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Motivations and objectives

Noncommutative geometry: (NCG)
=>» manage differential geometry and differential algebras (and operator algebras).

Why Lie algebroids?
@ Geometry and algebra in the game.
@ Very similar to a well studied specific noncommutative geometry.

@ Lie algebroids can be used to work with ordinary connections.

Objectives of this talk:
@ Facts about Lie algebroids (representation theory, connections).
@ Differential structures and the notion of generalized connections.

@ Two examples related to the ordinary theory of fiber bundles:

o The Atiyah Lie algebroid of a principal fiber bundle.
o The Lie algebroid of derivations of the endomorphisms algebra of a SL(n)-vector bundle.

@ NCG of the endomorphisms algebra of a SL(n)-vector bundle.

@ Compare NC connections with generalized connections on Lie algebroids.
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Lie algebroids

Let M be a smooth manifold. (M) Lie algebra of vector fields.
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Lie algebroids and differential calculi General definitions

Lie algebroids

Let M be a smooth manifold. (M) Lie algebra of vector fields.

Definition (Lie algebroids - Geometric version)
A Lie algebroid .A on M is a vector bundle A > M with a vector bundle map p: A — TM
(the anchor of A) and a Lie bracket [—,—] on ['(A) (smooth sections of A) fulfilling

(XS] =%, D]+ (p(X)£)D p([X,2]) = [p(X),p(D)]
for any X,2) €[(A) and f € C>°(M).
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Lie algebroids and differential calculi General definitions

Lie algebroids

Let M be a smooth manifold. (M) Lie algebra of vector fields.

Definition (Lie algebroids - Geometric version)

A Lie algebroid .A on M is a vector bundle A > M with a vector bundle map p: A — TM
(the anchor of A) and a Lie bracket [—,—] on ['(A) (smooth sections of A) fulfilling

(XS] =%, D]+ (p(X)£)D p([X,2]) = [p(X),p(D)]
for any X,2) €[(A) and f € C>°(M).

With A=T(.A) one has:

Definition (Lie algebroids — Algebraic version)
A Lie algebroid A is a finite projective module over C*° (M) equipped with a Lie bracket
[—,—] and a C>°(M)-linear Lie morphism p: A — (M) such that

[X.fD]=f1%X,D]+ (p(X)£)D
forany X,9) € Aand f € C*°(M).
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Transitive Lie algebroids

General definitions

Definition (Transitive Lie algebroids)

A Lie algebroid A 2 I (M) is transitive if p is surjective.
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Transitive Lie algebroids

Definition (Transitive Lie algebroids)

A Lie algebroid A 2 I'(M) is transitive if p is surjective.

Proposition (The kernel of a transitive Lie algebroid)
Let A be a transitive Lie algebroid.
@ L=Kerp is a Lie algebroid with null anchor on M.

@ The vector bundle L such that L=T (L) is a locally trivial bundle in Lie algebras.
=>» gives the Lie structure on L.

One has the short exact sequence of Lie algebras and C>° (M )-modules

V) 0

]

0 L A

L is called the kernel of A.



Gi lized ions on itive Lie algrebroids, Orsay, June 3rd, 2010 Thierry Masson, CPT-Luminy
Lie algebroids and differential calculi Representations

Derivations of a vector bundle

& vector bundle over M.
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Derivations of a vector bundle

Representations

& vector bundle over M.
End(£) =~ &£* ® & the fiber bundle of endomorphisms of &:

End(€) = {D:T(€) — [ (€) /D(fs) =fD(s), Vs € T(€), Vf € C=* (M)}
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Representations

Derivations of a vector bundle

& vector bundle over M.

End(£) =~ &£* ® & the fiber bundle of endomorphisms of &:

End(£) ={D:T(&) =T (€)/D(fs) =fD(s),Vs € [(£),Vf € C®(M)}
Diff' (&) first order operators on &:

Diff' (€)= {D:T(€) — (&) /D linear,D(fs) —fD(s) € End(E), Vs €T (&), Vf € C*°(M)}
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Derivations of a vector bundle

& vector bundle over M.
End(£) =~ &£* ® & the fiber bundle of endomorphisms of &:

End(£) ={D:T(&) =T (€)/D(fs) =fD(s),Vs € [(£),Vf € C®(M)}
Diff' (&) first order operators on &:
Diff' (€)= {D:T(€) — (&) /D linear,D(fs) —fD(s) € End(E), Vs €T (&), Vf € C*°(M)}

Symbol map: o : Diff' (£) — Homceo (1) (T* M, End(£)) defined by

a(D)(fdg)(s) =f(D(gs) —&D(s)) =f[Dgls
forany f,g € C>°(M) and any s [(€).
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Derivations of a vector bundle

& vector bundle over M.
End(£) =~ &£* ® & the fiber bundle of endomorphisms of &:
End(&)={D:T (&) —=T(€)/D(fs) =fD(s), Vs (E),Vf € C®(M)}
Diff' (&) first order operators on &:
Diff' (€)= {D:T(€) — (&) /D linear,D(fs) —fD(s) € End(E), Vs €T (&), Vf € C*°(M)}

Symbol map: o : Diff' (£) — Homceo (1) (T* M, End(£)) defined by

a(D)(fdg)(s) =f(D(gs) —&D(s)) =f[Dgls
forany f,ge C>*°(M) and any s € ['(€).

One has Homcoe (r4) (T*M,End(&)) =T (TM ®End(€)) DT (M) @1 DT(M).
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Derivations of a vector bundle

& vector bundle over M.
End(£) =~ &£* ® & the fiber bundle of endomorphisms of &:

End(£) ={D:T(&) =T (€)/D(fs) =fD(s),Vs € [(£),Vf € C®(M)}
Diff' (&) first order operators on &:
Diff' (€)= {D:T(€) — (&) /D linear,D(fs) —fD(s) € End(E), Vs €T (&), Vf € C*°(M)}

Symbol map: o : Diff' (£) — Homceo (1) (T* M, End(£)) defined by

a(D)(fdg)(s) =f(D(gs) —&D(s)) =f[Dgls
forany f,ge C>*°(M) and any s € ['(€).

One has Homcoe () (T* M, End(€)) ~T(TM ®End(£)) DT(M) @1 DT (M).

D(&)=0""(T(M))
is a transitive Lie algebroid, with anchor ¢ and kernel A(€) =T (End(&)):

0 A(E)——=D(&)— =T (M)—=0
This is the Lie algebroid of derivations of £.
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Derivations of a vector bundle

& vector bundle over M.
End(£) =~ &£* ® & the fiber bundle of endomorphisms of &:

End(£) ={D:T(&) =T (€)/D(fs) =fD(s),Vs € [(£),Vf € C®(M)}
Diff' (&) first order operators on &:
Diff' (€)= {D:T(€) — (&) /D linear,D(fs) —fD(s) € End(E), Vs €T (&), Vf € C*°(M)}

Symbol map: o : Diff' (£) — Homceo (1) (T* M, End(£)) defined by

a(D)(fdg)(s) =f(D(gs) —&D(s)) =f[Dgls
forany f,ge C>*°(M) and any s € ['(€).

One has Homcoe () (T* M, End(€)) ~T(TM ®End(£)) DT(M) @1 DT (M).

D(&)=0""(T(M))
is a transitive Lie algebroid, with anchor ¢ and kernel A(€) =T (End(&)):
0 A(E)——=D(&)— =T (M)—=0

This is the Lie algebroid of derivations of £.
The kernel A(&) is an associative algebra and the Lie structure is the commutator.
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Representations

A5 T (M) a Lie algebroid and £ — M a vector bundle.

Definition (Representation of a Lie algebroid)

A representation of A on € is a morphism of Lie algebroids ¢ : A — D(&).
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Representations

A5 T (M) a Lie algebroid and £ — M a vector bundle.

Definition (Representation of a Lie algebroid)

A representation of A on € is a morphism of Lie algebroids ¢ : A — D(&).

If Ais a transitive Lie algebroid, one has the commutative diagram of exact rows:
! P

0 L A r[(Mm)—o

poye |
0—A(f) =>9(&) H>T(M)—0

¢ :L— A(E) is a C>°(M)-linear morphism of Lie algebras

=>» geometric relationship between £ (L=T(£)) and End(&).
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Representations

A5 T (M) a Lie algebroid and £ — M a vector bundle.

Definition (Representation of a Lie algebroid)

A representation of A on € is a morphism of Lie algebroids ¢ : A — D(&).

If Ais a transitive Lie algebroid, one has the commutative diagram of exact rows:
! P

0 r(Mm)—o0

L A

poye |
0—A(f) =>9(&) H>T(M)—0

¢ :L— A(E) is a C>°(M)-linear morphism of Lie algebras

=>» geometric relationship between £ (L=T(£)) and End(&).

A representation for a Lie algebroid is like a right module for an algebra in NCG.
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Gauge group

0 L—>A—>T(M)—0

e H

0—>A(&) =D(&) >T(M)—0

Definition (Gauge group of a representation)

The gauge group Aut(&) of a representation space € is the group of vertical
automorphisms of the vector bundle £.
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Gauge group

0 L A r[(m)—o

e H

0—>A(&) =D(&) >T(M)—0

Definition (Gauge group of a representation)

The gauge group Aut(&) of a representation space € is the group of vertical
automorphisms of the vector bundle £.

This is the group of invertible elements in A(E).
The gauge group can'’t be defined with existing objects on the transitive Lie algebroid A.
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Gauge group

0 L A r[(m)—o

e H

0—>A(&) =D(&) >T(M)—0

Definition (Gauge group of a representation)

The gauge group Aut(&) of a representation space € is the group of vertical
automorphisms of the vector bundle £.

