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Abstract

Starting from a framework encoding rather simple symmetry principle based on modular subgroups, we construct a zero
temperature global phase diagram for the QHE. This phase diagram is found to involve two insulating phases. One noticeable
prediction is the possibility to have direct transitions from an insulting phase to any integerν as well asν = 1/(2k + 1) (k ∈ N)
fractional quantum Hall liquid phases which seems to agree with some recent experimental observations. We also propose
selection rules for the possible plateau–plateau (and plateau–insulator) transitions which may constitute testable predictions.
 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

A two-dimensional electron gas submitted to a per-
pendicular magnetic field exhibits a large variety of in-
teresting behaviours, among which the Quantum Hall
Effect (QHE) appearing to be a fascinating phenom-
enon [1]. This has been subject of intense theoretical
and experimental investigations aiming to get a more
complete understanding of the hierarchical structure
of the Hall plateaus, the properties and the very nature
of the transitions observed among plateaus together
with a complete characterization of the corresponding
phase diagram [2].

* Corresponding author.
E-mail address: thierry.masson@th.u-psud.fr (T. Masson).

Many attempts have been invested in a formula-
tion of an effective theory capturing the essential low
energy features of the (integer as well as fractional)
quantum Hall liquid states. First progress in this direc-
tion has been carried out in [3] and further developed
in [4] from which by further introducing phenomeno-
logical considerations, a theoretical phase diagram for
the QHE has been proposed [5]. It has been realized
for some time that modular symmetries [6] may be
helpful tools to describe some global features of the
QHE, in the lack of a fully satisfactory (effective or
microscopic) theory for the QHE. Earliest works in
this direction [7] have considered some possible can-
didates as modular symmetries relevant to the QHE,
some of which being ruled out from phenomenolog-
ical analysis. Two subgroups of the modular groups
have finally appeared to be appealing candidates. They
are known in the mathematical literature respectively,
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as Γ0(2) (underlying the “law of the corresponding
states” introduced in [5] as shown, e.g., in [8]) and
Γ (2) (a subgroup ofΓ0(2)) and their physical impli-
cations for the QHE have been studied in detail respec-
tively in [9] and [10a–c].

In [10b], important building blocks connected to
those modular subgroups, called visibility diagrams,
have been introduced and described and further ex-
ploited in [10c]. They appear to encode a great amount
of information on the physics of the quantum Hall sys-
tems which can be extracted through the introduction
of a natural mapping between those diagrams and the
relevant physical quantities. Such a mapping has been
used in [10b] to derive from the visibility diagrams a
resistivity plot which fits well with the experimental
data. In the same way in [10c], it has been shown that
the stripe structure which appears in those visibility di-
agrams reproduces nicely the experimentally observed
stripe structure occurring in the gate voltage-magnetic
field plane which has been evidenced in a recent exper-
iment [11] on the conductance fluctuations in the (inte-
ger) quantum Hall regime. These observations seem to
indicate that the visibility diagrams encode interesting
physical features of the QHE and motivate us to extend
the phenomenological lines introduced in [10b,10c] to
a phenomenological construction of a zero tempera-
ture global phase diagram for the QHE and to con-
front the corresponding predictions to the experimen-
tal observations. This is the purpose of the present Let-
ter.

We find in particular that the topology of the phase
diagram we obtain is in good agreement with (some
of) the experimental observations that have been re-
ported [12]. To be self-contained, we recall in Sec-
tion 2 the essential features of the visibility diagrams
and of the corresponding modular subgroups. The con-
struction of the global phase diagram is presented in
Section 3. One of the salient features of this phase dia-
gram which appears to involve two insulating phases,
is that it predicts the occurrence of allowed direct tran-
sitions from some insulator to any integerν as well as
ν = 1/(2k+ 1) (k ∈ N) fractional quantum Hall liquid
phases which seems to agree with some recent exper-
imental observations [12]. This is analyzed and dis-
cussed in Section 4, where we also propose selection
rules for the possible plateau–plateau (and plateau–
insulators) transitions that we confront to the one de-
rived in [5].

