (4B 5.4 (Wp)s- From Jg' =€pjp and J§ | =0, one gets that J§ , is invertible with
Upe) ' = UgHS =€l so that J§ (¢ (M) = ¢ (H), which implies that J§ (V) € ¢y (H.a)", that is,
Ji5.4(W) =0 for any 3 € g3 (H.4)"*, and s0 Jé«b =0.
From (]BB]Z}])i = ]gd)Bﬁ(]%ﬁ)—l, we deduce that the operators ]AA];‘] and ]BB][; are ¢-compatible. H

). Since Jp is strong ¢-compatible with ] 4, we already know that ]%l = 0. Let ¥5 €

Lemma 4.11. Let us consider the even case and suppose yg is ¢-compatible with y 4.

1. Then yg is diagonal in its matrix decomposition, so that strong ¢-compatibility and ¢-compatibility between yg and y 4 are
equivalent.
2. Then ¢y is diagonal for the matrix decomposition induced by H 4 = 7—[; ®H, and Hp = Hg ©® Hp, so that ¢y restricts to

maps Hj — ’H%.

¢ L
) ) Voo ¥ B
Proof. Point 1: since y,; = ys, one has yz = <y§: y:j). The ¢-compatibility implies (yg¢)2¢y(1h) = ¢pu(yiy) =
#2 (), so that (Vg,¢)2 = 1. Since Y% =1, one has (V§,¢)2 + y§¢yéz =1, from which we get yéd)yé.; =0, which implies
yé,d) =0, so that yp is diagonal. By Proposition 4.6, this implies strong ¢-compatibility.

Point 2: for every ¢ € ”Hj one has +¢y (V) = o (YAa¥) = v (¥), so that ¢y (V) € Hﬁ. ]

Proposition 4.12.

1. If two (odd/even) real spectral triples are ¢-compatible and ] is strong ¢-compatible with ] 4, then they have the same KO-
dimension (mod 8).

2. Iftwo (odd/even) real spectral triples are strong ¢-compatible, then they have the same K O -dimension (mod 8).

Proof. Let (A, Ha,D4,Ja) and (B, Hp,Dg, JB) be two ¢-compatible real spectral triples such that Jg is strong ¢-
compatible with ] 4. In the even case, consider the gradings y 4 and yp. We already know from Lemma 4.10 that € 4 = €.

12
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Using the fact that Jp and yp are diagonal (Lemmas 4.10 and 4.11), one has (]BDB)ﬁ = JQZ)S,«bD%,ab' (ngg)g = D%,(z;]dz)s,(pv

(]Byg)g = J%,dzyg,(b' and (ygjg)g = y§,¢f¢é,¢' which implies, by ¢-compatibility, that €;; =€’y and € =€’).
The second assertion follows from the first one. W

The requirement that Jpz be strong ¢-compatible with J 4 seems to be inevitable in the generic situation to get the
same K O-dimension. In the case of AF-algebras, this requirement will be a consequence of another requirement on the ¢
map, see Proposition 4.23.

Let (A, Ha,Da,Ja) and (A", H 4, Da, J o) be two unitary equivalent real spectral triples for U4 : H4 — H/4 and
oA A— A and let (B, Hp,Dp, Jr) and (B, Hp', Dp:, J;3) be two unitary equivalent real spectral triples for Ug : Hg —
Hp and ¢ :B— B.

Proposition 4.13. Suppose that (A, Ha, D4, J 4) and (B, Hp, Dy, JB) are strong ¢-compatible (resp. ¢p-compatible), and that
there is a homomorphism of algebras ¢ : A" — B’ and a morphism ¢}, : H 4 — Hp such that ¢’ o ¢4 = ¢ o ¢ and ¢, (U o) =
Uppy (W) for any ¢ € H 4 (resp. and suppose that U is diagonal). Then (A', H 4/, D4/, J a') and (B', Hp', D/, J3) are strong
¢’-compatible (resp. ¢-compatible). If the spectral triples are even, the result holds also.

This result shows that strong ¢-compatibility (resp. ¢-compatibility) is transported by unitary equivalence if one assumes
some natural conditions on the maps ¢’ and ¢}, which are the commutativity of the following diagrams:

A .8 Ha LN Hi
¢Al l‘l’B and UAl J{UB
A Ha 25 1y

(resp. and one requires Up to be diagonal).

Proof. For any v’ € H 4, let ¥ € H4 be the unique vector such that ' = U4y, and for any @’ € A, let ae A
the unique element such that a’ = ¢ 4(a). Then one has ¢;{ (T (@)) = ¢4 (a0 pa@)U V) = ¢;{(UANA(a)¢) =
Updn(ma@y) = Up(p o ¢p@)dp(Ua~'y') =Up(s o p(@)Up ¢y (') = (5 o ¢ 0 $(@)dy, (W) = (5 0 ¢' (@)
¢, (¥"), so that ¢, is ¢'-compatible. Let A and B be strong ¢-compatible or ¢-compatible operators on # 4 and
Hp and define A’ := U4AU 4! and B’ := UgBUg™! on H4 and Hgp. In the strong ¢-compatibility case, one has
53 (A'Y") = ¢4 (UAAY) = Updy (AY) = UpBoy (V) = B'Updw (¥) = B'¢4, (Uay) = B'¢y, (¥'), so that A" and B’ are
strong ¢’-compatible. Applying this result to D 4+ and Dy (resp. Ja and Jp, resp. y4 and yp in the even case)
shows that (A',H 4, D4, Ja) and (B',Hp, Dp/, Jp) are strong ¢’-compatible and similarly in the even case. In the
¢-compatibility case, since Ug is diagonal, one has B = ngBz(UBg)*l, and the conclusion follows in the same way. W

In the proof, the commutativity of the first diagram is only used when the representation m is applied, and more
specifically, when this representation acts on ¢;{(HA/). In other words, the minimal condition in this proof is that mg o
¢’ o4 =7 oppod holds as operators acting on ¢;{ (Ha) CHp-

The map ¢ induces a natural map of graded algebras ¢ : 7*A — T°B by the relation ¢(@ ® --- ® a") = ¢(@°) ®
@), If we QL(A), then one can check that ¢(w) € QL(B), so that ¢ restricts to a map of graded algebras
QA = Qy(B). If 9(1L 4) =15, then ¢(dya) =p(la®a—-—a®1y) =1 ¢@) —¢@ @1y =dyd(b). If p(1L4) # 15,
let py := ¢(14) € B be the induced projection. Then ¢(dya) = py @ ¢(a@) — ¢(a) ® py € Qb (B) can be written as
¢(dya) = ppdy¢(a) +¢(@)dy (15 — py) = ppdu ¢ (@) — ¢ (a)dy py. This shows that ¢ is a homomorphism of differential alge-
bras only when it is unital. In the following, we will use the most general relation ¢ (a°dya') = ¢ (@®)dy e (@) — ¢ (@®a)dy py
since ¢ (a)py = ¢ (a).

Proposition 4.14. Suppose that Dg is ¢-compatible with D 4.
1. Forany w € Qb(A), Tpy © ¢ (w) is p-compatible with p , (w).
2. Suppose that | is strong ¢-compatible with ] 4. For any unitaries u 4 € A and up € B such that w 4(u_4) and wp(ug) are

¢-compatible and i (ug) is diagonal in the matrix decomposition, D”BB is ¢p-compatible with Diﬂ{‘.
3. Using the hypothesis of the previous points, D“BB¢ () is ¢p-compatible with Di(‘w.

Condition 2 in this Proposition implies in particular that 7g 0@’ 0o 4 = T oo (see comment after Proposition 4.13)
with A=A, B =B and ¢' = ¢.

13
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Proof. We can reduce the general case to w = a%dyal € Q};(A). Let us then consider 7p, o¢(a®dyal) = ¢(@®)[Dg, (al)] -
#(@%")[Dp, pg] (with 75 omitted in this relation and the following). For any ¢ € H 4, one has ¢(a®a")[Dg, pyléw (V) =
¢(@°a ) Dy (W) — ¢(@°a" )¢ (L) D (W) =0, since pedy (¥) = ¢ (¥), so that 7p, o $p(@°dya’)gy (¥) = ¢@)[Dp,
D% 4 Dy

¢ 1
D1 Dy

¢ (a))]px (¥). Using the matrix decomposition Dz = < ) and Point 8 in Proposition 4.6, one gets

_ $@)3IDG 4. $@)1d3 ()

mwn) _
¢@)t (D% ¢@)s — p@)HDG | )n (W)

¢@)[Dp. ¢(@)] ( 0

From this relation we get 7p, (¢ (a®dya"))} = ¢(@)5[D% 4. ¢(@")5] and then 7p, (¢ (@dya)sen W) = @)} ,.
¢(a1)£]¢m(¢) = ¢ (a°[D 4, a'1¥) = ¢p3(p , @Odya’)y) since D is ¢-compatible with D 4.