This is the group of invertible elements in A(E).
The gauge group can'’t be defined with existing objects on the transitive Lie algebroid A.
=> Use an infinitesimal version: A(£) contains the Lie algebra of the gauge group.
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Gauge group

Definition (Gauge group of a representation)

The gauge group Aut(&) of a representation space € is the group of vertical
automorphisms of the vector bundle £.

This is the group of invertible elements in A(E).
The gauge group can'’t be defined with existing objects on the transitive Lie algebroid A.
=> Use an infinitesimal version: A(£) contains the Lie algebra of the gauge group.

Definition (Infinitesimal gauge transformations)

An infinitesimal gauge transformation on the transitive Lie algebroid A is an element & € L.
Such an infinitesimal gauge transformation acts vertically on € by ¢ : L — A(£).
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Lie algebroids and differential calculi Representations

Gauge group

Definition (Gauge group of a representation)

The gauge group Aut(&) of a representation space € is the group of vertical
automorphisms of the vector bundle £.

This is the group of invertible elements in A(E).
The gauge group can'’t be defined with existing objects on the transitive Lie algebroid A.
=> Use an infinitesimal version: A(£) contains the Lie algebra of the gauge group.

Definition (Infinitesimal gauge transformations)

An infinitesimal gauge transformation on the transitive Lie algebroid A is an element & € L.
Such an infinitesimal gauge transformation acts vertically on € by ¢ : L — A(£).

Similar situation in NCG: gauge group defined only for a given right module.
9



Gi lized ions on itive Lie algrebroids, Orsay, June 3rd, 2010 Thierry Masson, CPT-Luminy
Lie algebroids and differential calculi Differential structures

Forms with values in C*°(M)
p

A= [(M) a Lie algebroid (not necessary transitive).
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Forms with values in C*°(M)

ALy I'(M) a Lie algebroid (not necessary transitive).

Definition (Forms with values in C°°(M))

Vp eN, QP(A) is the space of C°°(M)-multilinear antisymmetric maps AP — C*°(M).
Qo°(A)=C°(M).

Q°(A) =D, (A) gets a differential da : Q°(A) — QPT'(A):

p+1
(dAw)(x17~ p+1) Z '+1 (-%1, . xp-H) _
ot Z 1)H [35,,35]351, VoY X )

1<i<j<p+1
and a graded commutative product:

1 [
(wﬂ)(xh---vxpw)zw Z (-1 l“’(xaﬁ)v---vxu(p))"l(xa(pﬂ)’""xo(ﬁq))
1 0€G,1g

(Q° (A),HA) is a graded commutative differential algebra.
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Forms with values in C*°(M)

ALy I'(M) a Lie algebroid (not necessary transitive).

Definition (Forms with values in C°°(AM))

Vp eN, QP(A) is the space of C°°(M)-multilinear antisymmetric maps AP — C*°(M).
Qo°(A)=C°(M).

Q°(A) =D, (A) gets a differential da : Q°(A) — QPT'(A):

p+1
(dAw)(x17~ p+1) Z '+1 (-%1, . xp-H) _
= Z 1) e [35,,35]351, VoY X )

1<i<j<p+1
and a graded commutative product:

1 [
(wﬂ)(xh---vxpw)zw Z (-1 l“’(xa(ﬂv---vxo(p))"l(xa(pﬂ)’""xo(ﬁq))
1 0€G,1g

(Q° (A),HA) is a graded commutative differential algebra.

This is the space of forms with values in C*°(M).
Objects in this algebra will be called forms on A.

10
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Forms with values in the kernel

0—>L—>A—L> I'(M)—=0 a transitive Lie algebroid.
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Forms with values in the kernel
0—>L—>A—L> I'(M)—=0 a transitive Lie algebroid.
Natural action of Aon L: VX € Aand V/ €L,
[X,4] € Lis the unique element in L such that «([X,¢]) = [%,«(¢)].

Thierry Masson, CPT-Luminy

Differential structures
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Lie algebroids and differential calculi Differential structures

Forms with values in the kernel

0—>L—>AS> I'(M)—=0 a transitive Lie algebroid.
Natural action of Aon L: VX € Aand V€L,
[X,4] € Lis the unique element in L such that «([X,¢]) = [%,«(¢)].

Definition (Forms with values in the kernel)
VpeN, QP(A,L) is the space of COO(M)-muIEiIinear antisymmetric maps AP — L.
Q*(A,L)=ED,>, 2 (A,L) gets a differential d: Q° (A, L) — QPT'(A, L):
p+1
(dw)(Xr,. o, Xpsn) = 3 (1) (X, Vo X)) -
Y (S (R RV Y Bp)

1<i<j<p+1
and a graded Lie bracket QP (A,L) @ Q9(A,L) — QPTI(A,L):

[wvrl](:{1 yeee vprrq) = Z (_1)“]' [w(}:a(ﬂa e 7x0(p))7’1(xﬁ(p+1)7 e vxa(p—o—q))]

gl
pa: 0EG 1

(Q°(A,L),d) is a graded differential Lie algebra.
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Lie algebroids and differential calculi Differential structures

Forms with values in the kernel

0—>L—>AS> I'(M)—=0 a transitive Lie algebroid.
Natural action of Aon L: VX € Aand V€L,
[X,4] € Lis the unique element in L such that «([X,¢]) = [%,«(¢)].

Definition (Forms with values in the kernel)
VpeN, QP(A,L) is the space of C“(M)-muliilinear antisymmetric maps AP — L.
Q*(A,L)=ED,>, 2 (A,L) gets a differential d: Q° (A, L) — QPT'(A, L):
p+1
(dw)(Xr,. o, Xpsn) = 3 (1) (X, Vo X)) -
Y (S (R RV Y Bp)

1<i<j<p+1
and a graded Lie bracket QP (A,L) @ Q9(A,L) — QPTI(A,L):

[wvrl](:{1 yeee vprrq) = Z (_1)“]' [w(xa(ﬂa e 7x0(p))7’1(xﬁ(p+1)7 e vxa(p—o—q))]

gl
pa: 0EG 1

(Q°(A,L),d) is a graded differential Lie algebra.

This is the space of forms on A with values in the kernel.
Objects in this complex will be called forms on A with values in L.
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Forms on A with values in A(€)

¢: A— D (&) representation of the transitive Lie algebroid 0— L—>A—L> r(Mm)—-o0.
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Forms on A with values in A(€)

¢: A— D (&) representation of the transitive Lie algebroid 0— L—>A—L> r(Mm)—-o0.

Definition (Forms on A with values in A(£))
VpeN, QP(A,A(€)) is the space of C*°(M)-multilinear antisymmetric maps AP — A(&).
Q°(AA(E)) =D, 5,2 (A,A(€)) gets a differential dg : QP (A, A(E)) — QPT(A,A(E)):

p+1 ‘.
(de@)(Xr,.. . Xpia) =D (=) (), 0(Xr,.. Y. Xpra)]

i=1 A i J
+ > () (XX XYY )
1<i<j<p+1
and a graded product

(wn)(Xr,-., Xpiq) = !

plq! Y N Mw(Xoq), - o)) 1(Eotps1ys- s Eotpta))

€614
(Q°(A,A(E)),de ) is a graded differential algebra.
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Forms on A with values in A(€)

¢: A— D (&) representation of the transitive Lie algebroid 0— L—>A—L> r(Mm)—-o0.

Definition (Forms on A with values in A(£))
VpeN, QP(A,A(€)) is the space of C*°(M)-multilinear antisymmetric maps AP — A(&).
Q°(AA(E)) =D, 5,2 (A,A(€)) gets a differential dg : QP (A, A(E)) — QPT(A,A(E)):

p+1 ‘.
(de@)(Xr,.. . Xpia) =D (=) (), 0(Xr,.. Y. Xpra)]

i=1 A i J
+ > () (XX XYY )
1<i<j<p+1
and a graded product

(wn)(Xr,-., Xpiq) = !

plq! Y N Mw(Xoq), - o)) 1(Eotps1ys- s Eotpta))

€614
(Q°(A,A(E)),de ) is a graded differential algebra.

This is the space of forms on A with values in A(&).
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Lie algebroids and differential calculi Differential structures

Forms on A with values in A(€)

¢: A— D (&) representation of the transitive Lie algebroid 0— L—>A—L> r(Mm)—-o0.

Definition (Forms on A with values in A(£))
Vp N, QP(A,A(E)) is the space of C>°(M)-multilinear antisymmetric maps A” — A(€).
Q°(AA(E)) =D, 5,2 (A,A(€)) gets a differential dg : QP (A, A(E)) — QPT(A,A(E)):
p+1 ‘_
(de@)(Xr,.. . Xpia) =D (=) (), 0(Xr,.. Y. Xpra)]

i=1 A i J
+ > () (XX XYY )
1<i<j<p+1
and a graded product

(w’//)(xn...,}:ﬁﬂrq): .

plq! Y N Mw(Xoq), - o)) 1(Eotps1ys- s Eotpta))

€614
(Q°(A,A(E)),de ) is a graded differential algebra.

This is the space of forms on A with values in A(&).
There are relations between Q°(A), Q°*(A,L) and Q°(A,A(E)).
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Example: Trivial Lie algebroids

Models for local trivializations of transitive Lie algebroids.
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Example: Trivial Lie algebroids

Models for local trivializations of transitive Lie algebroids.
M a smooth manifold and g a finite dimensional Lie algebra.
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Lie algebroids and differential calculi Differential structures

Example: Trivial Lie algebroids

Models for local trivializations of transitive Lie algebroids.
M a smooth manifold and g a finite dimensional Lie algebra.

Definition (Trivial Lie algebroid)

A=T(TM @ (M x g)) is a Lie algebroid for the following structures:
pX@y)=X X®y,Y©n] =X Y& Xn—=Y-y+Iy.1l)
forany X,Y € [(M) and y,n € (M x g).

