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Abstract

In this paper we investigate some aspects of the noncommutative differential geometry based
on derivations of the algebra of endomorphisms of an oriented complex hermitian vector bundle.
We relate it, in a natural way, to the geometry of the underlying principal bundle, we introduce on
it a notion of metric and we study the cohomology of its complex of noncommutative differential
forms. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

In [5], it was shown that the noncommutative geometry of the algebra of endomorphisms
of an oriented complex hermitian vector bundle is very much like the ordinary geometry of
the associated SU (n)-principal bundle. In particular, from the point of view of connections,
this noncommutative algebra gives us interesting relations with the canonical Atiyah Lie
algebroid associated with this oriented vector bundle.

In this paper, we would like to proceed in the study of the noncommutative differential
calculus of this endomorphism algebra. In particular, we would like to make closer relations
with the ordinary geometry of the principal bundle. Using ordinary technics in algebraic
geometry, we will study the cohomology of this noncommutative differential calculus.
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The notations we will use in this paper are those of Dubois-Violette and Masson [5],
which we recall in the next section, with the main results of Dubois-Violette and Masson

[S].

2. Notations and useful previous results

The noncommutative differential calculus based on derivations has been introduced and
studied in [2,5,6]. For the matrix algebra M, (C), its complex of differential forms is
2per(My(C)) = M,(C) ® Asl(n, C)*. The differential d’ is given by the Lie algebra
structure of s/(n, C), if we consider this complex as a complex for Lie cohomology with
values in M, (C) for the adjoint representation.

For a matrix-valued functions algebra 8 = C>*(P) ® M, (C), where P is a manifold,
there is a canonical decomposition 2per(B) = 2(P) @ 2per(M,, (C)) where £2(P) is the
ordinary de Rham complex of differential forms on P. The differential is d + d’ where d is
the ordinary de Rham differential on £2(P) [4].

Now, let M be a regular finite-dimensional smooth manifold. We denote by E an oriented
complex hermitian vector bundle of rank n over M, by P its SU (n)-principal frame bundle,
and we introduce, as in [5], the algebra 2 of endomorphisms of E, which ts the set of
sections of End(E).

We denote by (£2per (), d ) the noncommutative differential calculus based on derivations
associated to 9. In [5], we proved that we can associate (canonically and in an injective
way) to any SU (n)-connection on E a noncommutative |-form o € .Ql')er(*)l). Locally, on
an open subset U of M over which E is trivial, any derivation X’ of ¥ can be decomposed
as Xoc = X + ad,, with X an ordinary vector field on U and y a traceless matrix-valued
function on U. In this trivialization, a can be written as ®jyc(Xjoc) = A(X) — y where
A is the local connection 1-form of the connection on E. In a second trivialization over a
second open subset U’ of M, one has Xoc = X + ad,, and on U N U’, one has y' =
¢ lyg+ ¢ (Xg) where g : UNU' — SU(n) is the corresponding transition function
of E [5].

3. Some relations between 2p, (%) and 2(P)

In this section we would like to give some structure properties of 2pe () which relates
it to the ordinary differential calculus §2(P) of P.

Let us denote by F(P) the (commutative) algebra of smooth functions on P and by
A > AV the map which sends any A € 3u(n) into the associated vertical vector field on P.

Let us introduce the aigebra 8 = F(P) ® M, (C) of matrix-valued functions on P.
Denote by (£2per (), c?) = (2(P) ® 2per (M, (C)). d + d') its differential calculus based
on derivations. It is easy to see that G = {A” + ad4 / A € su(n)} is a Lie subalgebra of
Der () isomorphic to 3u(n). This Lie subalgebra defines a Cartan operation of su(xn) on
2per(B), whose basic subalgebra we denote by $2per Bas (8).
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Proposition 1. 2per(A) = 2per,Bas (B).

Proof. The proof is based on results on noncommutative quotient manifolds we introduced
and studied in [7]. First, notice that %, as a set of section of an associated bundle of P, can
be considered as the algebra {a € B/A%a + [A, a] = 0 VA € su(n)}. Now, define as in [7]

Zber(A) = (X € Der(B)/XA = 0},
Nper(2) = {¥ € Der(B)/X3 C A}.