2. The visibility diagrams

2.1. Basic features

In what follows, we collect the essential features of
the visibility diagrams which are connected toΓ (2)
and that will be needed in the analysis. First, recall
that the subgroupΓ (2) of the modular groupΓ (1)
[6] is the set of transformations acting onP∗ = P ∪ Q

defined by1

G(z)= uz+ v

tz+w
,

(1a)u,v, t,w ∈ Z, (u, v) odd, (t,w) even

(1b)uw − tv = 1 (unimodularity condition)

and is generated by

(2a)T 2(z)= z+ 2,

(2b)Σ(z)= ST −2S(z)= z

2z+ 1

whereT (z) = z + 1 andS(z) = −1/z are the gener-
ators ofΓ (1), while the complex coordinate is iden-
tified in physical applications with the complex con-
ductivity. Namely, one hasz = σH + iσL whereσH
(respectively,σL) is the Hall (respectively, longitudi-
nal) conductivity.

From this modular subgroupΓ (2) one can con-
struct a model for the classification of the integer and
fractional Hall states [10b] by restrictingΓ (2) to act
only on the real part of the complex conductivity iden-
tified with the filling factorν (parametrized asν =
p/q ∈ Q). This model2 reproduces successfully the
observed hierarchical structures of the Hall states as
shown in [10b] (see also first of [10a]). Furthermore,
one can show that the constraints stemming fromΓ (2)
on a physically admissible family ofβ-functions per-
mit one to reproduce (most of) the present experimen-
tal observations and in particular give rise, upon inte-
gration of theβ-functions, to a shape of the crossover

1 P is the open upper complex plane with complex coordinatez

(�z > 0) andQ is the set of rational numbers.
2 The model refines the Jain classification and involves a

modification of the law of the corresponding states proposed in [5].
This latter law is based on the modular subgroupΓ0(2) involving
Γ (2) as a subgroup.
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for the various transitions in good (qualitative) agree-
ment with the experimental observations (see second
of Ref. [10a]).

In addition to the action ofΓ (2) itself, the above
constructions involve other important building blocks.
These latter are called visibility diagrams and have
been introduced and described in some detail in [10b]
and further exploited in [10c]. They appear to encode
a great amount of information on the physics of the
quantum Hall systems which can be extracted through
the introduction of a natural mapping between those
diagrams and the relevant physical quantities (com-
bined with a consistent physical interpretation of the
generators ofΓ (2)). Such a mapping has been used in
[10b] to derive from the visibility diagrams a resistiv-
ity plot which fits very well with the experimental data.
In the same way in [10c], it has been shown that the
stripe structure which necessarily appears in those vis-
ibility diagrams reproduces nicely the experimentally
observed stripe structure occurring in the gate voltage-
magnetic field plane which has been evidenced in a re-
cent experiment on the conductance fluctuations in the
quantum Hall regime and reported in [11]. The con-
struction of the visibility diagrams is now recalled.

Basically, the visibility diagrams can be viewed as
simple pictorial devices for the construction of Farey
sequences [6] of rational numbersp/q , wherep and
q are relatively prime positive (or zero) integers. They
can be presented on two-dimensional square lattices
in which any rational numberp/q is represented by
a vertex with coordinate(q,p). In the following, it
will be convenient to consider successively 3 possi-
ble types of pairs(q,p), namely pairs withq odd and
p odd,q odd (respectively, even) andp even (respec-
tively, odd). These 3 types of pairs will give rise to the
3 different visibility diagrams which are involved in
our analysis.

Now, there is a well-known theorem in arithmetics
stating that for any relatively prime integersq andp,
there exist two set of pairs(a, b) and (a′, b′) where
a andb anda′ andb′ are necessarily relatively prime
integers satisfying

(3a)qb− pa = +1,

(3b)qb′ − pa′ = −1.