Notation A=TLA(M, g) for this Lie algebroid (Trivial Lie Algebroid).
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Lie algebroids and differential calculi Differential structures

Example: Trivial Lie algebroids

Models for local trivializations of transitive Lie algebroids.
M a smooth manifold and g a finite dimensional Lie algebra.

Definition (Trivial Lie algebroid)

A=T(TM @ (M x g)) is a Lie algebroid for the following structures:
pX@y)=X X®y,Y©n] =X Y& Xn—=Y-y+Iy.1l)
forany X,Y € [(M) and y,n € (M x g).

Notation A=TLA(M, g) for this Lie algebroid (Trivial Lie Algebroid).
The kernel of TLA(M, g) is L=T(M x g).
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Example: Trivial Lie algebroids

Models for local trivializations of transitive Lie algebroids.
M a smooth manifold and g a finite dimensional Lie algebra.

Definition (Trivial Lie algebroid)

A=T(TM @ (M x g)) is a Lie algebroid for the following structures:
pX@y)=X X®y,Y©n] =X Y& Xn—=Y-y+Iy.1l)
forany X,Y € [(M) and y,n € (M x g).

Notation A=TLA(M, g) for this Lie algebroid (Trivial Lie Algebroid).
The kernel of TLA(M, g) is L=T(M x g).
The s.es.

0 L

splits as Lie algebras and C*°(AM)-modules.
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Differential structures
Example: Trivial Lie algebroids (cont’d)

Let A=TLA(M,g) and L=T(M x g).

Then Q°(A,L) = Q3 A(M, g) is the total complex of the bicomplex

Qia(M,g) =" (M)®\"g" @9
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Differential structures
Example: Trivial Lie algebroids (cont’d)
Let A=TLA(M,g) and L=T(M X g).
Then Q°(A,L) = Q3 A(M, g) is the total complex of the bicomplex
QiaM,g) =Q* (M)®A\°g" ®g
One can equip Q7 (M, g) with two differentials:
QM. 0) = QR (Myg) s QRR(M,0) - QR (M. g)
de Rham diff. on Q°*(M) Chevalley-Eilenberg diff. on \°g* ® g



Gi lized ions on itive Lie algrebroids, Orsay, June 3rd, 2010 Thierry Masson, CPT-Luminy
Lie algebroids and differential calculi Differential structures

Example: Trivial Lie algebroids (cont’d)
Let A=TLA(M,g) and L=T(M X g).
Then Q°(A,L) = Q3 A(M, g) is the total complex of the bicomplex
QiaM,g) =Q* (M)®A\°g" ®g
One can equip Q7 (M, g) with two differentials:
d:QNAM,9) = QT (M,g)  s:Qpa(M,9) = QAT (M, g)
de Rham diff. on Q’( ) Chevalley-Eilenberg diff. on \°g* ® g
Then the differential is d = dr s =d +s on Q3 A(M,g). Itis given by

(dria®)(Xa @1, Xp1 @ 1) =
p+1 ) ;
Z(—1)’+1Xi-w(x1 Sy, Yo Xp 1 @ Yppa)
i=1
pt1

+Z D (X @y, Yoo Xos1 ®Yp)]

J
+ Z "Ha) (Xi®yi,Xi @y, X1 @y, Yoo Vo KXo 1 D Pptr)
1<i<j<p+1

for any w € Q7 (M, g) and any X; D y; € TLA(M, g).

14
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Example: Trivial Lie algebroids (cont’d)

Differential structures

Let A=TLA(M,g) and L=T (M x g).
E vector space and #(&) : E— E a linear representation of g.
L(E) algebra of endomorphisms of E, then 7: g — L(E).
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Example: Trivial Lie algebroids (cont’d)

Let A=TLA(M,g) and L=T (M x g).

E vector space and #(&) : E— E a linear representation of g.
L(E) algebra of endomorphisms of E, then 7: g — L(E).
There is a natural representation of A on £ = M X E:
ForX@y€eA ¢(XDy)s=X-s+n(y)sforanysel(&).
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Example: Trivial Lie algebroids (cont’d)

Let A=TLA(M,g) and L=T (M x g).
E vector space and #(&) : E— E a linear representation of g.
L(E) algebra of endomorphisms of E, then 7: g — L(E).

There is a natural representation of A on £ = M X E:
ForX@y€eA ¢(XDy)s=X-s+n(y)sforanysel(&).
The kernel of ©(€) is A(€) =C>° (M) ® L(E). ¢y is just the composition with 7.
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Example: Trivial Lie algebroids (cont’d)

Let A=TLA(M,g) and L=T (M x g).
E vector space and #(&) : E— E a linear representation of g.
L(E) algebra of endomorphisms of E, then 7: g — L(E).

There is a natural representation of A on £ = M X E:

ForX@y€eA ¢(XDy)s=X-s+n(y)sforanysel(&).

The kernel of ©(€) is A(€) =C>° (M) ® L(E). ¢y is just the composition with 7.
The differential calculus Q% (M, g,E) =Q°(A,A(&)) is the total complex of
Q*(M)® A\°g* ® L(E) with differential

(aTLA,Sw)(X1 Dyr e Xp1 B Ppn) =

p+1 i
Z(_1)1+1Xi.w(x1@y1,...\./...,xp+1€9)’p+1)
pH%1 i

+Z 1) ), 0(X @ yrye-Y oo Xps1 @ Ypia)]

i J
+ Z D 0(X @y, X @yl X @y, Y Y s B Ypra)
1<i<j<p+1
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Inner product and Lie derivative

0—>L—>AS> I'(M)—=0 a transitive Lie algebroid.
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Inner product and Lie derivative

0—>L—>AS> I'(M)—=0 a transitive Lie algebroid.

Definition (Inner product and Lie derivative)

For any X € A and p > 1, we define the inner product
ix:QP(AL)— P (AL)
by (ixw)(X1,....%,) =w(X, %4,..., X))
ix iszeroon Q°(A,L) =L.
Forany p >0, N N
Ly =dix +ixd: QP(A,L) — QP(A, L)

is the Lie derivative associated in the X direction.
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Inner product and Lie derivative

0—>L—>AS> I'(M)—=0 a transitive Lie algebroid.

Definition (Inner product and Lie derivative)

For any X € A and p > 1, we define the inner product
ix:QP(AL)— P (AL)
by (ixw)(X1,....%,) =w(X, %4,..., X))
ix iszeroon Q°(A,L) =L.
Forany p >0, N N
Ly =dix +ixd: QP(A,L) — QP(A, L)

is the Lie derivative associated in the X direction.

Thierry Masson, CPT-Luminy

Cartan operations

(Lx@)(Xr,..., %) = [X,0(Xy,..., X ]wa%h %%, -
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Cartan operation

Forany X,2) € A one has
iziy +iyiz =0 [Lx:in] =iz 9] [Lx,Ly] =Lz,
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Cartan operation

Forany X,2) € A one has
iziy +iyiz =0 [Lx:in] =iz 9] [Lx,Ly] =Lz,

b a Lie algebra.
Definition (Cartan operation of )

A Cartan operation of  on (Q2°*(A, L),d) is given by the following data:
VX eh,Vp>1,thereisamapix : Q°(A,L) — QP~'(A,L) such that the above relations
hold for any X,%2) € h, with Lx =dix +ixd.

Such a Cartan operation on (Q°(A,L),d) is denoted by (B,i,L).
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Lie algebroids and differential calculi Cartan operations

Cartan operation

Forany X,2) € A one has
iziy +iyiz =0 [Lx:in] =iz 9] [Lx,Ly] =Lz,

b a Lie algebra.
Definition (Cartan operation of )

A Cartan operation of  on (Q2°*(A, L),d) is given by the following data:
VX eh,Vp>1,thereisamapix : Q°(A,L) — QP~'(A,L) such that the above relations
hold for any X,%2) € h, with Lx =dix +ixd.

-~

Such a Cartan operation on (Q2°*(A,L),d) is denoted by (b,i,L).

Example (Cartan operation of the kernel)

As a Lie algebroid, toL C A
=> one can restrict the operations i and L defined with X € Ato X €10L.

-~

This defines the Cartan operation of L (as a Lie algebra) on (Q°(A,L),d).
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Horizontal, invariant and basic elements

Cartan operations

Definition (Horizontal, invariant and basic elements)

-~

Let (h,i,L) be a Cartan operation on (2°(A,L),d). Then

@ The horizontal elements in Q°(A,L) are the forms w such that ixw=0 for any X € b.
Q° (A, L)nor is the graded subspace of horizontal elements.

@ The invariant elements in Q°(A,L) are the forms w such that Lyw =0 for any X € b.
Q° (A, L) is the graded subspace of invariant elements.

@ The basic elements in Q°(A,L) are the forms which are both horizontal and invariant.
Q° (A, L)sasic is the graded subspace of basic elements.

4

Q° (A, L)1y and Q° (A, L)gasic are differential subcomplexes of (Q2° (A, L)ﬁ).
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Connections and their generalizations

© Connections and their generalizations
@ Ordinary connections
@ Generalized connections
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Ordinary connections : definition

0—>L—>A—L> I'(M)—=0 a transitive Lie algebroid.

20
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Connections and their generalizations Ordinary connections

Ordinary connections : definition

0—>L—>A—L> I'(M)—=0 a transitive Lie algebroid.

Definition (Connection on a transitive Lie algebroid)

A connection on A is a splitting V : I (M) — A as C>°(M)-modules of the s.e.s.

v
/“‘\
0 L——>A"——>T(M) 0

Its curvature is the obstruction of being a morphism of Lie algebras:
R(Xa Y) = [Vx7 VY] - V[X7Y]

20
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Ordinary connections : definition

0—>L—>A—L> I'(M)—=0 a transitive Lie algebroid.

