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The initial data

® (M, g) a compact d-dimensional boundaryless Riemannian manifold.

® V a smooth hermitean vector bundle (fiber CV) over M with covariant derivative V p =0t A
® P a nonminimal Laplace type operator acting on smooth sections I'(V):
P = —HM3,0, = v*d, —w = —|g|”V/2V |g' 2 HMV, — phV, — q
= —HMV,V, — (p# + 23, In|g)H" + V,HI)V, — q = =HIV, ¥, — IV, —q
» HW pH LV := pt + %(av In|g)H" + V,H", q are local sections of End(V),

» H", p#, g have homogeneous diffeomorphism transformations,
» H"(x)E &, positive and invertible for any x and any & € R¥\{0}. Principal symbol of P.

® Special case: H* = gMu with u(x) positive and invertible. P can be written as
P=—ghuv,v, - (p” + g"(Vu) — F/’u)vp —q
with ¥ := g"PI‘gp where the l"ffp = Christoffel symbols of g. Here LV = pH + g"'(V,u) — T*u.

® Special case: H* = g1 is the “scalar” case, LV = p# —TH.
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The goal

® Consider P as before.

@ For any a € T(End(V)), consider the asymptotics of the heat-trace

[ee]

Trlae ] ~ Za,(a, p)tr=d)/2
tL0* r=0

® A general result shows that one can write

a(a,P) = JM ar(a, P)(x) dvoly(x) = IM trla(x)R,(x)] dvolg(x).

where dvol,y(x) := |g|1/2dx locally, |g| := det(g,,) and R, € I['(End(V)).

® The goal is to compute R,.
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What I will talk about...

@ [ will present a method to compute R,.

» This method was initiated by Avramidi and collaborators.
» With Bruno Iochum, we have completed, refined and fully studied this method.

@ This method relies on a separation between some operators and theirs arguments.

» The algebraic part concerns mainly the operator part.
» The geometric part concerns mainly the arguments.

® [ will avoid the “analytic” part.

» Existence of the asymptotics, convergence of integrals...
» The formal expressions will be justified a posteriori by showing that they are related to usual approaches.
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The trace and the kernel

® Let K(t, x, ) be the kernel of e~
(e Ps)(x) = JM K(t,x,)s(y) dvolg(y), for any s € (V)

® One has
Trlae t*] = J trla(x)K (2, x, x)] dvolg(x)
M

® “Locally” on M, using a Fourier transform, one gets:
K, x,y) = (Zﬂ)_d|g|_1/2(y)J ] e Ve (e tPeixd) d¢ : CN - N,
R

® So, one has to get an asymptotics expansion

Ktxy) ~ 3 R(x)ie D/
tlo* r=0
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First step
Use the presentation P = —H"'V v, — L}V, —q.
® One has
K :=§KH = —ig, (! + 2HMV, )

—(Pe*Es)(x) = —e*¥([H + K + P)s)(x), with {H = HVEE,

@ Forany v € cN , at fixed x, y, one then has:

K, x,yv = (Zﬂ)—d|g|—1/2(y) JR,,; J—y)E e_t[H+K+P]vd§

=) g ) [ S
(use the change of variables £, — \/ffy).

@ For any v € CN and x:

K(t, x,x)v = 1?7‘1/2(271)7‘1|g|71/2 J ] e H—IK-tP,, dé.
R

Th. Masson, CPT
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The method for the computation

Second step

® One uses the Volterra series

o)

Ly J o(0=5DA B o(51=)A o5 1-50A B olse—se)4 g
k=170

where A :={s=(s1,...,8) € R’jr|0 =51 S S s < <5y <51 <sp =1} and Ay := Q.
® Then, with A = ~H(¢) and B = —tK(£) — tP, for any v € CN,
e HONIKEPy = f@) 1]+ Y (~DF OIVEKE) + tP) & - ® (VIK(E) +tP)]v
k=1

where, for any k € N, the map fi.(¢) : Myl¢, V]®k — My[€] is defined by

fie(®)[B; ® - ® By]v : = J e(s1=50)H(&) B, e(s2=s)H(E) B, e(s3—s)HE) .. By e(Skr1—sHE), 45
Ay

FHEOI] =217 HO for 1 e C=: My(C)®'.

® The B; are matrix-valued differential operators in V,, depending on x and (polynomials in) £.