Then, applying first the above mentioned theorem
to the pairs (q odd,p odd) leads therefore to the in-

Fig. 1. The odd–odd visibility diagram. Each stripe is represented
as a dark area, indexed by its respective filling factor which is also
equal to the slope of that stripe. Circle (respectively, square) points
on this diagram correspond top odd (respectively, even) and black
(respectively, white) points correspond toq odd (respectively, even).

troduction of all possible pairs(a, b) (respectively,
(a′, b′)) satisfying (3a) (respectively, (3b))3 which can
be displayed on a two-dimensional lattice as shown
on Fig. 1. Those pairs are aligned on two half straight
lines on this lattice which define a stripe (surrounding
only the pair(q,p)). The resulting visibility diagram,
called odd–odd diagram, is then obtained by drawing
on the lattice the stripes associated to all possible pairs
(q odd,p odd), as depicted on Fig. 1. A similar proce-
dure applied to the pairs (q odd,p even) (respectively,
(q even,p odd)) leads to the even–odd (respectively,
odd–even) diagram depicted on Fig. 2 (respectively,
Fig. 3). Notice that in those diagrams, each stripe is
completely characterized by a pair(q,p) or equiva-
lently by its slopep/q so that each stripe will be in-
dexed byp/q . Then, according to [10b], any stripe for
which q is odd (respectively, even) is identified with

3 One can easily realize that all the pairs(a, b) and(a′, b′) can
never be of (odd, odd) type.
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Fig. 2. The odd–even visibility diagram with stripes represented as
in Fig. 1.

a quantum Hall liquid state, that is a plateau, (respec-
tively, “metallic” Hall state) with corresponding filling
factorp/q = ν.

To close this subsection, we recall that the even–
odd and odd–odd diagrams corresponds to quantum
Hall liquid phases indexed by filling factors respec-
tively with even and odd numerators. This reflects the
fact that the action ofΓ (2) on rational numbers pre-
serves the even or odd character of the numerators as
it can be seen for instance from the very definition of
Γ (2) given in (1a). We mention by the way that there
have been some experimental indications that even and
odd numerator states may well behave differently [13].
Besides, it can be realized that the even–odd diagram
supplemented by the diagram obtained from the super-
position of the odd–even and odd–odd diagrams is nat-
urally related to the modular subgroupΓ0(2) (which
treats even and odd numerator states on an equal foot-
ing). This latter subgroup of the modular group is gen-
erated byT (z) andΣ(z), involvesΓ (2) as a subgroup
and is the symmetry underlying the law of the corre-
sponding states proposed in [5]. The respective physi-
cal implication ofΓ (2) andΓ0(2) will be discussed in

Fig. 3. The even–odd visibility diagram. The conventions are similar
to those for Fig. 1.

Section 4. For the construction of a global phase dia-
gram for the QHE, it appears that treating separately
even and odd numerator filling factor states proves
useful. This amounts to consider the three visibility
diagrams mentioned above. In particular, this allows
one to deal conveniently with the possible occurrence
of overlaps of stripes considered in Section 3.

2.2. The physical mapping

As already mentioned above, the visibility dia-
grams encode a great amount of physical information
on the quantum Hall systems which can be extracted
when a natural mapping between the diagrams and the
relevant physical quantities is introduced. This map-
ping allows one to built a consistent physical interpre-
tation of the visibility diagrams and is based essen-
tially on the very definition of the filling factorν in
term of the number of charge carrier and number of
unit flux combined with a physical interpretation of
the generators ofΓ (2), as we now recall for sake of
completeness. One first observe that the filling factor
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ν is defined by

(4)ν = Nc

Nφ

,

whereNc (respectively,Nφ ) denotes the number of
charge carriers (respectively, the number of unit flux).
One further observes thatν is identified with p/q
in the visibility diagrams and thatNφ is related to
the applied magnetic fieldB throughNφ = BSh/e

(S is the device area) whileNc , the number of
charge carriers is essentially controlled by the applied
gate voltageVg . Bringing this together, this suggests
identifying the(q,p) plane of the visibility diagrams
with the (Nφ,Nc) plane or alternatively with the
(B,Vg) plane through the mapping

(5a)q 	→Nφ or q 	→ B,

(5b)p 	→Nc or p 	→ Vg.