Definition (Connection on a transitive Lie algebroid)

A connection on A is a splitting V : I (M) — A as C>°(M)-modules of the s.e.s.

v
/“‘\
0 L——>A"——>T(M) 0

Its curvature is the obstruction of being a morphism of Lie algebras:
R(Xa Y) = [VX7VY] - V[X7Y]

V a connection. There is an algebraic object which permits concrete computations:
XeA letX=p(X)

20
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Connections and their generalizations Ordinary connections

Ordinary connections : definition
0—>L—>A—L> I'(M)—=0 a transitive Lie algebroid.

Definition (Connection on a transitive Lie algebroid)

A connection on A is a splitting V : I (M) — A as C>°(M)-modules of the s.e.s.

v
/“‘\
0 L——>A"——>T(M) 0

Its curvature is the obstruction of being a morphism of Lie algebras:
R(Xa Y) = [VX7VY] - V[X7Y]

V a connection. There is an algebraic object which permits concrete computations:
XeA letX=p(X)
> X —Vx€eKerp

20
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Ordinary connections : definition
0—>L—>A—L> I'(M)—=0 a transitive Lie algebroid.

Definition (Connection on a transitive Lie algebroid)

A connection on A is a splitting V : I (M) — A as C>°(M)-modules of the s.e.s.

v
0 L— A‘/I:\F(M) 0

Its curvature is the obstruction of being a morphism of Lie algebras:
R(Xa Y) = [VX7VY] - V[X7Y]

V a connection. There is an algebraic object which permits concrete computations:
XeA letX=p(X)
> X —Vx€eKerp
=> 3! a(X) €L such that
X=Vx—1oa(X)

20
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Ordinary connections : definition

0—>L—>A—L> I'(M)—=0 a transitive Lie algebroid.

Definition (Connection on a transitive Lie algebroid)

A connection on A is a splitting V : I (M) — A as C>°(M)-modules of the s.e.s.

a v
0 1= A‘/I:\F(M) 0

Its curvature is the obstruction of being a morphism of Lie algebras:
R(Xa Y) = [VX7VY] - V[X7Y]

V a connection. There is an algebraic object which permits concrete computations:
XeA letX=p(X)
> X —Vx€eKerp
=> 3! a(X) €L such that
X=Vx—1oa(X)

The map a: A — L is a morphism of C°°(M)-modules.

20
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Ordinary connections : definition

0—>L—>A—L> I'(M)—=0 a transitive Lie algebroid.

Definition (Connection on a transitive Lie algebroid)

A connection on A is a splitting V : I (M) — A as C>°(M)-modules of the s.e.s.

a v
0 LS AE T (M) 0

Its curvature is the obstruction of being a morphism of Lie algebras:
R(Xa Y) = [VX7VY] - V[X7Y]

V a connection. There is an algebraic object which permits concrete computations:
XeA letX=p(X)
> X —Vx€eKerp
=> 3! a(X) €L such that
X=Vx—1oa(X)
The map a: A — L is a morphism of C°°(M)-modules.

There is a notion of gauge transformation on connections.

20



Gi lized ions on itive Lie algrebroids, Orsay, June 3rd, 2010 Thierry Masson, CPT-Luminy
Connections and their generalizations Ordinary connections

Ordinary connections : the connection 1-form

V connection on the transitive Lie algebroid A, X = Vx — 1o a(X).

21
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Connections and their generalizations Ordinary connections

Ordinary connections : the connection 1-form
V connection on the transitive Lie algebroid A, X = Vx — 1o a(X).

Proposition (Connection 1-form and curvature in algebraic terms)

The associated morphism « : A — L is an element of Q' (A, L) normalized on 1oL by
aou(l)=—¢
forany{ € L.

Any a € Q'(A,L) normalized as before defines a unique connection on A.
The 2-form

PO
R=da+ E[a,a]

is horizontal for the Cartan operation of L on (Q2*(A,L),d). With usual notations:
1oR(X,9) =1 ((da)(X,9) + [+(X), «(D)]) =R(X.Y)

R satisfies the Bianchi identity R
dR+[&,R]=0

21
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Ordinary connections : the connection 1-form
V connection on the transitive Lie algebroid A, X = Vx — 1o a(X).

Proposition (Connection 1-form and curvature in algebraic terms)

The associated morphism « : A — L is an element of Q' (A, L) normalized on 1oL by
aou(l)=—¢

forany{ € L.

Any a € Q'(A,L) normalized as before defines a unique connection on A.

The 2-form

PO
R=da+ E[a,(x]

is horizontal for the Cartan operation of L on (Q2*(A,L),d). With usual notations:
1oR(X,9) =1 ((da)(X,9) + [+(X), «(D)]) =R(X.Y)

R satisfies the Bianchi identity R
dR+[&,R]=0

a € Q'(A,L) is the connection 1-form of V (“connection reform” in Mackenzie).
R € Q?(A,L) is the curvature 2-form of V.

21
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The covariant derivative

« the connection 1-form of a connection V on A.

Proposition (Covariant derivative on Q°®(A,L))

D:Q°(A,L) > Q*H(A,L) Dy =dn+[a, 7]
satisfies
D’n=[R,7]
foranyn € Q*(A,L). _
The Bianchi identity on R is equivalent to DR = 0.

D is the covariant derivative of a on Q°(A,L).

22
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Connections and their generalizations Generalized connections

A-connectionson £
First generalization of connections

¢:A— D(E) arepresentation of the transitive Lie algebroid A.

23
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A-connectionson £
First generalization of connections

¢:A— D(E) arepresentation of the transitive Lie algebroid A.

Definition (A-connections on £)

An A-connection on £ is a linear map VE A D (&) compatible with the anchor maps
such that

Vis=fVis  Vi(sts)=Vis+Vis V()= (p(X))s+Vis
VX EA, Vf€C®(M)and Vs,sq,s, €T(E).
The curvature of V¢ is defined as:
1oR*(X,9) = [V%, Vol — Vix 9]

See e.g. “R. L. Fernandes, Connections in Poisson geometry I: Holonomy and invariants,
Journal of Differential Geometry, 54(2):303-365, 2000.”

23
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Connections and their generalizations Generalized connections

A-connectionson £
First generalization of connections

¢:A— D(E) arepresentation of the transitive Lie algebroid A.

Definition (A-connections on £)

An A-connection on £ is a linear map VE A D (&) compatible with the anchor maps
such that

Vis=fVis  Vi(sts)=Vis+Vis V()= (p(X))s+Vis
VX EA, Vf€C®(M)and Vs,sq,s, €T(E).
The curvature of V¢ is defined as:
1oR*(X,9) = [V%, Vol — Vix 9]

See e.g. “R. L. Fernandes, Connections in Poisson geometry I: Holonomy and invariants,
Journal of Differential Geometry, 54(2):303-365, 2000.”

An A-connection on & can also be seen as a generalized “representation”.

The curvature measures the obstruction to be a morphism of Lie algebras.

Notice: RE(¥,2)) € L.

23
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A-connectionson £
First generalization of connections

¢:A— D(E) arepresentation of the transitive Lie algebroid A.

Definition (A-connections on £)

An A-connection on £ is a linear map VE A D (&) compatible with the anchor maps
such that

Vis=fVis  Vi(sts)=Vis+Vis V()= (p(X))s+Vis
VX EA, Vf€C®(M)and Vs,sq,s, €T(E).
The curvature of V¢ is defined as:
1oR*(X,9) = [V%, Vol — Vix 9]

See e.g. “R. L. Fernandes, Connections in Poisson geometry I: Holonomy and invariants,
Journal of Differential Geometry, 54(2):303-365, 2000.”

An A-connection on & can also be seen as a generalized “representation”.

The curvature measures the obstruction to be a morphism of Lie algebras.

Notice: RE(¥,2)) € L.

There is a notion of gauge transformation on A-connections on &.
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Connection 1-form of a A-connection on £

24
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Connection 1-form of a A-connection on £
0 L A r(m)——so0

bl

(&) —L>T(M) —=0

2%
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Connection 1-form of a A-connection on £

0 L A r(m)——so0
=
0 AE) —=D(E) —L=T(M)——=0

V¢ : A—D(£) a A-connection on £

2%
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Connection 1-form of a A-connection on £

! P

0 L A r(m)——so0
=
0 AE) —=D(E) —L=T(M)——=0

V¢ : A—D(£) a A-connection on £ =» V& — ¢(X) € Kero

2%
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Connection 1-form of a A-connection on £

! P

0 L A r(m)——so
- e
0 AE) —=D(E) —L=T(M)——=0

V€ : A—D(£) a A-connection on £ =» V& — ¢(X) € Kero
= 3l 0 € Q'(A,A(E)) such that V& = ¢(X) + 10w (X).

2%



Gi lized ions on itive Lie algrebroids, Orsay, June 3rd, 2010 Thierry Masson, CPT-Luminy
Connections and their generalizations Generalized connections

Connection 1-form of a A-connection on £

! P

0 L A r(m)——so
- e
0 AE) —=D(E) —L=T(M)——=0

V€ : A—D(£) a A-connection on £ =» V& — ¢(X) € Kero
= 3l 0 € Q'(A,A(E)) such that V& = ¢(X) + 10w (X).

Proposition (Connection 1-form and curvature 2-form)

An A-connection on &, V€ :A— D (&), is completely determined by the 1-form
w® €Q'(A,A(E)) with the above relation.
One hasRE € Q2(A,A(€)) with
R RE(%,9) = (dew®)(X,2) +[0®(X), 0" (V)]
R satisfies the Bianchi identity
deRE +[wf RE]=0

2
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Connection 1-form of a A-connection on £

! P

0 L A r(m)——so
- e
0 AE) —=D(E) —L=T(M)——=0

V€ : A—D(£) a A-connection on £ =» V& — ¢(X) € Kero
= 3l 0 € Q'(A,A(E)) such that V& = ¢(X) + 10w (X).