10
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Coefficients of the asymptotics of the heat-trace

® To get a,(a, P)(x), one collects all the terms in r=d)/2 jn
1/2 K
iRl Z( DF [ IR + 1)
Jt appears in front of K(¢) (linear in &) and P.
® For r odd, the integration along ¢ vanishes (odd power in £).

@ Then one has for instance, for any v € cN.

(e P =B | i,

aﬂfﬂ%:u%ﬁ@”@%ﬁ@ﬂ—ﬁMﬁ%

%@m&wznggdﬂﬁﬁﬁW®ﬂ—ﬁm®K®ﬂ—ﬁW®P®m

~KIPRK®K]+ fi[K ® K ® K ® K|)vdé,

Th. Masson, CPT

11
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The computation of R,

Proposition

From the previous computations, R, is the following (local) section of End(V'):

-1/
VoveRy=B2 3 o ¥ J fil®)[B, ® -~ ® Blvde  with
(2r) d
r/2<k<r Sc{1L,...k}
|S|=2k—r

The second sum is over all subsets S of {1, ---, k} of cardinality 2k —r.

Bj=P ifi¢S
B=K ifi€s

® B; may depends on ¢ (linearly for K).

® B; may contains covariant derivatives V (1 for K, 2 for P).

12
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The method for the computation

The challenges

® Compute and characterize the operators fi.(¢) : My[é, V]®k — My[£].
® Manage the integration along &.
® Manage the derivations V, in the arguments of the f(£)’s.

These problems are related.

This is the object of the “algebraic” part of the talk...

13



Geometric and algebraic structures of Heat asymptotics, Spectral F ionals, May, 2021 Th. Masson, CPT

The algebraic part

© The algebraic part

14
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The algebraic part

Integration along &
For p € N, use the compact notation p(p) := (uy, ..., pp) for yy € {1,...,d} and p(0) := @.

@ We define the family of operators, fork € N, p € Nand g € {1,...,d},

1 .
st(.ul)--"/lp) = Xku(p) °= @y J]Rd & "'Srﬂp fill®)dg Xi = Xku(0)-

® Xy u(p) is completely symmetric in the f’s.
.| g|_1/ ZXk’ 4 (p) is well-behaved under a change of coordinates system.

s Recall that

F©)[B ® - ® By] = L (G=HE) B oo=sDHE B, o(ss=s)HE) .. By o(skr1=s0HE) g
k

with H(¢) = HE,&,, so that
Xipp) =0 for podd.

® Open question: how to compute Xy ,(,) in general?

15
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The algebraic part

Integration along &: a new expression for R,

From now on, let U C M be an open subset which trivializes V.

@ For B; : U - My|[£,V], 1 <t < k, write (summation over the y;’s)
Bi® @B =:§, & {B®® B = &y & (B ®~® By Jkaob)
where {B; ® - ® Bi}*") = {B; ® --- ® B }1-#) does not depend on £.

® One has
B;=P ifieS$S

CNsve Rv =g /2 Z (-1 Z X 2k—r){B1 ® -~ ® BNy with B_K ifics
i = 5

r/2<k<r  Sc{l,..k}
|S|=2k—r

16
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The algebraic part

Some combinatorial properties of the X; ;)
Let B, : U » My[é], for1 <t <k.

Proposition

Zk;rl Xii1u(2pi0)[{B1 ® - ® Bp_y ® HI2r+1F2p+2 @ By @ - ® Bk}p(Zp)]
t=1 H(2p+2)

- (% + P) X pap)[{B1 ® - ® BJ# 0],

By convention, for £ = 1, H*2p+1#20+2 js placed before By and for £ = k + 1, H*2#+1f2p+2 jg after By.

Let p(p)" = (s Homts Hegts oo Hp)
Proposition
For anyv € {1,...,d}, one has

k+1 4
Yol1 X1 p(apro){B1 ® - @ By ® HHY @ By ® - @ B J# 2P+2) ]
1 «2p+l

= 3 Li=1 Xk,(ﬂ1~~m-1vm~~~uzp)[

{Bl R ® Bk}(lll--ﬂi—lVllin-ﬂzp)].