Using the hypothesis that wg(ug) is diagonal, a straightforward computation gives (wpug)’[Ds, nB(uB)])ﬁ =
(nB(uB)T)ﬁ[D%’(p,nlg(ug)g] from which we deduce that wp(ug)'[Dg, mg(ug)] is ¢-compatible with 7 4(u4)'[D4,
wA(ug)]l. From Lemma 4.10, we deduce that Jemep)[Da, JTB(uB)]]Z;l is ¢-compatible with ]AT[A(UA)T[DA,
maal)y', and so that Dy = D + wpup)Ds. m5up)] + €5)5msup) [Dp. 15Up)lJ5' is ¢-compatible with
DUAA =D A+ 7AW DA, TAWA)]+ e;tjAnA(uA)T[DA, 7'[,4(uA)]]j41 since €3 = €/, by Proposition 4.12.

The last point combines the two previous results by replacing D 4 by D 4., = D 4 + 7p 4 (@) + 6:4 ],47rDA(w)]j41 and

Dp by DB ¢w) = DB + ps(¢(w)) + 623]571’1)5(4)(60))]%1 which are ¢-compatible by the first point, Lemma 4.10, and
Proposition 4.12. W

nrop(ua) 0
0 1t
dU )W) = Py (Ta(u)y) for any ¢ € H 4 and ]li is the identity operator on ¢4, (H_4)*. But this operator is not
necessarily of the form mg(ug) for a unitary up € B. In the case of AF-algebras, it will be possible to construct a unitary
ug € B from u 4 such that 7 4(u_4) and p(up) are (strong) ¢-compatible and 3 (ug) is diagonal, see Proposition 4.22.
A strong version of the previous proposition can be proposed, for which a proof is not necessary since it combines
previous results and the same line of reasoning when computations are needed:

Notice that one can associate to any unitary u4 € A the diagonal (unitary) operator ( ) where 73 o

Proposition 4.15. Suppose that D is strong ¢-compatible with D 4.

1. Forany w € Q}, (A), py o ¢ (w) is strong ¢-compatible with p , (w).

2. Suppose that ] g is strong ¢-compatible with ] 4. For any unitaries u 4 € A and ug € B such that w4 (u 4) and wg(ug) are strong
¢-compatible, D is strong ¢-compatible with D'*.

3. Using the hypothesis of the previous points, D“B% () is strong ¢-compatible with D”Af}w.

4.2. Direct sums of algebras

Let us consider the more specific situation A = &]_; A; and B = @;_, Bx. We also suppose that there are (orthogonal)
decompositions H 4 = ®;_; H.4,i and Hp = ®;_; Hpk such that the H 4; (resp. Hp k) are Hilbert spaces on which A;
(resp. By) are represented. In other words, the (left) module structures are compatibles with the direct sums of algebras
and Hilbert spaces: for any a = ®]_, a; € A and ¥ = ®|_; ¥; € H 4, one has ayr = ®|_; a;¥; (and similarly for 3).

Let Li4 : Ai — A be the canonical inclusion and niA : A — A; be the canonical projection. With obvious notations, similar
maps are defined for B, H 4, and Hp.

An operator A on H 4 can be decomposed along the operators A; e

j 4 oAoly i Hai— Haj The same holds for
operators on Hg. For computational purposes, we recall that one has

Ay =@y (S ASW)) = X0 i gy, 0 AT

In the same way, a one-to-one homomorphism of algebras ¢ : A — I3 decomposes along the maps ¢,i< = 71,53 oo L’A A —>

By and a morphism of Hilbert spaces ¢4 : H 4 — Hp decomposes along the qﬁ;_“( = nkHB oy 0 t%_[A :Hai— Hpk One
has

(@) =iy (Tiny 4i@)). and g3 (V) = By (Tin Sa V)
Notice also that ¢ (aa’) = ¢(a)¢(a’) implies

Sy dh@ia) = Yf i phagl(@)) foranyk=1,....s (4.1)
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Lemma 4.16. The ¢-compatibility of ¢y, is equivalent to ¢},  (aiyi) = ¢} (@) ¢h, (Vi) forany 1 <i<r, 1<k <s, a; € A and
Vi€ Hai

Proof. One has ¢y (ay) = ®}_; (i d@iv)) and ¢@n (W) = &, (Xi_; $ (@bl (¥1)) so that ¢y (ay) =
¢ @y () is equivalent to >7_; ¢l (aivs) = S1_; dh(@i¢h, (W) for any k. Taking a; and ; non-zero only for one value
of i, this implies that d),'; (aiyy) = ¢,’;(a,~)¢;_[.k(1p,-) for any i. Reciprocally, if this last equally is satisfied for any i, it implies the
previous one by linearity. H

Lemma 4.17. Two operators A on H _4 and B on H g are strong ¢-compatible if and only ifzg»:] ¢%—Lk o A;(l//j) = 22:1 Bﬁ °¢5—Le(‘l’i)
foranyl1<i<r,1<k<s,and yi € H ;.

Two operators A on H 4 and B on Hp are ¢-compatible if and only if 25‘21 ¢£{’k o Aj(wi) = Zzzl Bf;ﬁ o ‘/{’Lrt,z(wi) for any
l1<i<r1<k<sandyiecHa,

Proof. On the one hand, one has ¢3,(AY) = &}_; (X; j— ¢§{,k o A}(I/f,’)) and on the other hand By (¥) = ®i_, (> 7_;
S Bfo qs;{! (¥i)). So, the relation ¢3,(Av) = B3 () is equivalent to 7} i, ¢$—t,k o Az-(llfi) =312 1Blo ¢;L (W)
for any k. Taking ¥; non-zero only for one value of i, this implies 25‘21 ¢;-t,k o Az.(l//i) = 22:1 Bﬁ o qﬁ;{‘e(l/fi) for any i and
k. By linearity, this relation implies the previous one.

Concerning the ¢-compatibility, one can replace B by ﬁg in the previous result. Since Eﬁ acts only on ¢, (H_4), one can

replace Ezﬁ by the operators Bi:f ZJTZ-LB opy(Ha) — nkHB o ¢34 (H 4) in the final relation. W

ig,...,in and ko, ..., kn, and then we define niaps é:T" A — "B, for any n > 1, by 69{1‘_"’,4"71:1 (a§J ®ai11 ® -~-®ag;} ®
a); 1P O ket (S S e @ @l ©---@d) @a;!)); +—y» and, for n =0, the diagonal matrix with
entries a; at (i,i) is sent to the diagonal matrix with entries Z;zl ¢,’<(a,-) at (k, k). Using (2.1) and (4.1), one can check
that ¢ : T*A — T°B is a homomorphism of graded algebras and that é(ﬂ},(A)) - Slb (B), so that ¢ : QA — @y (B)
is a homomorphism of graded algebras. Obviously, these properties are consequences of the general situation described in
Sect. 4.1.

4.3. AF-algebras

We consider now the special case of sums of matrix algebras, A = ®]_; My, and B = &;_; Mm,. We use similar notations
to the ones in [14]. Let us introduce the projection and injection maps JTiA, nkB, Li4 and L’l‘g. Let ¢ : A=]_; Mp, —
B =®;_; Mm, be a one-to-one homomorphism. It is taken in its simplest form, and we normalize it such that, for any
a= @ir:] ai,

a1 @ gy, 0 0 0
0 @@Ly, - 0 0

P(@) == 0 pla) = : : : : (4.2)
0 0 o 0, ®1y, 0
0 0 0 Oy,

where the integers oy; > 0 are the multiplicities of the inclusions of My, into My, Op,, is the ng x ng zero matrix such
that ng x > 0 satisfies my =ng x + 2?21 oin;, and

a 0 0 O
0 g 0 O

i ® loy,; = L . ol times.
0 0 .- aj

We define the maps ¢}, := ¢y o'y : My, — Mp,, which take the explicit form
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0 --- 0 0 0 --- 0
. 0 0 0 0 0
d@)=10 0 agi®1y, O 0 (4.3)
0 0 0 0
0 --- 0 0 0O --- 0
The maps qb}{ satisfy a stronger relation than (4.1): forany i, j=1,...,rand k=1,...,s,

0 ifi#j
ol (aia) ifi=j.
If A=A, and B = A4 for a AF-algebra lim.A;, then the multiplicities o; define the Bratteli diagram of this AF-

algebra and vice versa. The integers ng  are defined by complementarity at each step.
When oy; > 0, for 1 < o < ay; we define the maps ¢,’< o  Mn; — Mpm, which insert g; at the «-th entry on the diagonal

Bl = {

i
of 14, in the previous expression, so that a; appears only once on the RHS. The maps ¢, qb}{, and qb,i o are homomorphisms
of algebras and one has

¢ = Bjug Pk : Bizg Mn; > Sp_1 Mm,.,
b= i_1 ¢ o T 1 By My, — M. (4.4)
B =201 Bhg : My > M.