Proposition (Connection 1-form and curvature 2-form)

An A-connection on &, V€ :A— D (&), is completely determined by the 1-form
w® €Q'(A,A(E)) with the above relation.
One hasRE € Q2(A,A(€)) with
R RE(%,9) = (dew®)(X,2) +[0®(X), 0" (V)]
R satisfies the Bianchi identity
deRE +[wf RE]=0

w€ is the connection 1-form of V¢ and R¢ its curvature 2-form.

2%
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Covariant derivative, ordinary connections
w® connection 1-form of a A-connection on &.

Proposition (Covariant derivative on Q°(A,L))

DE:Q%(AA(E)) = Q*H(A,A(E)) DEn=den+[wf,1]

(D*)*n=R® 7]

satisfies

forany € Q°(A,L).
The Bianchi identity is equivalent to DER® =0

25
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Covariant derivative, ordinary connections
w® connection 1-form of a A-connection on &.

Proposition (Covariant derivative on Q°(A,L))

DE:Q%(AA(E)) = Q*H(A,A(E)) DEn=den+[wf,1]

(D*)*n=R® 7]

satisfies

foranyn € Q°(A,L).
The Bianchi identity is equivalent to DER® =0

V¢ :T(M)—D(&) (ordinary) connection on D(€).
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Covariant derivative, ordinary connections

w€ connection 1-form of a A-connection on &.

Proposition (Covariant derivative on Q°(A,L))

D% : Q°(A,A(£)) = Q°H(A,A(€)) D =den+[w®, 7]
satisfies
(D)0 =[R® 1]
forany € Q°(A,L). L
The Bianchi identity is equivalent to DER® =0

V¢ :T(M)—D(&) (ordinary) connection on D ().
= V& :A—D(€) defined by V5 = V¥, is a A-connection on €.
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Covariant derivative, ordinary connections

w€ connection 1-form of a A-connection on &.
Proposition (Covariant derivative on Q°(A,L))

DE:Q%(AA(E)) = Q*H(A,A(E)) DEn=den+[wf,1]

(D*)*n=R® 7]

satisfies

foranyn € Q°(A,L).
The Bianchi identity is equivalent to DER® =0

V¢ :T(M)—D(&) (ordinary) connection on D ().
= V& :A—D(€) defined by V5 = V¥, is a A-connection on €.
Proposition (Connections on € as A-connections on &)

V¢ — V¢ injects the space of connections on D (&) into the space of A-connections on £.
This injection is compatible with the notions of curvature and gauge transformations.

The notion of A-connections on € generalizes the notion of connections on D(&).
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Generalized connections
Second generalization of connections

¢:A— D (&) arepresentation of the transitive Lie algebroid A.

Definition (Induced connections)

An A-connection on £ is an induced connection if its associated 1-form w® € Q'(A,A(€))
can be factorized through ¢ as w® = ¢ o w for a 1-form w € Q'(A,L).
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Generalized connections
Second generalization of connections

¢:A— D (&) arepresentation of the transitive Lie algebroid A.

Definition (Induced connections)

An A-connection on £ is an induced connection if its associated 1-form w® € Q'(A,A(€))
can be factorized through ¢ as w® = ¢ o w for a 1-form w € Q'(A,L).

Definition (Generalized connections)

A 1-form w is called a generalized connection 1-form on the transitive Lie algebroid A.
Its curvature is defined as the 2-form R=dw + [w, w] € Q2(A,L).
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¢:A— D (&) arepresentation of the transitive Lie algebroid A.

Definition (Induced connections)

An A-connection on £ is an induced connection if its associated 1-form w® € Q'(A,A(€))
can be factorized through ¢ as w® = ¢ o w for a 1-form w € Q'(A,L).

Definition (Generalized connections)

A 1-form w is called a generalized connection 1-form on the transitive Lie algebroid A.
Its curvature is defined as the 2-form R=dw + [w, w] € Q2(A,L).

=> The curvatures are related by RS = ¢, (R).
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Generalized connections
Second generalization of connections

¢:A— D (&) arepresentation of the transitive Lie algebroid A.

Definition (Induced connections)

An A-connection on £ is an induced connection if its associated 1-form w® € Q'(A,A(€))
can be factorized through ¢ as w® = ¢ o w for a 1-form w € Q'(A,L).

Definition (Generalized connections)

A 1-form w is called a generalized connection 1-form on the transitive Lie algebroid A.
Its curvature is defined as the 2-form R=dw + [w, w] € Q2(A,L).

=> The curvatures are related by RS = ¢, (R).

A generalized connection can induce A-connections on any representations.
=>» Compare with connection on a principal fiber bundle which gives rise to covariant
derivatives on associated vector bundles.
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Connections and their generalizations Generalized connections

Covariant derivative, ordinary connections
w € Q'(A,L) a generalized connection on A.
Proposition (Covariant derivative of a generalized connection)

D:Q*(AL) > Q*(AL) Dr=dw+[w,7]
satisfies 5277 = [ﬁ, 11]. The Bianchi identity is equivalent to DR=0.
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w € Q'(A,L) a generalized connection on A.
Proposition (Covariant derivative of a generalized connection)

D:Q*(AL) > Q*(AL) Dr=dw+[w,7]
satisfies 5277 = [ﬁ, 11]. The Bianchi identity is equivalent to DR=0.

V : (M) — A an ordinary connection on A.
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w € Q'(A,L) a generalized connection on A.
Proposition (Covariant derivative of a generalized connection)

D:Q*(AL) > Q*(AL) Dr=dw+[w,7]
satisfies 5277 = [ﬁ, 11]. The Bianchi identity is equivalent to DR=0.

V : (M) — A an ordinary connection on A.
= aV € Q'(A,L) its connection 1-form (normalized on (L)).
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Covariant derivative, ordinary connections

w € Q'(A,L) a generalized connection on A.

Proposition (Covariant derivative of a generalized connection)

D:Q*(AL) > Q*(AL) Dr=dw+[w,7]
satisfies 5277 = [ﬁ, 11]. The Bianchi identity is equivalent to DR=0.

V : (M) — A an ordinary connection on A.
= aV € Q'(A,L) its connection 1-form (normalized on (L)).

Proposition (Ordinary connections as generalized connections)

Asa1-form in Q'(A,L), «V defines a generalized connection on A.

The curvature of V identifies as a 2-form in Q*(A,L) with the curvature 2-form of the
generalized connection.

Gauge transformations on the connection V are compatible with this identification.

The notion of generalized connections extends the notion of connections on A.
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Covariant derivative, ordinary connections

w € Q'(A,L) a generalized connection on A.
Proposition (Covariant derivative of a generalized connection)

D:Q*(AL) > Q*(AL) Dr=dw+[w,7]
satisfies 5277 = [ﬁ, 11]. The Bianchi identity is equivalent to DR=0.

V : (M) — A an ordinary connection on A.
= aV € Q'(A,L) its connection 1-form (normalized on (L)).

Proposition (Ordinary connections as generalized connections)

Asa1-form in Q'(A,L), «V defines a generalized connection on A.

The curvature of V identifies as a 2-form in Q*(A,L) with the curvature 2-form of the
generalized connection.

Gauge transformations on the connection V are compatible with this identification.

The notion of generalized connections extends the notion of connections on A.
Contrary to connections on D (&), there is no “V” operator.
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Two examples

© Two examples
@ The Atiyah Lie algebroid
@ The Lie algebroids of derivations of an endomorphism fiber bundle
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The Atiyah Lie algebroid

P 2 M a G-principal fiber bundle. g the Lie algebra of G.
Rg: P — P, Ry(p) =p-g the right action of G on P.
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The Atiyah Lie algebroid

P 2 M a G-principal fiber bundle. g the Lie algebra of G.
Rg: P — P, Ry(p) =p-g the right action of G on P.
M6(P)={Xel(P)/ReX=Xforallge G}
Fe(P,g)={v:P—g/v(p-g) =Adg-1v(p) forall gc G}
These two spaces are Lie algebras and C>° (M )-modules (map f € C°>°(M) to
*f € C°(P)).
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The Atiyah Lie algebroid

P 2 M a G-principal fiber bundle. g the Lie algebra of G.
Rg: P — P, Ry(p) =p-g the right action of G on P.
M6(P)={Xel(P)/ReX=Xforallge G}
Fe(P,g)={v:P—g/v(p-g) =Adg-1v(p) forall gc G}
These two spaces are Lie algebras and C>° (M )-modules (map f € C°>°(M) to
*f € C°(P)).
There is a natural surjective morphism of Lie algebras and C°° (M )-modules:
7 : Tg(P) — (M)
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The Atiyah Lie algebroid

P 2 M a G-principal fiber bundle. g the Lie algebra of G.
Rg: P — P, Ry(p) =p-g the right action of G on P.
M6(P)={Xel(P)/ReX=Xforallge G}
Fe(P,g)={v:P—g/v(p-g) =Adg-1v(p) forall gc G}

These two spaces are Lie algebras and C>° (M )-modules (map f € C°>°(M) to

*f € C2°(P)).

There is a natural surjective morphism of Lie algebras and C°° (M )-modules:
7 : Tg(P) — (M)

There is a natural injective morphism of Lie algebras and C>°(M)-modules:
1:F6(P,g) = Te(P)

defined with g > & &7 (fundamental vertical vector field on P associated to £ € g for R).