17
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The algebraic part

Propagation of derivations for the f(¢)

Lets : U — CN be the trivialization of a section in (V).
Let B, : U > My[é,V],for1<t<iand B; : U > My[é], fori+ 1<t <k

Proposition

fe©IB, ® @BV, 8- ®Bils = Y1 ;i®)[B, ® -~ ® (V,B) & ® Byl s

Th. Masson, CPT

- Z?:i fir1(©[By ® -~ ®B; ® (V,H) ® Bjy; ® - ® By|s

+ fi©)[B ® - ® B ® - @ B](V,9).

@ The proof uses the relation, for 9 a derivation on an algebra A, h € A, and a,b € R,

b

ae(a—b)h _ _J e(s—b)h(ah)e(a—s)h ds
a

This extra integration change A to Ay, 1.

® Repeating this “propagation” for all the V, in the By gives a relation with only B; : U — My[¢].

18
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The algebraic part

Propagation of derivations for the Xy ,(,

Lets : U — CN be the trivialization of a section in T(V).
Let By : U > My[¢, V], for1 <t <iand B, : U » Myl[é], fori+1<€¢<k.

Proposition
Xk,[.l(Zp)[{Bl ®®BV,® - ® Bk}u(zp)] S
k
= Yjmit1 Xkpep)iB1 ® = ® (V,B)) ® - @ B} /2] s
k
— Y= Xes1u(2pr2)[{B1 ® - ® B; ® (V,H) ® Bjy; @ - ® BJ# 2] s
+ X pepl{B1® - ®B;® - ® RGN

This is the “integrated” version of the previous relation.

19
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The algebraic part

Computation of R, using the operators Xk,ﬂ(p)

Recall that
B;=P ifie¢S$S

CNsv Ryv=|g[1/2 Z (-1)F Z Xy @2k—r){B1 ® - ® B @1y with B oK ifics
= 5

r/2<k<r  Sc{l,..k}
|S|=2k—r

® The propagations of all the V,’s produce terms Xk’,p(Zp’)[{Bl ® - Q By }”(21")]] O[A]v.
» The new B, are H"", L*, q and their derivatives.

» The Q[A]’s are matrix-valued functions written as a polynomial expressions in the A, and their derivatives.
(OnehasV,v=A,vandV,V,v= (9,4, +A,A,)v, etc, since v is constant.)

® This gives an “expression” for R,, but what about the Xj ,(,)’s?

20
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The algebraic part
Special case H” = giu: the operators fi(§)

Let A be an associative algebra.

Th. Masson, CPT

For0 <t <kanda€ A, let Re(a) : A% 5 A defined by Ry(a)[by ® - ®@br] :=by ® - @ba® -+ @ by.

Letm : A®"" = A be the multiplication m(by ® - ® by) := by -+ by.
For any s € Ay, let

®k+1 ®k+1

k
Ci(s.@) 1= D (s — s Ri(@) : A% - A
=0

In the following, A = C*(U) ® My(C).
For By : U — Mp/[€], one has

fi®[B; ® -~ ®B]=mo I e GOHON1 @ B ® - ® B]ds = m o e_méc’f(s’”)[]l ®B; ® -

JAVS Ay
with |§|§r = gﬂV§y§v~

The integration along ¢ is a Gaussian integral.

® By ds

21
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The algebraic part
. y )
Special case H" = gi"u: the operators X; ,(,)

Let gy(x) := %.

Define the completely symmetric tensor

—E3(x)
gy, #Zp(x) m J}Rdgyl "'§y2p e Elg(x dé
_ _ (p)!
- zzppv( Z gllpu)#p(z) g.“p(Zp 1)/1p(2p))( ) 22P p! T gﬂ2p—1ﬂzp)(x)’
PES 2p
Then
X 2p) = 8000 By, GV | Ol 270 85 = a0, ) X215
k
with

Xyk :=mo J Cr(s,u)™*ds
Ak

Xy, u(2p) factors into two parts: g4 St depends only on g; X, ; depends only on u.

The operators X,  have been studied in our first paper.

Th. Masson, CPT
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The algebraic part

Special case H* = g1y

Lemma

Leta € R,keNandB;, : U—> My(C) for1 <t<k.
Suppose that [u, B;] = 0 for any ¢, then

1
Xa)k[Bl ® - Bk] =a u aBl -+ By.
In particular, foru = 1y and any B, : U — Mp(C), one has
1
Xa,k[Bl R ® Bk] = E Bl Bk
For u = 1y, the operators X, ; do not appear in the results.