Then looking locally (in a trivialization of P) at the derivations of 8, one sees that

Z@H)=AN Z(B),
Der(2) = Nper () / Zper (),
A={beB/Xb=0VY X € Zpe (W)},

where Z(2) and Z(B) are the center of the algebras 2 and B, respectively. This makes
9 into a noncommutative quotient manifold algebra of 98 in the sense of Masson [7]. In
order to prove the proposition, using Proposition V.1 in [7] and the fact that £2y,.. and £2pe,
coincide in this context [5], it remains to show that the Z (B)-module induced by Npe; (20)
in Der(B) is Der(®8) itself. As before, using local expressions of derivations, this can be
checked easily. O

Let us give an interesting example. Consider an SU (n)-connection on P. Denote by w its
1-form on P. It was shown in [5] that there exists a corresponding noncommutative 1-form
o € $2per(N). From Proposition 1, this form comes from a basic 1-form in £2per as(*B),
which is nothing but w — i8, where 6 € .Qll)er(M,, (C)) is the canonical 1-form defined in
[3]1 by i6(ad,) = y — 1/nTr(y)1 for any y € M,(C). The basicity of this 1-form is a
consequence of properties of w and i6, in particular the equivariance of w.

Now, notice that the commutative algebra F(M) of smooth functions on M and its
de Rham complex §2(M) are the basic subalgebra of F(P) and the basic subcomplex of
§2(P) for the operation of 3u(n) induced by A — A". This operation is itself the restriction
of the operation of 3u(n) considered previously. Then, from this point of view, £2p. () is
a natural generalization of §2(M) containing informations on P.

Moreover, this construction fits perfectly with the notion of noncommutative integration.
It was shown in [3] that such a notion exists on the noncommutative differential calculus
2per (M, (C)). We denote by w € .Qﬁ;r“l(M,,(C)) — fnca) € C this noncommutative
integral. Recall that it is defined by the following procedure. Let {3y = adig, }—) . ,2_)
denotes a basis of Der(M,,(C)) = sl(n, C), where {Ex};_, _,2_ is a basis of hermitean
(traceless) matrices of s/(n, C). Denote by {6'} the dual basis of {3;} in s/(n, C)*, and gkl =
1/n Tr(Ex E)) the natural metric on Der(M,,(C)). Then the noncommutative (n% — 1)-form
ﬁ@l ..-0™=1 is a volume form, where ,/g is the square root of the determinant of the
metric. Any noncommutative (n? — D-form w € ngir_l (M, (C)) can be uniquely written

w = M/g0'---6" " and we define Jie@ = 1/nTr(M), which can be proven to be
independant of the choice of the basis {Ey}.
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Integrating only the noncommutative part of any noncommutative form on 8, we get a
map

b 8y > F(P)
o> / o
nc

which satisfies:

Proposition 2. .

) Ifwe QS;-_] (*B) is horizontal (resp. invariant), then fnc w € 2F(P) is horizontal
(resp. invariant) for the two operations defined above.

(2) Considering basic elements, this map defines a canonical noncommutative integration
“along the (noncommutative) fiber” Qpe(N) — 2(M).

(3) This noncommutative integral is compatible with the differentials:

/&@:d/w.

n¢ ne

(4) This induces maps in cohomologies:

/ : H (2per (B), d) — H =D (py,

ne

f CH (2per (), d) — H ™" =D (1.

ne *

Proof. (1) and (3) are straightforward computations using various properties of the trace
and the volume form in the definition of the noncommautative integration over 2pe; (M, (C)),
and properties of the differentials and the two operations.

(2) and (4) are immediate consequences of (1) and (3). O

The cohomology groups involved in (4) will be described in the Section 6 where some
results on the cohomology of £2p.; () are given.

The different relations between the various differential calculi can be summarized in the
following diagram:

QDer(ss)[) ﬁ’ QDC!‘(}\, )

d b

QM) ==, Q(P)

clements
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4. The local point of view

It is possible to look at this integration from a local point of view. Let U be an open subset
of a chart of M over which E is trivialized. Denote by (x'. ..., x™) some coordinates
on U. Then the algebra 2 looks locally (restricting elements of 2 to U) as the algebra
F(U) ® M,(C). We will use for the matrix part the basis {E;}, (8} and {#*} introduced
before. Any noncommutative form w can be locally decomposed as

~ k k
Wloe = Zwm"-up-kr-kq dxHt A oA dxHeghr L 98
P4

with @y, ky-k, € F(U) ® M,(C) and where all the 1-form dx* and 6* anticommute
between themselves. The basis {#¥} chosen for the purely noncommutative part is not
well adapted to study transition relations between two open subsets U and U’ of M. In
particular, in this basis, it is impossible to get some tractable transition relations between
the local matrix-valued functions @ ..., k-, and @, ey defined over U and U’,
respectively.