Notice then that ¢(14) = _; Zg’; ¢1i<,a(1A,v) fills the diagonal of Mp, with > 7_; ayin; copies of 1 except for the last
ng k. entries. When ng , = 0, one gets ¢ (1 4) = 15,, otherwise, let

Proy :=1m — ¢k(14) € My, and  ppy :=Dy_q Py, €B. (4.5)

The pp,,’s are diagonal matrices with zero entries except for the last ngj diagonal entries (bottom right) which are equal
to 1.

We will use the results in Sect. 3, in particular the diagrammatic descriptions of (odd/even) real spectral triples. Let
(A,HA.Da, Ja) and (B, Hp, D, J5) be two real spectral triples on the algebras A =®]_, My, and B = &;_; My, with

Ha= @, O Hay and Hp = D, ‘Hp,w- As we defined the maps i, j on ng), let us define the similar maps k, £ on
A B
I‘Eg): for any w € I‘Eg) with 75, (W) = (my, my), k(w) :=k and £(w) :=£.

Let ¢34 : H 4 — Hp be a ¢p-compatible linear map of bimodules (¢€-compatible as left modules). This map decomposes
along the maps ‘M—L,w :H.av — Hp,w between irreps on both sides. For any a =®[_,a; € A, b=@®[_,bj € A, and ¢ =
®,cr© Yy, one has ¢z, (@b°y) = ¢(@)¢ ()¢ (¥) with (using (3.3)) ¢z (@°V) =32, 0 @, 10 ¢35 (@)D, Yv) and
d@ep ()P (¥) = Zver(j{) @Wer(g) ¢(a)k(w)¢(b)E(W>¢?‘,’_LW(1//V). We can select a fixed v and choose i with only one non-
zero component v,. Then one gets, for any v € Fgg) and any w € I‘(Lg), ¢7"_‘2Yv(a,-(‘,)b‘]?(v)t//v) = ¢>(a)k(w)¢(a);§(w)¢7‘"_’l_V(wv). Let
us now consider a fixed index i and a with only non-zero component at i(v) =i, and the same for a fixed j and b: with
(k, £) = (k(w), £(w)), one has

By w @bSYy) = i@ (b))° P, 1, (¥rv) (46)
This relation, combined with (4.3), suggests to decompose C™ in Hp ,, = C™ @ C™° as C™ =[@]_, C" @ C*i] g C"ok
and similarly for C™° with a last term C":¢, so that one has the orthogonal decomposition

Hpw=CH@C™ = [ ;_, C" @ C @ C @ C°] (4.7)

@[@lt:l Chi @ CY%i © Co.°]
@[@;:] Cno,k ® (COllj ® (anO]
D [(C“o,k ® (C”O,(O].
Forany i, j=1,...,rand k,£=1,...,s, let us define the inclusion
I}):CM @ C% @ C% @ CMi° > C™ @ C™°.
Notice that I,'dz = I,’< ® IZO with the inclusions I;c :Chi @ C%i — C™ and 1£° 1 CY @ CM° s C™Meo,
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Let Fﬁ(k)'(j’[) Chi@ C%i @ CY @ CMi° — CMi @ CY @ C%i @ C"° be the involution & ® Uik ® of ® n;? —>nj® Uf ®
of ®&° and F& : C™ @ C™© — C™ @ C™° the involution ¢ ® 99 > ¥ ® ¢f. Then, one can check that

ke i g @i,k),(j,0)
FB OIk,Z _IZ,kOF.A (4-8)

Notice that J4 :Hav = HAka ) can be written as J4 = €4(v,d4)(Jo ® Jo) o FZ1 since Fi{1 =Ky with (i, ) =
i), j(v)). ' ) o

In the case of a AF-algebra, the inclusions I}, (and so Iéo and IL‘JZ) are defined directly from the Bratteli diagram of the
algebra, that is, they depend only on the one-to-one homomorphism ¢ : A — B. We can now write ¢4 in terms of these
inclusions.

Combining (4.6) and (4.7), the map ¢3, , first reduces to a map C" @ C"i° — C" ® C*% ® C* @ C"/°, and using a
slight adaptation of Lemma 3.1, it reduces to a linear map C — C%i @ C%, that is, to the data of an element u(v, w) €
C*i @ C*4, such that ¢4, ,, is the composition of C" ® C"° 3 & ® e ERuv,w)®nj € Cni @ CY%i @ C%i @ Cni°
with the inclusion I}'}. When ay; =0 or aj =0, ¥, , =0.

Consequently, the ¢-compatible map ¢4 is completely determined by a family of matrices u(v, w) € Mo, xa,; = CY%i @
C@i? by the previous relation, with (i, j) = (i(v), j(v)) and (k, £) = (k(w), £(w)). Notice that for v, v’ € Fﬁg) such that
Typ (V) = 7 (V'), the ranges of ¢;’_LW and ¢;’_2 » are at the same place in Hp,y (the range of I;{’Q), and u(v, w) and u(v’, w)
define a kind of relative positioning and weight between the two ranges. If m,, (V) # 7, (v), the ranges are orthogonal in
Hp.w since the ranges of I,L’l and I};[] are distinct in the orthogonal decomposition (4.7) when (i, j) # (i, j).

Remark 4.18. For non-real spectral triples, a similar (simpler) result can be obtained: a ¢-compatible map ¢ : Ha — Hp
is completely determined by the linear maps ¢y, ,, : Ha,v = C" — Hpw=C™ for i =i(v) and k =k(w), and so by
a family of vectors u(v, w) € C%i such that (M/—Lw is the composition of C™ 3 & — & Q u(v, w) € C" @ C*i with the
inclusion I} : C" ® C%i — C™. [

The following result summarizes the construction so far:

Lemma 4.19. There is a family of matrices u(v, w) € M, xq,; Such that, forany v € I‘ig) and w e T, with @, j) = (i(v), j(v)) and
(k, £) = (k(w), £(w)), one has
B wE N =14 E@uv, W) @15 forany & @ nS € Hay. (4.9)

r

Forany v e I‘Eg), any w € Fg), and any a = ®_, a; € A, one has

BLan G @ u(v, w) @ n5) = I (@& @ u(v, w) ®15)
with (i, j) = (i(v), j(v)) and (k, £) = (k(w), £(w)).
In the even case, if i is ¢-compatible with y 4, then ¢?"/-Lw' and so u(v, w), can be non-zero only when s(v) = s(w).

Proof. The first statement is a summary of the previous decomposition of ¢;. The second relation is a direct consequence
of this decomposition of ¢; and (4.6). Notice that in the LHS, one could replace ¢ (a;) by ¢i(a) since only the entries
positioned according to i in the matrix ¢y(a) € My,,, see (4.2) and (4.3), give non-zero contributions once applied on the

range of I,i’z In the even case, the statement is a consequence of Lemma 4.11, which implies here that ¢;’{ w = 0 when

s(v) £s(w). B
Proposition 4.20. Two operators A on H 4 and B on H g are strong ¢-compatible if and only if

2 ,er® S, AV ¥0) = X 00 BU b3, (V1) (4.10)

0 0
forany vy € FEA), wy € F%)

v v _ oW1 vy
S aer® O3 wy AV V) = . 0 B0 03, ()

,and yry, € H A,v,. They are ¢p-compatible if and only if

forany v, € FSZ)' wy e T9 and Yy, € Hoay,, where Bﬁ:m HBwy Ndr(HA) = Hi,w, Vo (H 4) is the decomposition ofBﬁ
along the Hp w N1 (HA)'s.