Only the factor g; and the tensors g, can participate to the computations.

Hzp

23
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@© The geometric part

24
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What is the “geometric” part?

® Expressions depending on the gauge structure:
covariant derivative Vﬂ, connection A 4> curvature F#V"'

® Expressions depending on the metric g on M:

Levi-Civita connection &V, Riemann tensor R W pos Ricci tensor Ric > scalar curvature fR...

25
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How to reveal the geometric part?

® Expressions depending on the gauge structure:

» They appear by default since V is in the game.
» The Q[A] generate well-behaved gauge expressions in terms of the curvature of A, and its derivatives.
» Nothing special to do: just propagate the derivations...

@ Expressions depending on the metric g on M:

» If H", I*, and q do not depend on g, no Riemannian invariant produced by P.
» But since L* is not well-behaved under a change of coordinates system, it is suitable to introduce g and so p*.

P =—H"V,V, - 'V, —q=—H"V, 7, - (p" + 1(9, In|gDH" + V,H")V, - q

» Introduce the total covariant derivative V: gauge connection V + Levi-Civita connection $V.
» Use normal coordinates to map V to V: for instance

\V Hali3 __,n'c' 57 Hapi3 \vz2 Mg ___>n'c' AWZ papy _ 1 p MY _ L p Ha Lvims
H 1 > 2 i1 Mo 3 H1H2 V1 3 HiH2 Vi >

Han a1

LA N N 2 LT Ltz D6 G pre 42 v _ 2 H2 yvivy
Pt vVIH > v#l v#lp + vMVlH - ER”I‘“ v HU

26
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Example: result for R, in terms of V
Let us first consider P = —H/"'V v, — LIV, —q.

lgl'2Ry = +X4[q] - 2Xy () [HM" ® HI | F,
~Xou@)H" ® (VVZIVZHPI”Z)] +4X3 (9 [HM" ® H2 © (szlvzHPsm)]
- 4X3)p (4)[HP1V1 ® (vv1 HW2H) @ (sz HHM7))
+4Xy o) [HM" ® (V, H2H) @ (V,, HI4H5) @ HFs"2]
+ 2Xo @)L ® (%, H"/2)]
— 2X3 (g)[L" ® (W, HF25) @ HI ] + 2X5  (4)[HM ® (V, HF2H5) @ LH]
~ Xop 1 8 12] = 2%y [ F © (5, 112)

Geometric object: F, .

The arguments are not well-behaved under a change of coordinates system.

27
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The geometric part

AN
Example: result for R, in terms of V
Choose a metric and write P = —~H¥'V,,V, — (p# + %(6V In|g)H" +V,H")V,, —q.

82 Ry = +Xylq] - 2Xp ) [HM" ® HM2]E, , + 2X5 (5[ HM" ® HM" @ [F,,,, HFah ||
+ 2 Ruyy X ) [H' © HF22] 4 SRy, Xy ) [HP' @ HY2Y ]
+ 5 Ry X (o [H2 @ HIM'2 @ HIY | = SRy, 0/ Xy [ @ HI" @ HI'2]
= 2Xs ) HM ® (V2 HF2Hs) @ HFMY2 ]
+ 4X4’”(6)[ HM" @ @vl HB) @ (§V2 HFalis) @ Hbe'2]
+ X[ (T, H) + p) @ (7, H'H2) — pie)]
= 2X5 )| ((V,, H') + pi) @ (V,, HF2H5) @ HH |
~ s [H" @ ($"1Hu2u3) ® (@\@HVZ”“) —pM)] = 2X o) [H" © (§v1pﬂ2)]

. . v,
Geometric objects: F,,, Ryv, v, 4.

The arguments are now well-behaved under a change of coordinates system.

28
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Example: results for R, with H* = g'"u and H*” = g1y

For H" = gh"u, we get P = —gl"uv v, — (p" + g (Vyu) — F”u)Vﬂ —q.
(4m) 2Ry = + 2R Xy 21 [ul + Xa/2,1[9] = Xayz41.2[u ® (7, p)]

+ 2 8" X2l Tyu+ ) ® (G u = p,)]

- %(d +2) 8" Xg/9423[u® @fwu) ® u]

— 3@ +2)8" Xg/2423lu® V) © (Vyu— p))]

— 2(d+2)g" Xg/2423Vu+ p) @ Uy w) @ u]

+ 2(d +2)(d +4) g" Xy 24341 ® (Vu) © (Vu) @ u]
For H = g1y, we get P = —g/"'V,V, — (p - F”)VII -q.