There is a better basis defined in the following way. Introduce an SU (n)-connection on £
whose local connection 1-forms are A on U and A’ on U’. Define #n% — 1 noncommutative

1-forms on U, with values in the center of the algebra, by
o = A" —i0",

where A = A" ® E, on U. The notation «” comes from the fact that those 1-forms are
the local components of the noncommutative 1-form « associated to the connection on E:
over U, one has aj,; = a” E,. Because « is a well-defined global form, the local 1-forms
a” have good transition relations. Denote by g : U N U’ — SU(n) the transition function
of E associated to U and U’, and introduce the n% — 1 by n? — | matrix-valued function G
by g ! Exg = G\ E,. Denote by o’* the n*> — 1 noncommutative 1-forms on U’ defined by
a” = A" —i6*. Then it is easy to show that we have the homogeneous transition relations

o =Glo"
over U N U’. Now, any noncommutative form w can be locally decomposed over U as

— r ¥,
Wige = E Opyoept o1 dx#' Ao A dxtra” et
p.yq

where as before, wy, ..., .ry.r, € F(M) ® M, (C). It is now possible to compute the tran-

. . ) . .
sition relations between the w, ..., .r .r, and ), . PR One gets the simple relation

’ ri g _ _—1
W pevepapry oy GSl T GSq - Dpayoeprp.syos4 8-

In order to simplify the analysis, we have assumed that we do not need to change the
local coordinates (x!, ..., x™). Indeed, the relations one would obtain when a change of
coordinates is performed, are the usual ones.
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Consider now the particular local (n> — 1)-forms

o 1 1o
Wype =@ o :
Using the fact that det(G) = 1, itis easy to see that those local forms can be glued together to
define a global form o” € .Qg;r_l (90). Notice that the highest degree in the noncommutative
part does not depend on the connection. This global form plays the role of a noncommutative
volume form in the sense that any form w € $2,,.(*1) can be written

w= /w o + 1.

e

In this expression, 7 is locally the sum of terms which are not of bidegree (r — 410t —1)
or such that their trace are zero. We have trivially that

fa)“ =1 e F(M).

nc¢

To compute the noncommutative integral of w, one has just to decompose it locally in the
form wjge = plocwﬁm + Moc, With 110 as before, and take the trace of pj,.. This trace
defines a global ordinary form on M because pj,. defined on U and pl/ o defined on U ’
are related by the adjoint representation. The result does not depend on the choice of the
SU (n)-connection because only the term of bidegree (0. n”> — 1) in wy;,. is important.

5. Riemannian structure and Hodge operator

The notion of riemannian structure we would like to introduce on this noncommutative
geometry looks very similar to the one that has been defined in [6]. Here, a riemannian
structure is a symmetric Z(2()-bilinear mapping

h : Der(20) @ zqy Der(%) — Z(2),

which is nondegenerate in the sense that the map Der() — Qlljer(*?() defined by X —
[V = (X, V)] is injective. We will call & a metric on Der ().

Let us look at 4 in a local trivialization of E over an open subet U of M. With Xj,. =
X", + ykadgk and Vo = YV0, + n’adg,, one has

Hioe (Kioes Vioe) = h;wX“YU + h,uX“nl + hkv)’kYly + hklykn[a

where the k., k1, Ay, hiy are local functions on U. The transition relations between those
functions are obtained using the transition relations between the local expressions of the
derivations. Denote by (h"*) the matrix inverse of (). Then the quantities

A;; — —h”h,-“
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have the transitions’ relations of the components of a local SU (n)-connection 1-form on
E, and the quantities

WM = hyy — hy AL A,

define a riemannian metric A on M. A natural candidate for the hy; are
1

ki = ” Tr(EvEp),
which is the natural metric on the noncommutative part. We can associate to the connection
defined by the Aﬁ the noncommutative 1-form «, and we can then write the metric s as

1
X, Y) = hYXY) + — Tr@X)a ).

This situation is very similar to the one encountered in Kaluza—Klein theories.
We can now look at this metric from a dual point of view. In this case, this is a bimodule
map 2}, () ®y 2]}, (A) — U, defined locally by

hioc(Poc. o) = h™** (puny + px A%y + puAlny) + e (h* + hMH A% ALy,

where p,n € .Q]‘)er(%) are written locally as pioc = p, dx* + pki6* and nige = ny dx¥ +
6.