9 We use the following convention. Let x,x' € C" and y,y’ € C™. Define C" @ C"5Xx® y ~z =Xy € Myxm and Z =Xy’ T € Myxm, so that z(v) =
(¥, v)cmx for any v € C™. One then gets y ® X ~ z* and tr(z*z') = (x,x')cn(y, ¥')cm, and by linearity, a similar relation holds for z = Z:,»x,-yiT and
= Zixb/;T. This relation will be used in the following.
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Proof. For any ¥ = 63v el”(o) w"l € HA' one has AY = ®V2€r<,2> Zwel"ﬁg) A:g wm and () = ®W1el"(zg) Zvlel"(,g) ¢;'Z,W1 (1’0"1)'
so that ¢y (Ay) =@, er® pI v2er® o3 w, ( (AvYyry,). In a similar way, By (¥) = Dy, cr® Zw1erg” Evlel"ig) Bm¢;’_z,w2
Yvy)-

The strong ¢-compatibility is then equivalent to Zv],vzer(/? d;;’_f,WZ (A“g Yy,) = Zwlel“(o) Zvler‘j) By H w, (V1) for any
wy € F<BO), and, by linearity (fixing ¥ with one non zero component at vq), ZV er® ¢H WZ(AK; Yy,) = Zw1el“(0) By ¢H’W2
(Yy,) for any vy € ng) and w; € I‘g)).

The ¢-compatibility relation follows the same computation with B replaced by Bg. |

Lemma4.21. Foranya = ®}_, a; € Aandb = &}_, b; € B, w 4(a) and 7r;5(b) are strong ¢-compatible if and only if, forany v € F(O)

any w € F(O), and any &) ® nj(v) € H .y, one has
bi(w) ILJZ iy ®uv, w) ® 77;(\;)) = Illcjg (@iw)biey @uU(v, W) ® n;?(v))

Proof. Inserting (3.3) into (4.10) for A =m 4(a) and B = wg(b), one gets ¢H w@my) = bk(w)¢H wWy) for any v e F(O)

and w € F(O) Using (4.9) for ¢}, ,, then gives the relation. M

Proposition 4.22. Let u 4 € A be a unitary element and define ug := ¢ (u 4) + pn, € B (see (4.5)). Then upg is a unitary element such
that w(up) is diagonal (in the orthogonal decomposition defined by ¢;) and is strong ¢-compatible with 74 (u 4).

Proof. One already knows that mwg o ¢(u_4) is strong ¢-compatible with 7w 4(u_4) (see Remark 4.5). By construction, the
range of ¢ is contained only in the first term in brackets (the double direct sum over i, j) in (4.7), while 75(py,) is
non-trivial only on the last two terms (the ones with C"0 as first factor). This implies that g (pn,)¢x (V) =0 =Py (UAY)
for any ¥ € H 4. So, one has wp(ugp)py (V) = ¢y (uay) for any ¥ € H 4, and since 7w 4(u 4) and wp(up) are unitary, by
Proposition 4.6, mi(up) is diagonal. W

Proposition 4.23. | 3 is strong ¢-compatible with ] 4 if and only if

uka(v), kp(w)) = (4.11)

eg(w,dg)

F(O)

forany v e F( and w € where d 4 (resp. d) is the K O -dimension of A (resp. B).

Proposition 4.29 below gives a criterion on spectral triples on top of .A and B so that d 4 =dp.

Proof. For any v, =& ® 0% € Hay, one has ¢§f§;§w)um> = a5 cr (T ® E) = €av. 171 ®

u(k 4(v),kp(w)) ® &) and Jpgy, ,(Yv) = Jp o Ik G ®u(v,w) ®n3) = ep(w, dB)Iz k(n, ® u(v, w)* ® &) when one
uses (4.8) and the identification of Mgy, xa,; With C%i @ CYi (see Footnote 9). This implies the required equivalence. W

Corollary 4.24. If | 3 is strong ¢-compatible with ] 4, then, for any v € Fig) and w € F(g), ¢7K_[“‘},§’;)(W) # 0if and only ifd);’_hw #0.

Proof. For any v € Fﬁg) and w € F(Kg), with (i, j) = (i(v), j(v)) and (k, £) = (k(w), £(w)), from (4.11), one has

By (&5 ®NF) = 17,8 ® (kA (V). k(W) @ 1Y)

d i * o
%1; lE@uw, wy ).

We then get the equivalence since u(v, w) defines d)XrL w B

Using what we have constructed so far, in Fig. 2 we show an example of the lifting of some arrows in a Bratteli diagram
as arrows between two Krajewski diagrams.
For any i, j=1,...,r, let {(71‘;}1§psuij be an orthonormal basis of C*ii (for instance as in Proposition 3.6 or 3.7), to

which we associate the irreps H 4, defined as in (3.1) for any v = (i, p, j) € Fﬁ?ninj. One can then fix an orthonormal basis

o(2)

{eija = 51(2 ® 1o N=aznn (sumless Sweedler-like notation) of C™" ® C"°, Let
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nie ey

nye oMy

nie

(a) A Bratteli diagram

(b) A lifting of a Bratteli diagram between two Krajewski diagrams

Fig. 2. Lifting of a Bratteli diagram between two Krajewski diagrams.

(a): An example of a Bratteli diagram for the inclusion My, @ My, ® My, — My, @ My, with multiplicities oy; for the inclusion of My, into My,

(b): Some liftings of the maps (arrows) given in the Bratteli diagram (a) as maps ‘ﬂtw :H.av— Hp,w, here represented as (green) arrows decorated
with their defining matrices u(v, w) € C%i @ C*J, see (4.9). The configuration for the arrows vy — wy and k_4(v2) — k5 (w3) is the consequence of
Corollary 4.24. In the even case, according to Lemma 4.19, one should have s(vy) = s(wy) for u(vy, wy) to be non-zero, and similarly for other arrows. The
arrows Mp, — My, and My, — Mp, in (a) are not lifted in order to lighten the drawing. (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)

(V) ._ 0 . ~(0) ~(0)
Ftmn; =T g, ¥ {1.....ninj} and Ty =V - 1T Anin,
Then for any Vv = (v, a) € l"fg)n 0y’ let ey : 5(1) ® n°(2) € H ,y. The family {e;,}‘./eﬁo) defines an orthonormal basis of
A

H_4. We define v : Ffi) — Fg) asv(v)=v for v= (v,a). Then, for any v/ = (i, p’, j) € 1"52)““ , define

WiHav o Hay A e e o) =g el on?.
Proposition 4.25. Let v, v’ € F(O) we F(O) and Yy € H 4,y and ), € Hoa,y.
When 13,5 (v) 70,5 (v'), one has (@3, , (V). % (Wi )35, =0.
When 1, (v) = 75, (v'), one has
(D% (B0)s DYy W) sy = (Wrus L (W), EE@(V, WY U (Y, W)
In particular, for any yry € H 4,y and ¥, € H 4., one has
163w W) a0, = 1w llge ., (v, W)l
) R0 = ) W), (e U W) u (v, w) ) (412)

where ||— || is the Frobenius norm on matrices, defined as || A ||12; :=tr(A*A). This implies that ¢y, : H 4,v — H 3 is one-to-one if and
only ifzwer%n lu(v, w)||% > 0.

Proof. From a previous remark, the scalar product is zero when 7, (v) # 5, (v'). So, suppose m;,(V) = m,(V'). Let
i=i(v)=i(v) and j= j(v) = j(v') and consider ¥, =& ® 1% and v/, =& ® 1/, so that ¢Y, , (V) = & @ u(v. W) ® n°
and ¢;’_Lw(w(,,) =& @u(',w) ®n}° both in C" ® Myxq,; ® C" = CM ® C% @ C* @ C" c C™ ® C™°. Then
(¢;’_LW(1//V), ¢";—2,W(w\///)>HB,W = (&, &) cm (1), n})cnj tr(u(v, w)*u(v’, w)) where the trace factor is obtained from the iden-
tification of M, xa,; With C%i @ C%i and we have used the fact that A(v) =1(v') =n; and p(v) = p(v') =n; to write
the scalar products. This implies the formula in terms of the scalar product on H 4 ,, from which we deduce the relations
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on the norm in Hp,, and on the scalar product in Hp. This last relation implies the norms relation |I¢¥.[(1ﬂv)||%{3 =
va”%‘t}l‘v<zw€r‘(m llu(v, W)HF) Then, suppose Zwer“’) lu(v, w)||2 > 0: if v, € H.a, is such that ¢}, (¥v) =0, then