['6(P,g) is a subspace of vertical vector fields in ['(P).
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The Atiyah Lie algebroid

Definition (Atiyah Lie algebroid)
There is a short exact sequence of Lie algebras and C*° (M )-modules
0——=T6(P,g)——=Tc(P)——>T(M)—>0

which defines ['¢(P) as a transitive Lie algebroid over M.
This is the Atiyah Lie algebroid associated to P.
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The Atiyah Lie algebroid

Definition (Atiyah Lie algebroid)
There is a short exact sequence of Lie algebras and C*° (M )-modules
0——=T6(P,g)——=Tc(P)——>T(M)—>0

which defines ['¢(P) as a transitive Lie algebroid over M.
This is the Atiyah Lie algebroid associated to P.

To simplify notations: (7, (P,g),d) is the space of forms on the Lie algebroid [';(P) with
values in its kernel (P, g).
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The Atiyah Lie algebroid

Definition (Atiyah Lie algebroid)
There is a short exact sequence of Lie algebras and C*° (M )-modules
0——=T6(P,g)——=Tc(P)——>T(M)—>0

which defines ['¢(P) as a transitive Lie algebroid over M.
This is the Atiyah Lie algebroid associated to P.

To simplify notations: (7, (P,g),d) is the space of forms on the Lie algebroid [';(P) with
values in its kernel (P, g).

Proposition (Differential on the space of forms)
ForanyX € '¢(P) and anyv € ['¢(P,g), one has [X,1(v)] = i(X-v).
=> the differential d on Q{,(P,g) takes the explicit form

~ Gaial 0

(dw) (X1, Xp 1) =D (=) XXy, Y Xpyr)

i J
=1 aF Z 1‘+J(U [X,,X] X],...\./...\./...,Xp+1)
1<i<j<p+1
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The differential calculus

From now on G is connected and simply connected.
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The differential calculus

From now on G is connected and simply connected.

Gequ={§" @&/ {€ g} CT(TP& (P x g)) =TLA(P,g)

The Lie algebra gequ defines a natural Cartan operation on (A (P, g),drin)-
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The differential calculus

From now on G is connected and simply connected.

Bequ= {87 B¢/ £ g} CT(TP& (P x 9)) =TLA(P,0)
The Lie algebra gequ defines a natural Cartan operation on (A (P, g),drin)-
Let (Q;LA(P,g)gequ,HﬂA) be the differential graded subcomplex of basic elements.
Proposition (ldentification of the differential calculus)

As differential graded complexes, (2, (P,g),d) and (Q2A(P, 0) e ,dria) are isomorphic.

J
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The differential calculus

From now on G is connected and simply connected.

gequ={§" @/ L€ g} CT(TP S (P x g)) =TLA(P,9)
The Lie algebra gequ defines a natural Cartan operation on (A (P, g),drin)-

Let (Q;LA(P,g)gequ,aﬂA) be the differential graded subcomplex of basic elements.

Proposition (ldentification of the differential calculus) J

As differential graded complexes, (ine(P,g),a) and (3, A(P;9) geae ,dria) are isomorphic.

In “K. Mackenzie, General Theory of Lie Groupoids and Lie Algebroids, CUP 2005”,
(2% (P, g),d) ~{(R,Ad)-equivariant forms in (Q2°(P) ® g,d) } (gequ-invariant forms).
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Two examples The Atiyah Lie algebroid

Connections and generalized connections

Proposition (Connections on the Atiyah Lie algebroid)

Connections on the Atiyah Lie algebroid I'¢(P) are exactly connections on P.
The correspondence is compatible with curvature and gauge transformations.
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Proposition (Connections on the Atiyah Lie algebroid)

Connections on the Atiyah Lie algebroid I'¢(P) are exactly connections on P.
The correspondence is compatible with curvature and gauge transformations.

I'6(P,g) is exactly the Lie algebra of the usual gauge group Aut(P).
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Connections and generalized connections

Proposition (Connections on the Atiyah Lie algebroid)

Connections on the Atiyah Lie algebroid I'¢(P) are exactly connections on P.
The correspondence is compatible with curvature and gauge transformations.

I'6(P,g) is exactly the Lie algebra of the usual gauge group Aut(P).

w € Q'(P)® g connection 1-form on P, (R,Ad)-equivariant, normalized by w({7) =&.
= 0eQ'(P)o\'g" ©gC QUia(P.0).
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Connections and generalized connections

Proposition (Connections on the Atiyah Lie algebroid)

Connections on the Atiyah Lie algebroid I'¢(P) are exactly connections on P.
The correspondence is compatible with curvature and gauge transformations.

I'6(P,g) is exactly the Lie algebra of the usual gauge group Aut(P).

w € Q'(P)® g connection 1-form on P, (R,Ad)-equivariant, normalized by w({7) =&.
—> weQ(P)ON’g" ®9C Qia(P,0)-

8c \'g* ®g the Maurer-Cartan 1-form on G. By definition 6(£) =¢&.
= 0cC(P)@\'g" ®9C Qa(P,0)-
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Connections and generalized connections

Proposition (Connections on the Atiyah Lie algebroid)

Connections on the Atiyah Lie algebroid I'¢(P) are exactly connections on P.
The correspondence is compatible with curvature and gauge transformations.

I'6(P,g) is exactly the Lie algebra of the usual gauge group Aut(P).

w € Q'(P)® g connection 1-form on P, (R,Ad)-equivariant, normalized by w({7) =&.
—> weQ(P)ON’g" ®9C Qia(P,0)-

8c \'g* ®g the Maurer-Cartan 1-form on G. By definition 6(£) =¢&.
= 0cC(P)@\'g" ®9C Qa(P,0)-

w=w—0eQ] A(P,g) is basic for the Cartan operation of gequ = {¢7 ®& / £ € g}.
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Proposition (Connections on the Atiyah Lie algebroid)

Connections on the Atiyah Lie algebroid I'¢(P) are exactly connections on P.
The correspondence is compatible with curvature and gauge transformations.

I'6(P,g) is exactly the Lie algebra of the usual gauge group Aut(P).

w € Q'(P)® g connection 1-form on P, (R,Ad)-equivariant, normalized by w({7) =&.
—> weQ(P)ON’g" ®9C Qia(P,0)-

8c \'g* ®g the Maurer-Cartan 1-form on G. By definition 6(£) =¢&.
= 0cC(P)@\'g" ®9C Qa(P,0)-

w=w—0eQ] A(P,g) is basic for the Cartan operation of gequ = {¢7 ®& / £ € g}.
=> 3l a € Q/,(P,g). By construction one has a(i(v)) = —v for any v € ['6(P, g).
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Connections and generalized connections

Proposition (Connections on the Atiyah Lie algebroid)

Connections on the Atiyah Lie algebroid I'¢(P) are exactly connections on P.
The correspondence is compatible with curvature and gauge transformations.

I'6(P,g) is exactly the Lie algebra of the usual gauge group Aut(P).

w € Q'(P)® g connection 1-form on P, (R,Ad)-equivariant, normalized by w({7) =&.
—> weQ'(P)@ 9" ®9C Qia(P,9).

8c \'g* ®g the Maurer-Cartan 1-form on G. By definition 6(£) =¢&.

= 0 (P)@\'g" ®gC QA(P,0).

w=w—0eQ] A(P,g) is basic for the Cartan operation of gequ = {¢7 ®& / £ € g}.
=> 3l a € Q/,(P,g). By construction one has a(i(v)) = —v for any v € ['6(P, g).
=> This is the corresponding connection 1-form on ['¢(P).
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Connections and generalized connections

Proposition (Connections on the Atiyah Lie algebroid)

Connections on the Atiyah Lie algebroid I'¢(P) are exactly connections on P.
The correspondence is compatible with curvature and gauge transformations.

I'6(P,g) is exactly the Lie algebra of the usual gauge group Aut(P).

w € Q'(P)® g connection 1-form on P, (R,Ad)-equivariant, normalized by w({7) =&.
—> weQ(P)ON’g" ®9C Qia(P,0)-

8c \'g* ®g the Maurer-Cartan 1-form on G. By definition 6(£) =¢&.

= 0 (P)@\'g" ®gC QA(P,0).

w=w—0eQ] A(P,g) is basic for the Cartan operation of gequ = {¢7 ®& / £ € g}.

=> 3l a € Q/,(P,g). By construction one has a(i(v)) = —v for any v € ['6(P, g).

=> This is the corresponding connection 1-form on ['¢(P).

Generalized connections are written more generally as geq,-basic 1-forms
O=w+¢€a(P.0)=(Q(P)2g)&(C*(P)o\'g" @)

The normalization w(¢”) = & is no more required.
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Representation theory

E vector space and /; : E— E a linear representation of G.
L(E) algebra of endomorphisms of E.
1 the induced representation of g on E, 17: g — L(E).
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Representation theory

E vector space and /; : E— E a linear representation of G.
L(E) algebra of endomorphisms of E.
1 the induced representation of g on E, 17: g — L(E).

& =P X E the associated vector bundle.
F(&)={s:P—E/s(p-g)=4,s(p) forallgc G}
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Representation theory

E vector space and /; : E— E a linear representation of G.
L(E) algebra of endomorphisms of E.
1 the induced representation of g on E, 17: g — L(E).

& =P X E the associated vector bundle.
F(&)={s:P—E/s(p-g)=4,s(p) forallgc G}

¢:T6(P)—D(€) d(X)(s) =X-s

is a representation of the Lie algebroid I'c(P) on &.

33



G lized ions on itive Lie

Igrebroids, Orsay, June 3rd, 2010 Thierry Masson, CPT-Luminy
Two examples The Atiyah Lie algebroid

Representation theory

E vector space and /; : E— E a linear representation of G.
L(E) algebra of endomorphisms of E.
1 the induced representation of g on E, 17: g — L(E).

& =P X E the associated vector bundle.
F(&)={s:P—E/s(p-g)=4,s(p) forallgc G}

¢:T6(P)—D(€) d(X)(s) =X-s

is a representation of the Lie algebroid I'c(P) on &.