It can be realized that (5) is consistent with the
action of Γ (2) on the vertices of the diagrams as
shown in [10c]. Indeed, the action of the operatorT 2

on any vertex(q,p) produces a vertical shift given by
(q,p) 	→ (q,p+ 2q). Physically,T 2 is a Landau shift
type operator acting on the filling factor asν 	→ ν + 2
and corresponds to an increase of the number of charge
carriers which is consistent with (5b). On the other
hand, the action of the operatorΣ , interpreted as the
flux attachment operator corresponding to an increase
of the applied magnetic fieldB (orNφ ), on any vertex
(q,p) produces a horizontal shift given by(q,p) 	→
(q + 2p,p) which is therefore consistent with (5a).
Note that the above discussion can be reproduced for
Γ0(2), with T 2 replaced byT , the usual Landau level
addition operator, showing that (5) is consistent with
the action ofΓ0(2) as well.

Concerning the operatorT 2(z), one comment is in
order. Consider first the operatorT (z) associated with
the Landau level addition symmetry. The physical as-
sumption underlying this symmetry is that the physics
at any partially filled Landau level does not depend of
the number of completely filled lower Landau levels.
This assumption is quite plausible for well separated
Landau levels but seems more questionable if any two
Landau levels become close to each other which can
be produced when a Zeeman-type splitting comes into
play. Basically, if the value of the ratio of the Zeeman
energy to the cyclotron energy is small (or around one

half), the splitted Landau levels come to be organized
into well separated pairs, each level being close to each
other within each pair. In that limiting situation, the
physics of the upper level of a pair may well be in-
fluenced by the electrons located in the lower level of
that pair while it seems still relevant to assume that
the physics of any pair is independent of the number
of how much pairs below are filled. A possible way to
take this into account is to replaceT (z) by the operator
T 2(z) (see third of Ref. [9]). Whether this replacement
can be still reasonably performed or not for other val-
ues of the Zeeman to cyclotron energy ratio depends in
fact on the new organization of the splitted Landau lev-
els. For instance, if for some reasons in an experiment
the Zeeman to cyclotron energy ratio would be close
to 1, the splitted levels would be evenly spaced with
spacing close to the cyclotron energy, so that Landau
level addition would more likely correspond toT (z).
We will come back to this point when we compare the
predictions stemming from the global phase diagram
we propose to some experimental observations in Sec-
tion 4.

In [10b], we combined (5) with visibility diagrams
to obtain a successful description of the observed ar-
chitecture of the quantum Hall states and to derive
a (zero temperature) resistivity plot fitting very well
with the experimental data. In the same way in [10c],
we have shown that the stripe structure appearing in
the visibility diagrams reproduces nicely the exper-
imentally observed stripe structure occurring in the
(B,Vg) plane which has been recently reported in
[11]. Keeping these results in mind, it seems reason-
able to extend the lines of analysis presented in [10b,
10c] to construct from the visibility diagrams a zero
temperature global phase diagram for the QHE. The
corresponding construction is now described.

3. Construction of the global phase diagram

Owing to the discussion presented in Section 2.2
and the mapping (5), we identify from now on the
p (respectively,q) axis of the visibility diagrams
with Nc (respectively,Nφ ∼ B). Now, consider first
the case of quantum Hall liquid phases which in
the present framework are identified with the odd
denominator stripes involved in the even–odd and
odd–odd diagrams (the case of the even denominator
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stripes corresponding to “metallic” states will be
examined later on).

Among various possible representations of a zero
temperature phase diagram for the QHE, we choose
two which, we think, permit one to compare easily the
predictions stemming from the present framework to
experimental results. Namely, we choose to represent
the phase diagram in the(B,Nc) plane and in the
(1/ν, Nc) plane. From the discussion of Section 2.2,
the (B,Nc) plane is directly linked with the plane
of the visibility diagrams through (5) while the (1/ν,
Nc) plane is connected to the(q,p) plane by making
use of (4) and (5). Choosing those planes permits
us to compare directly our phase diagram with the
experimental data in [12]. Keeping this in mind,
the obtention of the topology of the phase diagram
(in the (B,Nc) plane) for the quantum liquid states
counterpart follows from the superposition of the
two above mentioned visibility diagrams, up to the
possible occurrence of overlaps between some stripes
in these diagrams. This last point is now examined and
confronted to some experimental features of the QHE
from which we will define a simple prescription to deal
with the possible overlaps of some stripes.