Hw"”%-uy =0, so that ¥, =0, that is, ¢3, is one-to-one. Suppose Zwer(g} ||u(v,w)||F =0, then ||¢H(1pv)||7_[s =0 for
any ¥y € H 4y, SO that ¢3, =0, that is, ¢J, is not one-to-one. W

Notice that the condition Ewel"(o) llu(v, w)||% >0 for any v € F&({) does not implies that ¢4, is one-to-one: one can con-
B

sider a situation where, for v, v’ € Fﬁg) such that 7, (V) =7, (V'), ¥v € Hav, and ¥, € Hav, ¢3,,(Yv) + ¢;’LW(¢",,) =
0 € Hp,w for some w e Fg).
From (4.12), it is natural to define, for any v, v’ € I‘(O),

TV V2 . if 75, (V1) # Tap(V2)
o Zwer“’) tr((vi, w)*u(va, w)) ifm,(vi) =me(v2)

so that (4.12) can be written as (¢ Wvy)s ¢ [y s = (valx(l/,‘//z))HAyl TV1.V2
With 75, (v1) = 75, (v2) = (n;, nj), one has TV:V1 = Zwerg’ tr(u(vy, w)*u(vy, w)) = Zwerg” tr(u(vy, w)*u(va, w)) =

TV1-V2, so that (T'1-2),, , is a Hermitian matrix, so that this matrix can be diagonalized. Recall that the labels v1, v,
depends on the choices of the orthonormal bases {aiﬁ?}]SPS,U«ij of the spaces C*#ii’s: this diagonalization (see proof of Propo-
sition 4.27) is related to a change of these bases. This leads us to introduce the following Hypothesis.

Hypothesis 4.26. We suppose that ¢ is one-to-one and is such that there are orthonormal bases {05 }1<p=<u;; of the spaces
CHij which conform to Proposition 3.6 (in the odd case) or Proposition 3.7 (in the even case), and such that, for the
decomposition of H 4 induced by these bases, T'1-"2 =t,,8"1"Y2 when 7, ,(v1) = 7y, (v2), with real numbers t, such that
teaw) =tv.

A direct consequence of this hypothesis is that ( ¢> Wrvy), ¢ (wvz))HB =0 for any vy # vz and (¢35, (Yv), 93, (Yy)) s =
ty (Yv, ¥,)2, , for any v. The one-to-one requ1rement is natural in the context of AF-algebras, since it generalizes the one-
to-one requirement on ¢. On the other hand, the diagonalization requirement is not mandatory for the formal developments
to come, but it will be useful to compare spectral actions for ¢-compatible spectral triples on A and B in Sect. 5. Moreover,
this requirement is satisfied for some K O-dimensions:

Proposition 4.27. Suppose that ] is strong ¢-compatible with | 4, and, in the even case, that yz is ¢-compatible with y 4. Then, in
K O-dimensions 0, 1, 2, 6, 7, the diagonalization requirement in Hypothesis 4.26 is satisfied for any ¢.

Proof. Let {oi?}lgpgmj be orthonormal bases of the spaces C*ii which satisfy Proposition 3.6 (in the odd case) or Proposi-
tion 3.7 (in the even case). Let us first complete the notations introduced before Proposition 4.25, where we have introduced
the identification v = (i, p, j). With this notation, we define k 4(v) = (j, p,i) where p=1,..., i = i and p=p (obvi-
ously, this bar is not to be confused with a complex conjugation).

Let {t,?ehqu,,k( be orthonormal bases of the spaces C"¢ where vy, are the multiplicity of the irreps Hpg m,m, in Hz.

These bases define the irreps Hp,w for w=(k,q, ) € Fg)m m, a5 in (3.1). We have written the map ¢;’{ wi HAv—> HBw

in terms of a matrix u(v, w). It is convenient to write ¢’H w €xplicitly in terms of the bases {ap} and {7:,(,_,} In order to
avoid cumbersome notations, we use the identification C" @ CHii @ C"i° ~ C" @ C"i° @ CHii (resp. C™ @ CVkt @ C™Me° ~
C™ @ CMe° @ CY¢) so that o (resp. 'Ckz) will appear on the right in the tensor products. Then we can replace the

ij.p

notation u(v, w) by the notatlon Uge g

€ Ma,aw“ which refers to the bases {a}-’} and {Tkl} for which, similarly to (4.9),

one has ¢7—L W& ® nj ® Gp) = Ik 2(51 ® uk,Z ® 17]) ® Tke (no summation). In the p and q variables, T'""¥2 with m;,(v1) =

73p(V2) = (nj, nj) then becomes Tp1 b2 Zqutr((u;j&z)*ugf;) for p1,p2 =1,..., wij. Notice the switch 1 <> 2 which

will be convenient later. Since we suppose that Jp is strong ¢-compatible with J 4, by Proposition 4.23 one get (4.11) in

terms of the new notations: uékz %ﬁg; ;jg’;)* This implies that

p1,Dp2 __ Jji.p )* ﬂ Pl €A(,p2,j,d A)€AG,P1,.dA) ij,p2 o 1j,P1y*
Tji - Zl,k.é tr((ulk ek q Zk l,q epk,t,q,dg)? tr(uk[ .q (uke,q ) )

=eali, p1,j,daeal, pa, j,d TP (413)

In the following, we fix the couple (i, j). Let us introduce a change of bases {cr } to {a } in CHii, where cr]p =

Zp ub' Pa for a unitary matrix U = (uP'P) p,p- Then a straightforward computation shows that the matrices u;lj 5 defined
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. 'p’ 1ij,p’ ij,p p}.ph 1ij,p5 x ”JP]
relatively to the bases {oy } and {‘L'M} are up, ) = Zp ub' Puké 7 and the associated ’[/ qutr((uk )Y<u )
become

’P1 Py L DyD2,, PP ij,p2\* upl
=D ktg 2apy.py UPRPPUPTPT R (g ) g )
— 1 Dyp2,,Pyp1pP1.P2
_Zplquu 27U Tij ’

so that ng =UT;;U* with U* = (uPP’)p/_p (here we use the switch 1 <> 2 mentioned before). Since T;; is a Hermitian matrix,

there is a unitary matrix U such that ng = UT;;U* is diagonal with real eigenvalues tf; =t,. So, for the new basis {ai/jp /} of
CHij defined by U, Tl’j, and so (T'1'"2),, ,, is diagonal.
Let us now look how this diagonalization can be performed according to the constraints in Proposition 3.6 (in the

odd case) or Proposition 3.7 (in the even case). The first constraint, common to Proposition 3.6 and 3.7, is oF =

ji
€A, p, ], dA)L,](a ) for any p, where € 4 (i, p, j,d4) =€ 4(v,d 4) is defined in (3.2).

Let us first c0n51der the case i < j (for any K O-dimension), for which € 4(i, p, j,d4) =1 and p = p, so that, from (4.13),
one has Tpl P2 _sz P Tj is the transpose of T;j. Since this result is true in any basis of C*i, this implies T =UT;;U*.

On the other hand, a =Ljj (a ) = Zp up'’p PLjj (E i) = Zp up'p Paﬂ, so that the change of bases from {o ﬁ} to {oj,- } in CHii

is performed by the umtary matrlx U. From these two compatible relations, one concludes that the change of basis defined
by U in CHii which diagonalizes T§j automatically induces a change of bases U in C#ji which diagonalizes T/ﬁ. Notice then

that the eigenvalues t?i in T’].l- are the same as the eigenvalues tp in T:], so that t,, (v) =ty.

Let us now consider i = j in KO-dimensions 0, 1, 7. Then, as before, € 4 (i, p,i,d4) =1 and p = p, so that, from (4.13),
one has T;""P2 = T/*"', and we already know that TP = TE*'P': the matrix T is a real symmetric matrix, and the
diagonalizing matrix U can be chosen to be an orthogonal matrix (so a real matrix). This result is compatible with the
required condition a = L,,(U ;) on the basis since cr = L,,(a” ) = Zp ur’p PL,,(U D= Zp ub', PG“ Zp up/pai‘i’. Here, it is
trivial that t, , ) = tv since KA(V) =v.

Finally, consider i = j in KO-dimensions 2, 3,4, 5, 6. In that situation, if p =2a (resp. p =2a — 1) then p =2a — 1 (resp.