The kernel A(€) of D(&) is
A(&)={a:P— L(E)/a(p-g) =Lg—10a(p)ol, forallgec G}
¢ applied to v € ['¢(P,g) is just (v) : P — L(E).
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Representation theory

E vector space and /; : E— E a linear representation of G.
L(E) algebra of endomorphisms of E.
1 the induced representation of g on E, 17: g — L(E).

& =P X E the associated vector bundle.
F(&)={s:P—E/s(p-g)=4,s(p) forallgc G}

¢:T6(P)—D(€) d(X)(s) =X-s

is a representation of the Lie algebroid I'c(P) on &.

The kernel A(€) of D(&) is
A(&)={a:P— L(E)/a(p-g) =Lg—10a(p)ol, forallgec G}
¢ applied to v € ['¢(P,g) is just (v) : P — L(E).
The theory of representation of the transitive Lie algebroid ['c(7) is the theory of
associated vector bundles.
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Forms with values in A(£)

Denote as before Q3 A(P, g,E) the total complex of Q*(P)® A\*g* ® L(E), equipped with
its differential dria ¢.
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Forms with values in A(£)

Denote as before Q3 A(P, g,E) the total complex of Q*(P)® A\*g* ® L(E), equipped with
its differential dria ¢.

gequ defines a Cartan operation on this graded differential algebra.
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Two examples The Atiyah Lie algebroid

Forms with values in A(£)

Denote as before Q3 A(P, g,E) the total complex of Q*(P)® A\*g* ® L(E), equipped with
its differential dria ¢.

gequ defines a Cartan operation on this graded differential algebra.
(2A(P,9,E)) g ,/d\TLAyg) the graded differential sub-algebra of basic elements.

Proposition (Identification of (2°(I¢(P),A(£)),ds))
As differential graded algebras, (Q°(T(P),A(€)),de ) ~ (A (P, 3, E)) geqe ,HTLA,S).
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Derivations of an associative algebra

A associative algebra with unit denoted by 1. Z(A) its center.
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Derivations of an associative algebra

A associative algebra with unit denoted by 1. Z(A) its center.

Definition (Vector space of derivations of A)

The vector space of derivations of A is the space
Der(A)={X:A— A / X linear,X-(ab) = (X-a)b+a(X-b),Va,bc A}
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Derivations of an associative algebra

A associative algebra with unit denoted by 1. Z(A) its center.

Definition (Vector space of derivations of A)

The vector space of derivations of A is the space
Der(A)={X:A— A / X linear,X-(ab) = (X-a)b+a(X-b),Va,bc A}

Proposition (Structure of Der(A))

@ Der(A) is a Lie algebra for the bracket [X,2)]-a=X-2)-a—2)-X-a for any
X,2) €Der(A).

@ Itisa Z(A)-module for the product (fX)-a=f(X-a) for anyf € Z(A) and
X € Der(A).

@ The subspace Int(A) = {ad, :b— [a,b] / ac A} C Der(A) (inner derivations) is a Lie
ideal and a Z(A)-submodule.

@ With Out(A)=Der(A)/Int(A), there is a s.e.s. of Lie algebras and Z(A)-modules

0—=Int(A)—=Der(A)—=Out(A)—=0
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The endomorphisms algebra of a SL(n)-vector bundle
£ a SL(n)-vector bundle over M with fiber C".
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The endomorphisms algebra of a SL(n)-vector bundle
£ a SL(n)-vector bundle over M with fiber C".
End(€) the fiber bundle of endomorphisms of £.
A the algebra of smooth sections of End(&) (denoted A(€) before).
This is the algebra of the endomorphisms algebra of a SL(n)-vector bundle.
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End(€) the fiber bundle of endomorphisms of £.
A the algebra of smooth sections of End(&) (denoted A(€) before).
This is the algebra of the endomorphisms algebra of a SL(n)-vector bundle.
Z(A)=C>®(M).
Int(A) identifies with Ay, the traceless elements in A, via the ad representation.
The quotient p : Der(A) — Der(A)/Int(A) = Out(A) is the restriction to the center.
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End(€) the fiber bundle of endomorphisms of £.
A the algebra of smooth sections of End(&) (denoted A(€) before).
This is the algebra of the endomorphisms algebra of a SL(n)-vector bundle.
Z(A)=C>®(M).
Int(A) identifies with Ay, the traceless elements in A, via the ad representation.
The quotient p : Der(A) — Der(A)/Int(A) = Out(A) is the restriction to the center.
=> p is a morphism of Lie algebras and of C>°(AM)-modules p : Der(A) — ['(M).
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Z(A)=C>®(M).
Int(A) identifies with Ay, the traceless elements in A, via the ad representation.
The quotient p : Der(A) — Der(A)/Int(A) = Out(A) is the restriction to the center.
=> p is a morphism of Lie algebras and of C>°(AM)-modules p : Der(A) — ['(M).

0 Ag—4>Der(A)—L=T (M) 0

defines Der(A) as a transitive Lie algebroid over M, with 1=ad.
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=> p is a morphism of Lie algebras and of C>°(AM)-modules p : Der(A) — ['(M).

0 Ag—4>Der(A)—L=T (M) 0
defines Der(A) as a transitive Lie algebroid over M, with 1=ad.
There is a natural representation of the Lie algebroid Der(A) on & for which the restriction

to the kernel is the inclusion @a, : Ag — A(E) =A.
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Int(A) identifies with Ay, the traceless elements in A, via the ad representation.
The quotient p : Der(A) — Der(A)/Int(A) = Out(A) is the restriction to the center.
=> p is a morphism of Lie algebras and of C>°(AM)-modules p : Der(A) — ['(M).

0 Ag—4>Der(A)—L=T (M) 0
defines Der(A) as a transitive Lie algebroid over M, with 1=ad.
There is a natural representation of the Lie algebroid Der(A) on & for which the restriction
to the kernel is the inclusion @a, : Ag — A(E) =A.

P the principal SL(n)-fiber bundle to which £ (and then End(&)) is associated.

Proposition (Der(A) and I'¢(P))

As Lie algebroids Der(A) and ['¢(P) are isomorphic.
The representations on (&) are the same.
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The endomorphisms algebra of a SL(n)-vector bundle
& a SL(n)-vector bundle over M with fiber C".
End(€) the fiber bundle of endomorphisms of £.
A the algebra of smooth sections of End(&) (denoted A(€) before).
This is the algebra of the endomorphisms algebra of a SL(n)-vector bundle.
Z(A)=C>®(M).
Int(A) identifies with Ay, the traceless elements in A, via the ad representation.
The quotient p : Der(A) — Der(A)/Int(A) = Out(A) is the restriction to the center.
=> p is a morphism of Lie algebras and of C>°(AM)-modules p : Der(A) — ['(M).

0 Ag—4>Der(A)—L=T (M) 0
defines Der(A) as a transitive Lie algebroid over M, with 1=ad.
There is a natural representation of the Lie algebroid Der(A) on & for which the restriction
to the kernel is the inclusion @a, : Ag — A(E) =A.

P the principal SL(n)-fiber bundle to which £ (and then End(&)) is associated.

Proposition (Der(A) and I'¢(P))

As Lie algebroids Der(A) and ['¢(P) are isomorphic.
The representations on (&) are the same.

What is different: the way to manage “vertical” vector fields.
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Relationships with noncommutative geometry

e Relationships with noncommutative geometry
@ Brief review on some noncommutative structures
@ The algebra of endomorphisms of a vector fiber bundle
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Relationships with nonc ative g ry Brief review on some noncommutative structures

Derivation-based differential calculus

A associative algebra with unit denoted by 1. Z(A) its center.

Definition (The derivation-based differential calculus)

VpeN, QP (A) is the space of Z(A)-multilinear antisymmetric maps Der(A)P — A
Q8 (A) = A

Qe (A) =D, er(A) get a differential

pt1
dnco (X1, Xp) =D (— )T X w(Xy,. Y XKpp)
=1 + Z ) Ho([XnX ] Y Y X )

1<i<j<p+1
and a graded product:

1
() (X, Xpiq) = pp Z (—1)|0|w(%o(1)7 - o) )1(Xo(p1):-- > Xo(pta))
p-a: 0EG,1q
(Qger(A),aNc) is a graded differential algebra.
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Relationships with nonc ative g ry Brief review on some noncommutative structures

Example |

Example (The algebra of smooth functions A = C°°(M))
M a smooth manifold. A= C>®(M).
o Z(A)=C>®(M).
@ Der(A) =T (M). There are no inner derivations, Int(A) =0, so that Out(A) =T (M).

@ This graded differential algebra coincides with the graded differential algebra of
de Rham forms on M: Q8 (A) =Q°*(M)

This example has motivated the general definitions.
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P

Example Il

Example (The matrix algebra A=M,,(C) =M,)
o Z(M,)=C.
@ Der(M,)=Int(M,) ~sl, =sl(n,C) (traceless matrices).
y € 5L,(C) defines the inner derivation ad, : a+— [y,a].
o Q8. (Mn) =M, @ A5l

~

The diff. dyc is the Chevalley-Eilenberg diff. for the adjoint representation of sl,, on
M,
@ I canonical noncommutative 1-form i6 € Q},,.(M,): for any y € M,(C)
i0(ady) =y —; Tr(y)1
It realizes the explicit isomorphism Int(M, (C)) = s,.

° aNc(iO) — (i0)?> =0 => i6 looks very much like the Maurer-Cartan form in the
geometry of Lie groups (here SL,(C)).

o Forany a € M,, one has dyca = [i6,a] € Q.. (M,). No longer true in higher degrees.

ids, Orsay, June 3rd, 2010 Thierry Masson, CPT-Luminy

lagt L . . N q s
IIIII with nonc ative g ry Brief review on some noncommutative structures

4

This example is purely noncommutative. It is well studied.
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Relationships with nonc ative g ry Brief review on some noncommutative structures

Noncommutative connections

Noncommutative connections are defined on a right A-module M.