To see that, recall that in the present framework,
the q (respectively,p) axis is identified withB (re-
spectively,Nc). Let us first assume thatNc is fixed to
a given value, saysNc =N0. Then, whenB increases,
one moves on the diagrams on a horizontal line defined
byNc =N0. Now, for this value ofNc , the plateaus are
not all experimentally accessible. This corresponds in
the present scheme to the fact that these nonobservable
plateaus and therefore their corresponding odd denom-
inator stripes are associated with (rational) values of
ν = p1/q1 such thatp1 >N0. These plateaus would
become experimentally observable for a larger value
of Nc . Accordingly, the domain corresponding to an
experimentally accessible stable phaseν = p1/q1 of
the QHE must be in the upper half planeNc > N0.
A similar analysis at fixedB = B0 can be performed
to restrict the domain of experimentally accessible sta-
ble phaseν = p1/q1 to the right half planeq1 >B0.

Now, the above observation (and further noticing
that two odd denominator stripes can overlap only
near their indexing vertices) suggests a simple way
to modify slightly the boundaries of the overlapping
stripes leading to nonoverlapping phase domains.
Indeed, one assumes that the(q,p) vertex indexing

an odd denominator stripe is the lower left wedge of
the corresponding phase domain in the phase diagram.
In that way, the new boundary of an odd denominator
stripe that will give rise to a phase domain in the phase
diagram joins the indexing vertex(q,p) of that stripe
to the nearest point(a, b) on the boundary of the stripe
with a � q , b � p.

Applying the above prescription to the odd–odd
and odd–even visibility diagrams yields to a prediction
for a zero temperature phase diagram for the QHE,
depicted in the(B,Nc) plane on Fig. 4 and in the
(1/ν, Nc) plane on Fig. 5. Notice that by choosing
the (1/ν, 1/Nc) plane, this phase diagram shows a
more compact aspect, where many more phases can be
represented (Fig. 6). This last diagram will not be used
in the forthcoming analysis. The symmetries of the
diagram depicted on Fig. 4 are the same as the one for

Fig. 4. Zero temperature global phase diagram in the(B,Nc) plane.
The domains corresponding to expected stable quantum Hall liquid
phases are depicted as dark areas, each one being labelled by its
corresponding filling factor. Note the occurrence of the 2 white
regions along theNc and B axis, corresponding respectively to
ν =“1/0” (insulator InsV , vertical stripe) andν = 0/1 (insulator
InsH , horizontal stripe). The dashed lines represent some metallic
states corresponding to the directions of the stripes in Fig. 3.
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Fig. 5. Global phase diagram in the (1/ν, Nc) plane. Some phases are labelled by their corresponding values ofν. The InsH insulator phase
(see text) (respectively, InsV ) correspond to the uppermost outer region (respectively, to the leftmost region). The dashed lines represent some
metallic states as in Fig. 4. Some possible insulator-liquid phases transitions are InsH ↔ 1, InsH ↔ 1/3, InsV ↔ 1 and InsV ↔ 2 (see also
Fig. 6). Some possible liquid–liquid phases transitions are 1↔ 2, 1↔ 2/3 and 2↔ 3.

Fig. 6. Global phase diagram in the (1/ν, 1/Nc) plane. Owing to the choice of the 1/Nc variable, all the phases are represented by compact
domains. More phases can be represented and the global topology of the diagram is more apparent.

the diagram obtained by superposing the odd–odd and
odd–even visibility diagrams so that the conclusions
of [10c] about the possible symmetry groups for the
QHE are not altered.