(m) PRy = R+ q— 3(V,p") - 10"y

Geometric object: fR.

The scalar curvature appears thanks to a lot of contractions with the tensor g, . fop*

29
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Example: results for R, for the NC torus

® In our second paper we have applied the method to the NC torus.
® In order to remain in a geometrical framework we have taken the deformation parameter to be rational.
@ The computation consists to consider a special case of the general result.

® We have recovered some known results: Connes and Tretkoff, Fathizadeth and Khalkhali...
(This was the non trivial part of the computation!)

30
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Example: results for R,

Recall that

ag(a, P)(x)v = tr '52'”)2 a(x) J [(BlPOP- fIK@K®P] - {IK®POK]
R _AIP@K®K]+ AIK®K®K ® K])vdE,

® The computation is tedious: the propagation of the derivations V produces thousands of terms...

® We have developed a computer program to perform the computations for H* = g u:

» it propagates the derivations;

» it manages the normal coordinates;

» it contracts terms with tensors g, 12p’
» it collects and simplifies all the terms;
» it exports in BIgX for publication...

® The final result (our third paper) requires 3 pages to display all the terms.
(The result is quite useless in the present form...)

31
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@ Comparisons with other approaches

32
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Comparisons with other approaches

Using the resolvent series
For any v € CV, we have to develop e H-VIK~tP,, i powers of +/t.
® Let R(A,z) := (A —2)"! be the resolvent of A for z € C. Then, for a suitable path Ty c C,
-A _ 1 -z
el =— . e *R(A,z)dz

® From R(A + B,z) = R(A, z) — R(A + B,z) BR(A, z), we get the (formal) resolvent series
R(A+B,z)= Y (-DFR(A,2) [BRA, 2)]*
k=0

@ Then, with A = H(£) and B = VtK(£) + tP, for any v € CN,
e HEOIKE-tP), = L J e ™2 R(H(E) + VIK(&) + tP, z)v dz
T

27l
- k
=L : e? Y (DK RH(E), 2) [(ViK(€) + tP)R(H(E).2)] vdz
k=0
for a suitable path T that can be deformed to (—ico, +ic0) (properties of H(&)).

33
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Comparisons with other approaches

The new operators f;(f)

@ For any k € N, define the map ﬁ(g*) : My[é, V]®k — My|[€] by

T 2mi

OB @ ® By 1= oL | e RO, By REHE),2) By - B REHE), v e

f®I =2k j - eFRH(E).2)dz, forleC=: My(Q)®".

—joo

s Then

e HONKOPy = Fe[1]v+ Y (~DF fOIWIKE) +tP) ® - ® (VIK(E) + tP)]v
k=1

34
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Comparison between f(£) and f(£)

We have two (formal) series:

HONKOAPy — 1Ty 4 3 (D ROIWEKE) + P T
k=1

= KON+ Y D RO E) + P v
k=1
They are the same:

Proposition
For anyk € N and any B; : U — My/[&,V]
F©IBy ® - ® Bi] = f(©)[By ® - ® By ]
and
Bi=P ifi¢$
B=K ifi€$

-1/2 P
CNsvs> Rv= '(gz'n)d Y ook Y J F®[B ® @ Blvds  with
r/2<k<r scit,.. k} R
|S|=2k—r

35
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Propagation of derivations for the ﬁ(f)

Lets : U — CN be the trivialization of a section in T(V).
Let By : U » My[é, V], for1 <¢<iand B, : U » Myl[é], fori <t <k.

Proposition
FOIB, ® - ® BV, ® - ®Bs = zj?:m FEB,®® (V,B) ® - & Br's
Y fer1©IB; ® - ® By ® (V,H) ® Bjay ® - ® Byl s
+ fi(OB; ® - ® B; ® - ® B](V,,9).

The proof uses the relation, for d a derivation on an algebra A and h € A,
dR(h,z) = —R(h, z)(6h)R(h, z)
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The pseudo-differential approach

The coefficients of the asymptotics expansion of Tr[ae "] can be computed using a ¥D approach.