Definition (Noncommutative connections and curvature)

A noncommutative connection on the right A-module M is a linear map %x M—M,
defined for any X € Der(A), such that VX,9) € Der( ), YaceA YmeM, Vf € Z(A)
Vx(ma)=m(X-a)+(Vxm)a, fom —fVzxm, Vx+g_)m me—l—ng
The curvature of V is the linear map R(%,9) :M— M defined by
R(XD)m=[Vx, Voglm—Vix gym

- ﬁ(%,ﬁj) :M — M is a right A-module morphism.
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Noncommutative connections

Noncommutative connections are defined on a right A-module M.

Definition (Noncommutative connections and curvature)

A noncommutative connection on the right A-module M is a linear map %x M—M,
defined for any X € Der(A), such that VX,9) € Der( ), YaceA YmeM, Vf € Z(A)
Vx(ma)=m(X-a)+(Vxm)a, fom —fVzxm, Vx+g_)m me—l—ng
The curvature of V is the linear map R(%,9) :M— M defined by
R(XD)m=[Vx, Voglm—Vix gym

=> R(%,2)):M— M is a right A-module morphism.

Definition (The gauge group)
The gauge group of M is the group Aut(M) of right A-module automorphisms of M.

There is a notion of gauge transformations on NC connections.
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Noncommutative connectionson M = A

Consider the right A-module M =A.
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Relationships with nonc ative g ry Brief review on some noncommutative structures

Noncommutative connectionson M = A

Consider the right A-module M =A.
Let V% : A— A be a noncommutative connection.

Proposition (Noncommutative connections on M = A)

V is completely determined by w € Q). (A) defined by w(X) =V x1.
=>» onanyacM=A: N
Vza=X-a+w(X)a
Its curvature is the multiplication on the left on M = A by the noncommutative 2-form

Q(%,2) = dncw(¥,9) + [0(X), w(D)]
The gauge group is identified with the invertible elements g € A by ®,(a) =ga.
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Noncommutative connectionson M = A

Consider the right A-module M =A.
Let V% : A— A be a noncommutative connection.

Proposition (Noncommutative connections on M = A)

V is completely determined by w € Q). (A) defined by w(X) =V x1.
=>» onanyacM=A: N
Vza=X-a+w(X)a
Its curvature is the multiplication on the left on M = A by the noncommutative 2-form

Q(%,2) = dncw(¥,9) + [0(X), w(D)]
The gauge group is identified with the invertible elements g € A by ®,(a) =ga.

In that situation a NC connection is a noncommutative 1-form in Q[ (A).
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Relati I 'r with nonc ative g ry The algebra of endomorphisms of a vector fiber bundle

The endomorphisms algebra of a SL(n)-vector bundle
Noncommutative aspects
Consider the algebra A=A(£&) and it differential calculus (8., (A), dnc).
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The endomorphisms algebra of a SL(n)-vector bundle
Noncommutative aspects
Consider the algebra A=A(£&) and it differential calculus (8., (A), dnc).

Proposition (Connections on &)
Connections V¢ on € are:

o splittings as C>°(M)-modules of the s.e.s. 0‘>A0id>Der(A)i> r(Mm)—o0.

@ noncommutative traceless 1-form a € Q). (A) such that
X =Vx—adyx) ®(ady) =—y
(V is the connection on the vector bundle End(€) induced by V¢)
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The endomorphisms algebra of a SL(n)-vector bundle
Noncommutative aspects
Consider the algebra A=A(£&) and it differential calculus (8., (A), dnc).
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Connections V¢ on € are:

o splittings as C>°(M)-modules of the s.e.s. 0*>A0id>Der(A) s r(Mm)—o0.

@ noncommutative traceless 1-form a € Q). (A) such that
X =Vx—adyx) ®(ady) =—y
(V is the connection on the vector bundle End(€) induced by V¢)

a defines a noncommutative connection on the right A-module M =A.
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The endomorphisms algebra of a SL(n)-vector bundle
Noncommutative aspects

Consider the algebra A=A(£&) and it differential calculus (8., (A), dnc).
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Proposition (Connections on &)
Connections V¢ on € are:

o splittings as C>°(M)-modules of the s.e.s. 0*>A0id>Der(A) s r(Mm)—o0.

@ noncommutative traceless 1-form a € Q). (A) such that
X =Vx—adyx) ®(ady) =—y
(V is the connection on the vector bundle End(€) induced by V¢)

a defines a noncommutative connection on the right A-module M =A.

Proposition (Connections on £ as noncommutative connections)

The space of noncommutative connections on the right A-module M = A contains the
space of connections on £.
This inclusion is compatible with the notions of curvature and gauge transformations.

Similar to the situation for Lie algebroids.
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The endomorphisms algebra of a SL(n)-vector bundle

(2. (A,A),d) the differential calculus defined on the transitive Lie algebroid Der(A).
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The algebra of endomorphisms of a vector fiber bundle

The endomorphisms algebra of a SL(n)-vector bundle

(2. (A,A),d) the differential calculus defined on the transitive Lie algebroid Der(A).
The representation of Der(A) on Aq defining the differential d is (X,a) — X-a € A,.
p+1

(@) (X, Epi) = S (1) E (XY o, Kp)

i=1 + Z —1 '+}w [x,,x] %1,...\./...\./...,%,94_1)
1<i<j<p+1
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The endomorphisms algebra of a SL(n)-vector bundle

(2. (A,A),d) the differential calculus defined on the transitive Lie algebroid Der(A).
The representation of Der(A) on Aq defining the differential d is (X,a) — X-a € A,.

p+1 ’
(dw)(%1,...,%p+1)22(— )[+1%"(J)(x1, 5 :{p+1)
D 1’+’w (1%, %], %1, ....v...,x,,+1)

1<i<j<p+1

Proposition (Relations between differential calculi)

(20(A, AO),a) (Lie algebroid structure) is included in the derivation-based differential
calculus (5., (A),dnc) as traceless forms.
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The endomorphisms algebra of a SL(n)-vector bundle

(2. (A,A),d) the differential calculus defined on the transitive Lie algebroid Der(A).
The representation of Der(A) on Aq defining the differential d is (X,a) — X-a € A,.

p+1 ’
(dw)(%1,...,%p+1)22(— )[+1%"(J)(x1, 5 :{p+1)
D 1’+’w (% %], %0, Y Yo Xp)

1<i<j<p+1

Proposition (Relations between differential calculi)

(20(A, AO),a) (Lie algebroid structure) is included in the derivation-based differential
calculus (5., (A),dnc) as traceless forms.

Consider the natural representation of the Lie algebroid Der(A) on .
Denote by (2%, (A),d¢) the graded differential algebra (2°(Der(A),A(€)),dg).

Proposition (Identification of the derivation-based differential calculus)

(0. (A),de) ~ (8., (A),dnc) as graded differential algebras.
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Relationships with nonc ative gt ry The algebra of endomorphisms of a vector fiber bundle

The spaces of connections

Theorem (Lie algebroid connections and noncommutative connections)
The following three spaces are isomorphic:
@ The space of Der(A)-connections on € (Lie algebroid of derivations).

@ The space of T ¢(P)-connections on € (Atiyah Lie algebroid of the SL(n)-principal
bundle).

© The space of noncommutative connections on the right A-module M = A
(noncommutative differential structure).

These isomorphisms are compatible with curvatures and gauge transformations.
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The spaces of connections

Theorem (Lie algebroid connections and noncommutative connections)
The following three spaces are isomorphic:
@ The space of Der(A)-connections on € (Lie algebroid of derivations).

@ The space of T ¢(P)-connections on € (Atiyah Lie algebroid of the SL(n)-principal
bundle).

© The space of noncommutative connections on the right A-module M = A
(noncommutative differential structure).

These isomorphisms are compatible with curvatures and gauge transformations.

Theorem (Generalized connections and traceless NC connections)
The following three spaces are isomorphic:
@ The space of generalized connections on Der(A).
@ The space of generalized connections on ['(P).
© The space of traceless noncommutative connections on the right A-module M= A

These isomorphisms are compatible with curvatures and gauge transformations.
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@ There are (algebraic) tools from noncommutative geometry that could be used in the
theory of Lie algebroids, e.g. “generalized forms” in differential calculi.
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theory of Lie algebroids, e.g. “generalized forms” in differential calculi.

@ Ordinary connections can be generalized both in noncommutative geometry and on
transitive Lie algebroids. These generalizations coincide in some particular situations.
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@ Cohomological considerations under investigations.
What information to get from (Q°(A,L),d)?
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transitive Lie algebroids. These generalizations coincide in some particular situations.

Cohomological considerations under investigations.
What information to get from (Q°(A,L),d)?

This opens the door to study these structures on other examples of transitive Lie
algebroids.
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There are (algebraic) tools from noncommutative geometry that could be used in the
theory of Lie algebroids, e.g. “generalized forms” in differential calculi.

Ordinary connections can be generalized both in noncommutative geometry and on
transitive Lie algebroids. These generalizations coincide in some particular situations.

Cohomological considerations under investigations.
What information to get from (Q°(A,L),d)?

This opens the door to study these structures on other examples of transitive Lie
algebroids.

A lot more to investigate...
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Conclusions

There are (algebraic) tools from noncommutative geometry that could be used in the
theory of Lie algebroids, e.g. “generalized forms” in differential calculi.

Ordinary connections can be generalized both in noncommutative geometry and on
transitive Lie algebroids. These generalizations coincide in some particular situations.

Cohomological considerations under investigations.
What information to get from (Q°(A,L),d)?

This opens the door to study these structures on other examples of transitive Lie
algebroids.

A lot more to investigate...

Thank You
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