One important remark is in order. One might
choose other (more complicated) prescriptions to deal
with the overlapping stripes which would therefore
possibly modify the shape of some parts of the cor-
responding boundaries but would not alter definitely
the global architecture of the phases, their relative po-

sitions, the whole topology of the phase diagram and
the main predictions for the transitions stemming from
that diagram. The prescription we have chosen is in
fact consistent with the underlying assumption that
the width of the cross over regions occurring between
the various transitions at nonzero temperature, says
$B(T ), drops to zero when the temperature goes to
zero. This is in fact reflected in the phase diagrams by
the existence of common lines in the boundaries sepa-
rating two phases thus allowing for a sharp transition
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between two adjacent plateaus. Although the possibil-
ity of having$B(T ) → 0 atT → 0 has been argued
in earlier works based on scaling analysis and seems to
be favored by some extrapolations stemming from ex-
perimental data [15], the situation concerning the pos-
sibility to have nonzero width for the cross over re-
gions at zero temperature cannot be ruled out at the
present time. A phenomenological way to take this
last possibility into account in the construction of the
phase diagram within the present framework would
be to supplement the prescription described above by
the additional assumption that common lines in the
boundaries separating two adjacent plateaus are for-
bidden.

Up to now we have considered the quantum Hall
liquid states associated with the odd denominator
stripes. As far as the metallic states associated with
even denominator stripes of Fig. 3 are concerned,
a construction similar to the one presented in the
previous section gives rise to theν = odd/even stripes
which can be superposed to the one for the quantum
Hall liquid states without overlap. These stripes has
not been represented on the phase diagrams Figs. 4
and 5, where only the directions of some of them are
represented by dashed lines. They would fill in the
empty regions around these dashed lines. In the rest
of this Letter, we focalize mainly on the quantum Hall
liquid states.

4. Discussion and conclusion

Summarizing the previous section, the present
framework, if physically correct, predicts a zero tem-
perature global phase diagram for the QHE depicted
in Figs. 4 and 5. The physical relevance of this frame-
work is supported at least by the successful compari-
son between some earlier predictions and experimen-
tal results as already reported in [10b,10c]. It seems to
have captured some interesting features of the quan-
tum Hall systems which are encoded in a rather sim-
ple symmetry principle based on the modular groups
mentioned above linked with the visibility diagrams.

Let us now discuss the main features of the phase
diagrams and confront them to the experimental and
theoretical situation. The predicted phase diagram in
the (B,Nc) plane (Fig. 4) involves a succession of
stripes, each one corresponding to a quantum Hall

liquid phase indexed by an integer or fractional filling
factor, surrounded by two regions built from the lower-
most white horizontal and leftmost vertical white
region which must be interpreted physically. The
former region corresponds to a quantum Hall phase
indexed byν = 0/1. On Fig. 5, this phase corresponds
to the uppermost outer region (close to the 1/ν

axis). According to the usual experimental analysis
presented in, e.g., [12a], this would correspond to a
strong disorder regime4 in which basically the disorder
potential dominates all other energies resulting in
an insulating phase. The latter region, the vertical
stripe, corresponds to a quantum Hall phase with
ν =“1/0” which, owing to (4), can be associated
with a very weak applied magnetic field for which
all states are expected to be localized and resulting
again in an insulating phase. Notice that numerical
studies focused on the integer QHE (mainly based
on the TBM Hamiltonian) have suggested [16] the
possible existence of two distinct insulating phases in
the quantum Hall systems. Although the status of these
insulating phases is not clear at the present time, we
note furthermore that the phase diagram obtained in
[16] is in good agreement with recent experimental
results [12] to be discussed in a while.

As a first salient feature, the present framework
predicts the existence of two insulating phases. These
latter are denoted hereafter by InsH (respectively,
InsV ) corresponding to the horizontal (respectively,
vertical) stripe of Fig. 4. The counterpart of Fig. 4 in
the (1/ν, Nc) plane is shown on Fig. 5 where now
the InsH (respectively, InsV ) phase corresponds to
the uppermost outer region (respectively, the leftmost
region). As a remark, notice that there are some
trajectories through the phase diagram which met
only the integer quantum Hall liquid phases. This is
indeed the case of any vertical straight line forB
between 1 and 2 in our arbitrary units, as it can be
seen on Fig. 4. These trajectories can be generated
experimentally when one increasesNc by acting on
the gate voltage while keeping fixed the magnetic
field, which is actually the initial situation for the
integer quantum Hall experiment.