® Here P is of degree p and o(x,¢) = 2520 or(x, &) is the symbol of P.
® One constructs a ¥D operator R(1) which approximates R(P, 1) = (P — 1)™L.
® Then one approximates e ¥ = sz fl"p e "M R(P, 1) dA by sz JTA et R(A) dA.
® The symbol of R(A) is }.,,50 (X, &, A) defined by the recursive relation

BED) = (0p— D7,

i)l
ra(x,E,0) = —ng Z %(8?ak)(a“rj) forn>0, andr,(x,& 1) =0forn<O0.
la|+p+j—k=n
j<n

® In this approach, the coefficient a,(a, P) of the asymptotics is related to

2] ( [ e na)a

37



Geometric and algebraic structures of Heat asymptotics, Spectral Functionals, May, 2021 Th. Masson, CPT
Comparisons with other approaches

Relation with the ﬁ(f)’s

® Let P = P(x,0) be of degree p. Let P = P(x,9,&) := P(x,d + if), so that (Pe*E5)(x) = é*E(Ps)(x).
® Decompose P(x,9,&) =: Y5, Pg(x 9, &) with Py(x, 9, £) homogeneous of degree € in &.

® One has Py(x,9,¢) = ZO<|a|<p — (85 Olo|+¢)9“ and in particular P, = oy,

@ One can show thatr, = —r, Zfz_ol Pe(x,0,8) Tn—p+t
so that r;, is a sum of terms (—l)krOPglro = rgPyro with0 < < p— 1.

eCase p=2:P=H+K+P,sothat Py =P, P =K, Py =0y = H.
1o = (0, — 1)™' = R(H(&), 1) and the sum of terms (—1)kr0’Pg1r0 -+ 19 Py 1y, with 0 < ¢; < 1, reproduces
B=P ifieS

1) s wi
D, 0F Y f®IB @ @B with B-K ifics

r/2<k<r Sc{1,...k}
|S|=2k—r

This is true for any p.

® The ¥D approach computes R, directly in terms of the fi(£) = fi(£).
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Computation using invariants from (M, g) and V

Some approaches rely on a list of geometric invariants terms.
® List all the possible expected terms, using gauge and Riemannan invariants.
@ Play with parameters in Tr[ae "] to collect constrains between these terms.

@ Compute the coeflicients in front of these terms...

From the results presented before, this seems a big challenge for the general situation.
® The list of possible terms is very extensive!
® Not easy to have enough constrains to determine all the coefficients.

® The operators Xy () may not be adapted to this approach:
their combinatorial properties permit to write the same expression in different forms!

39



Geometric and algebraic structures of Heat asymptotics, Spectral F ionals, May, 2021 Th. Masson, CPT
Conclusions and perspectives

@ Conclusions and perspectives
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Conclusions

& We have developed a method to compute the coefficients of the asymptotics of Tr[ae "]

for P = —HMV,V, — LIV, — q = —H"'V,V, — (p + %(av In|ghH* + V,HM)V,, - q.

® H" plays a crucial role in the computation.

» Tt is related to the geometry of M by the indices p, v and to the geometry of V as a section of End(V).
» It is the principal symbol of P.

® This method makes appear algebraic structures:

» the operators f,(£) = f(¢) and Xy u(p) depend only on H;
» they are not easy to evaluate for generic H* and they do not show up for scalar type operators (H" = g"”);
» they satisfy combinatorial properties that make the writing of the results not unique.

® This method is related to the geometries of (M, g) and V:
» through the “arguments” of the operators and the actions of V and ¥
» through the tensor 8. when H" = ghu;
» the geometry of V appears naturally.
» The Riemannian structures appear by requiring an explicit diffeomorphism invariant expression.
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Perspectives

@ We would like to have a better understanding of the combinatorial origin of the operators.
Volterra series, resolvent series, ¥D approximation of (P —z)~!...

® We would like to prove directly that the method computes the coefficients of the asymptotics.

» Our current proof relies on the final results related to the ¥D approach.
» This is the “analytic” part of the method!

® Adapt this method to some noncommutative situations.

» Our computation for the NC torus suggests that this can be done (at least in specific situations).
» The algebraic structures are well adapted to NCG.
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