€, me.,0
p=2a), and €4(i,2a—1,i,d4) =1 and €4(i, 2a,i,d 1) = € 4. The matrix T;; is a block matrix (T‘;e 1};0> where o0 and e

i i

stand for odd and even: for instance Tj; = (Tg-a1'202> and T;;° (’[2‘“ 202= 1) with a1,a =1, ..., wij/2. Then, from (4.13),

11

2a1,2a; T‘.2g271,201 1 T2(11 ,2a— 1—6 T2l12 ,2a1—1 . an dTZa1 1,2a,
n

p = €T~ 1"*" Considering these block matrices as

one has Tj;

matrices mdexed by a1, ay, this means that T;* =T;; oT VT = enT]? T and Ty = eA’I*i’,-’eT. Since T;; is Hermitian, one also
has TG =T and T =T,

In KO-dimensions 3,4, 5, one has € 4 = —1, so that T;;* = —Tj; oT =T%°", which implies that T;;° and T are antisym-
metric matrices. We report the analysis for KO dlmenswns 2,6 after the following considerations.

In the even case, since yp is ¢-compatible with y 4, from Lemma 4.19, u(v, w) is non-zero only when s(v) = s(w),
so that the sum defining T'!"Y2 implies s(w) = s(v1) = s(v2). The matrix (T'!'2),,, is then block diagonal along the
decomposition s(v) = &1, and its diagonalization can be done by blocks: in terms of the change of bases in CH/ii, this

means that the unitary U introduced above which diagonalizes T;; can be chosen to preserve the eigenspaces defined by

the maps ¢;; in Proposition 3.7. The decomposition along s(v) = %1 is preserved by k 4 since s'J = el‘sp so all the previous
developments are compatible with this choice for U.

In the case i = j and KO-dimensions 2, 6, from Proposition 3.7, one has s(i, 2a,i) = 1 and s(i, 2a — 1,i) = —1, so that
. 1£,E ﬁ,’o .. .
the block decomposition (T’,’e lj;a) corresponds to the block decomposition along s(v) = +1, and from the previous con-
i ii

siderations, this implies that Tj;° =T;;° = O Since T$° is Hermitean, there is a unitary matrix U such that UT;;°U* is

diagonal, and then by transposition, UT" U is also diagonal with the same eigenvalues, that is, t,(A(V) =t,. The uni-

tary U = (g%) diagonalizes T;; and this diagonalization is compatible with the required conditions a = L,,(_za D)
and 02 = GAL”(U 0. U = (@99 (resp. U= @ ”)) induces a change of the sub-basis {02‘1} to {0’2"} (resp. {02” I
to {0’2" 1)) with o2 = 3, 09920 (resp. /2" = 3,49 %271). The required condition is satisfied since then

12d’ —1 ~ad —2 ~a 2a—1
o _eAL,,(oi,- )_eA Yooy =3 0.

Remark 4.28. We suspect that the diagonalization property proved in Proposition 4.27 could be true also in K O-dimensions
3,4,5. But we were unable to prove this fact. Nevertheless, the proposition fortunately covers the KO-dimension 6 used
in the finite part of the spectral triple for the NC version of the Standard Model of Particles Physics, see [2] and [20] for
instance. [
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Proposition 4.29. If two (odd/even) real spectral triples are ¢-compatible and ¢4 is such that (4.11) holds, then they have the same
K O-dimension (mod 8).

Proof. Since ¢4, satisfies (4.11), by Proposition 4.23, |z is strong ¢-compatible with J 4 and is diagonal. By Lemma 4.11,
yB is strong ¢-compatible with y 4 and is diagonal. The difference with Proposition 4.12, is that Dp is only ¢-compatible
with D 4. So, we already get €5 =€ 4 and €, = €/ it remains to consider €/, and €.

]%.¢D%.¢ ]%,a&DJB_,q) D%,d)]%,qb Dé,ﬂé.i ] ¢
and DgJp = ot 18 pL L , so that JB,¢DB,¢:
B.1)B¢ DB1lB1

E/BD(ZB),¢]%,¢' Inserting this relation in the ¢-compatibility conditions on [z and Dy implies €5 =¢’y. B

Since Jp is diagonal, one has JgDp = ( A
]B,LDB,L ]B.LDB,L

From Proposition 4.20, the strong ¢-compatibility condition between Dg and D 4 is equivalent to

v v
ZVZGFE?\) ¢’HZ,W2 (D.A,(V1,V2)1//V1) = ZW] Erg) DB,(W],Wz)qb’;-[l,w1 (WW)

for any vq € FS{), wy € Fg), and ¥y, € H 4,v,, and the ¢-compatibility condition is equivalent to

v ¢ v
z:vzel“(f\) ¢7-12,W2 (DA("]’VZ)w"l) = Zw1erg) DB»¢$(W1,W2)¢H],W1 (Y1)

where D% 6. (w1, w2) HB,w, Ndr(HA) = HpB,w, N ¢z (H 4). Unfortunately, from this relation, we cannot define the ele-
¢ : ¢ .
mentary operators DB,¢,(W1,WZ) in terms of the elementary operators D 4 (v,,v,). Only the operators Zwlerg) DB’¢4(WLW2) :
€Bw1el‘(0) HB,w, Nor(HA) = HB,w, N2 (H.4) can be recovered from the D 4, (v, v,)'s-
B

5. Spectral actions for A F-AC manifolds

Given a spectral action (A, H 4, D 4, J4,y.4) for a finite dimensional algebra .4 and given a compact Riemannian spin
manifold (M, g) equipped with its canonical spectral triple (C*(M), L?(S), Dum, Jm, ¥m), We consider the spectral triple
(A :=C®(M) ®.A,’HX =12(S) @ Ha, D;:=Du®1+ Ju®DA, J3:=]M®Ja Vi =Vu® y4)'0 over the Almost
Commutative algebra A.

Then, given two spectral triples (A, H 4, D4, Ja,Ya) and (B, Hp, Dg, JB, yB) for two finite dimensional algebras A
and B, and a one-to-one homomorphism ¢ : A — B such that the two spectral triple are ¢-compatible, with Jz strong
¢-compatible with J 4, the aim of this section is to compare the spectral actions on A and B (for the same compact
Riemannian spin manifold (M, g)).

In order to have a good physical interpretation of the ¢-compatibility, in particular at the level of the fermions, we first
need to introduce a “normalized” ¢4 map.

5.1. Normalized ¢34 map

Denote by ¢g{ :'Hq — Hp a given one-to-one morphism as in Definition 4.1. We suppose that it satisfies Hy-
pothesis 4.26. Then we can choose the orthonormal bases {05}15,,5,“). of CHi that diagonalize (T''''2),,y, and

this implies that {d)g{(e;,)}‘?&g) is a basis of ¢%(HA). For any Vv = (v,«), we can identify ¢§’_[(e\~,) with qbg{"’(e;,).
Let V1 = (vi,a1) and ¥, = (v2,a2). When vy # vy, one has (¢(7)_'[V(e‘—,l),¢g_’£"(e‘-,2))7.15 =0, while, when v = v{ = vy,
(¢%v(eﬁl)’¢%v(e‘72)ms =ty (V1,V2)% 4, = tv 8a;,a,. This implies that {qjg{(e"/)}vefi?" is an orthogonal family. Since (bg_[

is one-to-one and ||¢3_’L" (e;)||*> =t,, one has t, > 0 for any v € Fig).

Definition 5.1. The normalized ¢3; map associated to the map ¢5}_L : 'H 4 — Hp which satisfies Hypothesis 4.26 is the map
¢y : H — Hp defined by

IH®, p0 V) = T, oty 95" ()

Using (4.6) with bj =0, one can check that ¢4, satisfies Definition 4.1.

The normalization has been chosen such that the family {f; := ##(ey)}; o is an orthonormal basis of ¢34 (H 4). This
A

basis of ¢3;(#H 4) can be completed with any orthonormal basis { fW}WEF(O) of ¢y (H )+ where lA“g)) is any index set for
B

this basis. So, {fi}; 0 U{fi}; o is an orthonormal basis of H adapted to the decomposition ¢z (H.4) ® ¢ (H)*
A B

10 When the K O-dimension for M and .A produces such a spectral triple, see for instance [5].
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We now consider the normalized ¢3; map in place of gb%. The relation between the scalar products in Hg and H 4
reduces to the simple relation (¢ (), 1 (W) 21,3 = (¥, ¥' )34, for any o, ¥’ € H 4, so that ¢4 is an isometry.
In the following, ¢-compatibility of operators will be relative to the normalized ¢4; map.