4 A relation involving the disorder andNc is given for instance
by the Drude model [14]. Here, we will not need any such exact
relation.
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One noticeable prediction concerning our global
phase diagram is the possibility to have direct transi-
tions from an insulting phase to any integerν as well
asν = 1/(2k+1) (k ∈ N) fractional quantum Hall liq-
uid phases, as it can be easily realized from Figs. 4
and 5. Indeed, first observe that theν = 1 liquid phase
is bordered by the InsH insulator so that the transition
InsH → 1 is allowed. Now, the successive actions of
Σ on that transition will give rise to all the allowed
transitions of that type, namely

(6)InsH → 1

2k + 1
, k ∈ N.

Besides, the successive actions of products of
different powers ofT and Σ on InsH → 1 will
generate all the other InsH–plateau and plateau–
plateau transitions. Next, observe that any quantum
Hall liquid phase withν = 1/k (k ∈ N) is bordered
by the InsV insulating phase, so that any transition

(7)InsV → k, k ∈ N

is allowed, according to the present framework. Of
course, one easily observes that successive actions of
T on the (template) transition InsV → 1 gives rise to
the allowed transitions (7).

The possibility for having allowed direct insulating
phase to quantum Hall liquid transitions appears to be
a salient feature of the present construction. It appears
that this last prediction contradicts the one proposed
in [5] where the law of the corresponding states is also
presented and discussed. To be more definite, consider
the case of integer QHE. Then, in [5], the law of
the corresponding states is combined with plausible
(mainly) phenomenological arguments to propose a
selection rule for the (integer) transitions. Namely, it is
argued that the variation$ν of the filling factor when
one crosses the frontier separating two adjacent phases
must satisfy

(8)$ν = ±1

shape including the insulator associated withν = 0.
From this, one concludes that all the direct insulator–
(integer) plateau transitions are forbidden except the
0 → 1 transition (therefore insulator→ 1 transition).
In our framework, this rule cannot be applied to
the ν =“1/0” insulating phase (InsV ). However, it
remains valid for any finite value ofν, including the
ν = 0 case, that is, the insulator InsH . In the present

framework, while the phase InsH can be considered
as a quantum Hall liquid-like phase (with zero Hall
conductivity), the InsV phase has a quite different
origin. It is necessarily associated with the stripes of
the even–odd diagram involving all the metallic states
which are expected to have a behaviour different from
the one of the quantum Hall liquid states.

An earlier theoretical phase diagram has been
proposed in [17]. This diagram has some similarities
with the one derived in [5] but predicts the occurrence
of direct transitions from insulator to integer quantum
Hall states. In some recent numerical studies [16], a
phase diagram with allowed direct insulator to integer
quantum Hall states transitions has been obtained
whose topology is in good agreement with our phase
diagrams.

As far as experimental results are concerned, we
first note that in the present situation further stud-
ies are needed. In particular, the precise shape of
the boundaries separating the various quantum Hall
phases seems to be somehow dependent on the na-
ture of the sample (and/or on possible spin effects).
Nevertheless, the authors of [12a] have proposed a
phase diagram obtained from an analysis of several
direct transitions observed in Si MOSFETs. The tran-
sitions stemming from the topology of our phase di-
agram are in good agreement with the results re-
ported in [12a].5 In particular, direct transitions from
insulator to (integer) quantum Hall liquid states are
observed. A similar conclusion concerning those di-
rect transitions has been reported in other experi-
ments performed in Ge/SiGe systems and inp-type
GaAs/AlGaAs devices [12b]. More recently, another
experimental phase diagram for the integer QHE ob-
tained from a two-dimensional hole system confined
in a Ge/SiGe quantum well has been reported in [12c]
in which again direct transitions from insulator to in-
teger states were observed.

Let us discuss now some theoretical aspects con-
nected to the modular subgroups introduced in the
present work. The fact that the selection rule proposed
in [5] seems to be experimentally violated does not
rule out at the present timeΓ0(2) as a possible candi-
date for a symmetry group relevant for the description

5 Note however the possible occurrence of oscillations of the
insulator to integer boundaries which are discussed in first of [12a].
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of (some of) the global properties of the QHE. Recall
thatΓ0(2) is the modular symmetry underlying the law
of the corresponding states of [5]. In fact, it can be eas-
ily realized that our phase diagram is consistent with
theΓ0(2) symmetry with the selection rule (8) (inte-
ger case) enlarged to take into account the InsV state
(ν = ∞). Namely, the enlarged selection rule is

(9)

{
$ν = ±1 for finiteν, ν ∈ N,

InsV (ν = ∞)→ 1 allowed.

From this, the action ofΓ0(2) generates all the allowed
transitions of the phase diagram. We now have to
examine the possible role ofΓ (2) in the present
framework which may be viewed as a modification
of the law of the corresponding states. Recall that the
action of Γ (2) on rational filling factors preserves
the even or odd character of the numerators. Then,
the theoretical analysis that gave rise to the enlarged
selection rule forΓ0(2) can be easily adapted toΓ (2)
with the conclusion that consistency requires a further
modification of the selection rule (9) given by

(10)



$ν = ±1 for finiteν, ν ∈ N,

InsV (ν = ∞)→ 1 allowed,

InsV (ν = ∞)→ 2 allowed.

Although the predictions we obtain seems to agree
with the present experimental, there is no argument
within the present framework favoringΓ (2) or Γ0(2)
as being the most suitable candidate as a symmetry
group relevant for the QHE. Notice however that some
works suggest that it may be physically relevant to
distinguish even from odd numerator filling fractions
[13]. At this point, let us go back to the discussion
presented at the end of Section 2.2. It is known
that the importance of the spin degrees of freedom
depends basically of the (effective)g-Landé factor of
the charge carriers determining the magnitude of the
Zeeman energyEz relative to the cyclotron energy
Ec at a given filling factor. For the GaAs devices
as in first of [12b], the Zeeman to cyclotron energy
ratio Ez/Ec is small. Typical values areEc ∼ 20B
andEz ∼ 0.3B (B in Tesla and energies in Kelvin).
Then, according to the discussion presented at the end
of Section 2.2, the splitted Landau levels come to be
organized into well separated pairs, each level being
close to each other within each pair so thatT 2 seems to
be more suitable to describe the Landau level addition
operator (which therefore may favorΓ (2)). A Zeeman

to cyclotron energy ratio very close to 0.5 would
result in evenly separated levels so that obviously the
Landau level addition would be more appropriately
described byT . In the experiment [12c], the Zeeman
to cyclotron energy ratioEz/Ec ∼ 0.7 (not to far away
from 0.5) producing relatively well separated Landau
levels. For this value, it is easy to realize that the
resulting splitted levels are organized into pairs with
spacing between the levels of each pair$E/Ec ∼ 0.4
whereas the spacing between a given level of a pair
and the corresponding level involved in the upper pair
is equal to the cyclotron energy. In that latter situation,
a more quantitative analysis beyond the comparison
of some orders of magnitude is needed to obtain some
reliable indication possibly favoring one out of the two
considered modular subgroups.

In conclusion, we have constructed from the visibil-
ity diagrams encoding some rather simple symmetry
principle based on modular subgroups [10] a zero tem-
perature global phase diagram for the QHE depicted in
Figs. 4 and 5. From this phase diagram, we predict the
existence of two insulating phases. One other notice-
able prediction is the possibility to have direct transi-
tions from an insulting phase to any integer as well
as ν = 1/(2k + 1) (k ∈ N) fractional quantum Hall
liquid phases which seems to agree with some recent
experimental observations. We also propose selection
rules for the possible plateau–plateau (and plateau–
insulators) transitions which may constitute testable
predictions.
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