For an operator B on H which is ¢-compatible with an operator A on 7 4, the components B, B‘ﬁ, and Bi of B in
the 2 x 2 matrix decomposition induced by Hg = ¢, (H.4) ® d3,(H_4)* will be called non-inherited, while the component
BZ will be called inherited. Let us use the acronym “TNIC” for “Terms with Non-Inherited Components” in the following
technical results, which are the main interest for the use of the normalized ¢ map:

Lemma 5.2. Fori =1, ...,n, let B; be an operator on H g which is ¢p-compatible with an operator A; on ‘H 4.
S5 70
1. Forany vy, v € FA , one has
(fo,»B1---Buf3,) 1 = (€7,, A1--- An€y,) 24 + TNIC
2. As a consequence, one has

tr(B1---By) =tr(A1---Ap) + TNIC

Proof. First, let us prove the relation in Point 1 for n = 1. We omit the index i. Using the matrix decomposition Ae; =
Zfﬂe'ﬁﬁﬁ) Ag ey along the basis {eg}vefﬁ?, the RHS is AK; For the LHS, one has (f;,, Bfy,)1s = (¢7V_z (e5,), Bﬁd);’j ey, Hp =
(¢?v_z €y,), ¢;’_f (Aeg, )1y = Zveﬁ? Agz (w (€3,), ¢;’_£(e‘~,))q{5. This expression is zero for vy # v, so the summation reduces

. ~ -~ 0 ~ ~ ~
to the summation over the vV = (vi,a) € F54): S AY, (@31 €5,). D31 @) Hp =D i—(vy.00) A} (€3, 5)H 4 = A\‘;;

B?, B
Let us return to the general situation n > 1 in Point 1. With B; = (B;d’ Bl"”), a straightforward computation shows
i,L Fi, L

that the only component in Bjp---B, that contains only inherited components is in the block (B ~~Bn)$ and it is

BY -+ BY 4 so that (fy,.B1 - Bufo,)ps = (fs,. B 4 Bh o f3,)2, + TNIC. The proof that (fy,.BY ;- By 4 f5,)9s =

(€y,, A1+~ Aney, )3 , is the same as before, with Bi = B(fmb e Bf’d) and A = A1 --- Ap which satisfy ¢4 (Ay) = Bﬁ(ﬁy(w).
Point 2 is a direct consequence of Point 1. By the previous argument on the product By --- By, one has

tr(B1---Bp) = Zgéﬁﬁ)(f% Bi--- an\'/)?‘-LB + ZWefg)(fW’ By--- an"AV)fHB
= Eoeﬁf{(f% B1---Bnfy)a +TNIC

and Z\-IEFS]‘) (fy,B1--- an‘-,)q.LB = Z‘_’EFS\) (ey, A1--- Ane;,)HA + TNIC =tr(Aq --- Ap) + TNIC by Point 1. W
Remark 5.3. Point 2 can be proved directly without the assumption that ¢; is normalized. [

The notion of ¢-compatibility has been developed for operators on H 4 and Hg. We define ¢-compatibility for fermions
as follows:

Definition 5.4. A vector v/ is ¢-compatible with a vector v 4 if V5 — ¢ (W 4) € dr (H )™

Using this definition, we extend the acronym “TNIC” (“Terms with Non-Inherited Components”) to terms which contains
fermions.
From a physical point of view, the consequence of the normalization of ¢4, is that, for any ¥ € H 4, one has

162 W)l = 1V 134 4

since, with ¥ =@, o ¥, one has ¢3 (), = 3,0 (@5 ), 65 )as = X, cr0 W, Yn)a = 1913, - This
means the ¢4 respects the normalization of the state vector when it is injected from # 4 into Hg. This state i can be
“diluted” at different “places” in Hp (different irreps) but its norm is conserved.

5.2. Comparison of spectral actions
The purpose of this section is to compare the spectral actions for the two ¢-compatible spectral triples
(ﬁ,Hﬁ,D;::DM(@l+]M®DA,]X:=jM®]A,)/X:=yM®)/A)
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and
(B.Hg.Dg:=Dnu®1+ Ju®Dp, J5:=Ju® J5. V5= Yu®VB)

for the same compact Riemannian spin manifold (M, g). We suppose that ¢nHa—>HB is normalized.
We extend in a natural way the map ¢ to a homomorphism of algebras ¢ :=1d ®¢ : A — B. In the same way, we denote
by ¢y :=1d®¢y : H 3 — Hz the natural extension of ¢;. The notion of (strong) ¢-compatibility is then naturally defined

from the notion of (strong) ¢-compatibility: an operator B = By ® Br on Hp is (strong) $-compatible with an operator
A=Au®Ar on H g if duA(x @ v)) = 32437.[()( ® V) (resp. ¢y (Ax @ ¥) =By (x @ ¥)) for any x @ ¢ € H 7 that is,

XQou(AFY) =X ® B?,Wﬂ(lﬂ) (resp. x @ px(Ary) = X ® Bron (¥)).
Lemma 5.2 then extends naturally to:

Lemma 5.5. Let { x¢}cec an orthonormal basis of L>(S). Fori=1,...,n, let E,- be an operator on Hi which is é-compatible with an
operator 2\,- on ’Hj.

1. Forany v1, V3 € Fig) and cq, c3 € C, one has

<XC1 ® f\715 B] "'éﬂXCQ ® fflz)'HB\ = <XC1 ®€"71,A] "'AHXCZ ®€‘72)’Hﬁ =+ TNIC

2. As a consequence, one has
Tr(B1 --- Bp) = Tr(Aq - - - Ap) + INIC
Proof. The proof is similar to the one of Lemma 5.2, noticing that the geometrical part plays no role in the main steps. W

We follow [20] to define the bosonic and the fermionic spectral actions. For any w € Qb(ﬁ), let consider the operator
Dij =Di+tw+ ek]ﬁa)jz where w is used in place of JTDJZ(&)). Let f:R — R be a positive even function. Then the
bosonic spectral action is defined by

Splw) ==Tr (D 5,/ )

for a real cutoff parameter A, and where Tr is the operator trace. We require that f is such that f(D 3 /A) is a traceclass
operator. _
To define the fermionic spectral action, we introduce the vector space of Grassmann vectors H ; defined from H 3, and

the notation 1} € 7—71 for any Y € H 3. Then, in the even case, for any 1} € 7—7} where ﬁ} corresponds to Grassmann
vectors associated to vectors ¥ € 7—[} = ker(yj — 1) (even elements in H ) the fermionic spectral action is

Sl 9= z9.D 7,97 ,

From now on, we suppose that dim M =4 and, to simplify the presentation (to focus mainly on the algebraic part of the
spectral actions), we suppose that (M, g) is compact and flat, so that all the Riemann tensors will be trivial in the following.
Let us use the following notations. For any w € Qb (A) with ﬂpj(w) =y"® A, + Ym ® @, for Hermitian operators Ay

and ¢ on C®(M) ® H.4, define B, := A, — JaAuJ ;' and @:=D 4+ ¢+ Jap] ', so that Di,=Dm®1+y @B+
ym ® O. Let VISL be the spin connection on S, and consider the vector bundle E =S ® (M x H_4) such that L2(E) = H 3
and let Vﬁ = V;SL ®1+4+1® (9, +iBy) be the natural twisted connection on E defined by the spectral triple, so that
Dﬁ,w = —iy“Vf; + ym ® . Finally, let D, := 9, +iad(By) and Fj, := 9, By — dyBy, + i[B, By]. In the same way, we
introduce o', A;L, ¢, B, @, E, D;l, F;w for the algebra B.

Let f,:= fooo f(x)x"1dx be the moments of f for n > 0, then we have the general result [20, Prop. 8.12] that we have
simplified to take into account the fact that the metric g is Euclidean'':

Proposition 5.6. Suppose that the K O -dimension of A is even, then

Tr f(D g, /D) ~ /C(BM, o)d*x+0(A™h)
M

1 In particular there is no Einstein-Hilbert Lagrangian since the purely geometric part needs not be compared from Ato B.
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with

L(By, ) = Lp(By) + Ly(By, D)

where Lp(By) = fO tr(F» F*Y), and, up to a boundary term,

2472
fz tr(®%) + J;(O (%) + &tr((Dw)(D%))

Lo(By,®) =

We use the same function f and the same cut-off A for the spectral actions on A and B.
We suppose that w € 91 (A) and ' € Ql (B) are ¢ compatible in the sense that Tpg () and D 4 (w) are qb compatible.

Since the family of vectors {y*, yi} is free in the Clifford algebra generated by the y“ s, this 1mplles that A’ (resp. ¢')
is ¢-compatible with A, (resp. @). The strong ¢-compatibility between Jz and ] 4 then implies that B;L (resp. ') is ¢-

compatible with B, (resp. ®). Notice then that 8, ®’ (resp. 9, B,) is qb compatible with 3, ® (resp. (resp. B,LBU).12 We then
have:

Proposition 5.7. Suppose that o € Q| (A) and ' € Q] (B) are -compatible in the previous sense. Then

BB/(B )_ AB(B[L)+TNIC
'Cl?,w’(B/ , ) = L3 ,(Byu. ®) +1NIC

Proof. From Proposition 5.6, all the terms in llB B,(B;L) and Lz (ﬂ,(B/ , @) are traces of polynomials of ¢-compatible ele-

ments. So, according to Lemma 5.5, up to terms with non-inherited components, they are equal to the similar expression in
terms of traces of polynomials of the corresponding elements on .A. W

Remark 5.8. This Proposition can be proved without the assumption on the normalization of ¢7;, see Remark 5.3. [

A slight extension of Proposition 4.13 shows that w € Qb(ﬁ) and o' := tf)(w) € Qb (l§) are é—compatible. But then o’
contains only inherited degrees of freedom, and so this situation is quite trivial from a physical point of view.

Proposition 5.9. If /' is ¢-compatible with v, then

Sg sl ¥ 1={gV" . Dg oV ), = 2V:D g ,¥)q  +TNC=S 3 sl Y]+ NIC
Proof. Since an(w’) and mp ﬁ(a)) are é-compatible, Dg, and D Ao are é—compatible, and since [z and J 4 are strong
¢-compatible, then Jz and J 7 are strong $-compatible.

Using previously defined notations, one can write ¥/ = Do VX ® fy +> i V'V % ® fy and ¥ = oed VOV xc®ep.
Since ' and y are ¢-compatible, one has ¥V = ¢V for any c, V. So, (Jz¥', Dg’w,lz,),gg =i, Wy V2
(JgXe ® f\71’D[§,w/XCz ® f‘./z)ﬁé = 63261&2,01,92 Yy g fVl’]EDg,w’XCZ ® f‘72>ﬁ§. From Lemma 5.5, one
has (x¢; ® f3,, JEDE,w’XCZ ®f,72)?_~[§ = (X, ®e5,, ],ZD,Z,wXCz ®e‘~,2>ﬁ}T +TNIC so that, since €z =€ 7, (]BJ/’ DE,M‘Z’);}A
= 6.2\\261,62,\71.\72 YOy e fi, ].Zl\DA\,a)XCZ ®e,72),}_~[ﬁ +TNIC=(] 7V, Dﬂ,ww>ﬁj +TNIC. B

Remark 5.10. Notice that the proof of this Proposition requires the assumption on the normalization of ¢3. U

Remark 5.11. Notice that the formal proofs presented in the previous Propositions, which compare the spectral action on B
to the spectral action on .4, do not reveal the terms which mix inherited and non-inherited components. A concrete and
complete computation is necessary to compare precisely the two Lagrangians. These more concrete computations will be
presented elsewhere. [

These results can be collected to construct a sequence {(ﬁn,Hﬁn, Dﬁn’ ],Zn’ V_A‘n)}nzo) of even real spectral triples (on

AC manifolds) which are ¢3n,n+1—compatible and a sequence of their corresponding spectral actions Sp[wn]+ S f[wn, Jn] with
a control about their inherited and non-inherited terms. Using slight modifications of Proposition 4.14 and 4.22, a gauge

12 Thanks to the fact that ¢, does not depend on the points in M.
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transformation on .Zn can be transported to a gauge transformation on .Zn_H. So, we end up with a sequence of compatible
NCGFTs constructed on top of the defining sequence of an AF-algebra A = li_r)nAn.

5.3. Some considerations about the limit

The question of the “limit” of such a sequence {(A;, Hn, Dn)ln>0 of ¢-compatible (or strong ¢-compatible) spectral
triples will not be discussed in details in this paper, since, as we will explain, it requires a lot more of analysis concerning
in particular the involved operators. Current investigations are in progress concerning these points. In the following, we only
outline some results in relation to other works.

By construction, the sequence of algebras A, has a limit Ay = J,-q-As. When completed, this algebra is the C*-
algebra A, and A, is a natural sub-algebra of “smooth elements”. Since the morphisms @7 .n.n+1 are isometries (thanks
to the normalization assumption), the direct limit of the sequence (#;,¢7/nnt+1) is well-defined. Let #H := li_r)n?-ln with
@140 Hn — H the isometries such that ¢9y m 0 ¢31.n.m = P2 for any n <m. This direct limit can be constructed explicitly
as follows. Let Ko := H and, for any n > 1, let K, := H, ©Hy—1 where we identify H,_1 with its range in H, via ¢74 n—1.n
so that Hp, =Ko @ --- ® K,,. Then

H = Bn=0 Kn = { En)nz0 | &n € Kn and 3, ol > < oo}

This Hilbert space supports a canonical representation 7 of A (see [7] for instance).

A candidate for a spectral triple as a limit of {(Ap, Hn, Dn)}n>0 has been constructed in [7] when all the Dirac operators
are strongly-¢-compatible. But requiring only ¢-compatibility needs to make use of a more subtle way to define the Dirac
operator at the limit.

For instance, one could use the approach proposed in [8] (see references therein) which relies on the following assump-
tion (adapted to our finite dimensional situation): a sequence {L,} of operators on the Hilbert spaces #, converges strongly
and uniformly if, for any €, § > 0, there is a number n(e, §) such that for any n(e, §) <n <m and for any ¢ € H, such that
¥y, <9, then |(Lmé3,n,m — d#.nmLn) ¥ gy, < €. If the sequence {L,} satisfies this convergence criteria, then, for any
Y € Hp, the operator L given by the equality Loy n ¥ = limm— oo @3¢ mLlmP2 n.m¥ is well defined.

Notice that the criteria given above is trivially satisfied if the L,’s are strongly-¢-compatible, since then Lydzy nm¥ =
O1.nmlny for any ¢ € Hy, so that, for a sequence of strong ¢-compatible operators, the limit always exists. As already
mentioned, this is the case for the approach in [7]. However, the existence of this limit is an extra requirement for a
sequence of ¢-compatible operators, for instance the sequence of Dirac operators (and the real operators as well as the
grading operators). Moreover, showing that it produces a spectral triple is also a question to be investigated. This demands
for an analysis that is beyond the scope of this paper. It will be the subject of forthcoming studies.

In [3], the authors propose a spectral triple on AF-algebras for which the Dirac operator is constructed as follows, using
our previous notations: one considers a suitable sequence of positive real numbers {¢;i}i>o and D := > 2, ;Q; where Q;
is the orthogonal projection on C; C H. For any n > 0, let us define a spectral triple (A, Hn, Dy) using the truncated Dirac
operator D; := Z?:o «;Q; on Hy. Then it is easy to verify that the D,’s are strong ¢-compatible and the limit of this
sequence is D.

Parts of this work deal with general structures to construct a sequence of spectral triples on any inductive limit of C*-
algebras. We expect that this could be relevant for applications in various domains. For instance, in [10] (see also references
therein), taking inspiration from Loop Quantum Gravity (LQG), a sequence of spectral triples on an inductive sequence of
C*-algebras generated by loops on an inductive system of finite graphs is considered, using the strong ¢-compatibility
condition. Considering the limit of this sequence, the authors obtain a candidate for a spectral triple over the space of
connections as it is used in LQG. A natural question concerns the relevance of the full potential of our framework (real
and/or even spectral triples, spectral actions...) in this context, in particular, what the ¢-compatibility condition could
bring to these constructions.

6. Conclusion

In this paper we have presented a framework to construct sequences of spectral triples on top of inductive sequences
defining AF-algebras. One main result concerns the structure of the map lifting arrows in Bratteli diagrams to arrows
between Krajewski diagrams. We emphasize that the normalization assumption plays a key role. For instance, it can be
used to show that the spectral action at each step of the sequence contains the spectral action of the previous step, as well
as new terms coupling inherited and new degrees of freedom. Moreover, it permits to get a limit for these sequences, as
it appears for the Hilbert spaces. Further investigations are in progress in order to construct and interpret more realistic
models in this new framework and to study the possible limits of these sequences.
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