Suppose now that the base { Ex } of hermitean traceless matrices is orthonormal for the nat-
ural metric: hy) = 8;;. Then an easy computation show that the n? —1 local noncommutative
1-form " introduced in Section 4 satisfy

h(ar, (XS) _ 6!‘5.
With these forms, it is possible to define a Hodge star operator
2
*1 25,0 - @ntn 1k,

Locally, for wjoc = Opfeoopip 1y, dx#t Ao A dxPea’ - with p + g = k, define

_ 1
(*w)loc — (_l)q(m p)W\/ det(hM) a)lll"‘lipvrl'"rq Eyl -y Eslwsnz_l

xhMEvL o pMupvp grist L 8TaSy qy Vet AL A dx Pttt oL gl

A straightforward computation shows that this formula define a well-global (m+n”—1—k)-
form over ¥, and that the star operator satisfies

* k@ = (— 1) =1=(+r)(pta) g
This star operator gives rise to a scalar product on noncommutative forms by

(w,w’)://w * .

M nc

One can then define an adjoint operator 8 to d as usual. A straightforward computation
shows that oo = 0 where « is associated to the Aﬁ.
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6. Some results on the cohomology of 2. ()

In the case when 9 is a tensor product A = F(M) ® M,(C), the cohomology of
£2per () = 2(M) ® 2per(M,(C)) is known [4]. It is just the tensor product of the coho-
mology of §2(M) (the de Rham cohomology) and the cohomology of §2pe (M, (C)) (we
will detail this last cohomology in the following).

In the general case, we will study the cohomology of £2p. () using a slight modification
of standard constructions in algebraic topology [1]. We will only emphasize the points which
are different from the standard construction in [1].

Let U be an open subset of M such that the restriction of End(E) to U is trivial. We make
a choice of trivializations for any such open subset and we denote by (U the trivialization
of the restriction to U of the algebra 9. Then one has A(U) ~ F(U) ® M, (C). Denote by
guyv : U NV — SU(n) the transition functions.

Consider now the presheaf F defined by U — Q2per(2(U)) where U is any open subset
of M which trivializes End(E). For V C U, the inclusion map is defined to be

IZ; : 820er (A(U)) = 2per(A(V))
w— (o),

)&’UV

where (a)w is the action of gy v (change of trivialization) on the restriction of w to V.

Ifw= anzf’al - -3(1,,, one has
WtV = (ga{/aOgUV)&(g(_/{/alng) . -'&(gﬂbapguv)

This action commutes with d.

Now, let us take a good cover U = {Uy}qes of M indexed by an ordered set / and such
that over any U,, End(E) is trivialized. For convenience, on any Uy, vy, = Uy N NU,y,
the trivialization is chosen to be the restriction of the trivialigation of Uy,

We now define a noncommutative version of the double Cech—de Rham complex asso-
ciated with this presheaf. For p > 0 and ¢ > 0, consider the vector spaces

CHUF = J] @2peWUspa)))-

A< <Up

An element w € CP9(ll, F) is a collection of noncommutative g-form in Doy, €

20 (A(Usyr,)).
Define the differential 8 : C”4(ll, F) — CPH1-9(ll, F) by

P

i +1, Sepapry

((Sw)ao"'dﬁl = § :(_1) Doyg-eooti Gy - 0pgt T (=P Dag-apy -
i=0

Using the properties of the transition functions it is easy to verify that 82 = 0. The noncom-
mutative differential d is of degree (0, 1) on this double complex and satisfies ds = 8d.On
the total complex of this double complex, we introduce the differential D = § 4+ (—1)” d,
with D? = 0.
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For p = —1,define C~ "¢ (11, ) to be 2] _ (M), and § : C~14(U1, F) — %41, F) to
be the restriction map. Then 5% = 0 also holds on C~14(11, F).

Lemma 3. The following sequence is exact:

0 )

CTIY,F) = O, F) == CM (Y, F)

Proof. The exactitude at C~1*(11, F) is trivial. Because 82 = 0, one has only to show that
if o € CP*(U1, F), with 8w = 0, then there exists n € CP~1*(11, F) such that 83 = w.
Introduce {p} a partition of unity subordinate to the good cover Il. Forag < -+ < a1,
define

gaal,,|
Nag-op_| = E Po Oaogy--ap + E Po Baag:--ap_ »
a<ap_) a>ap_|
QA
where to simplify this expression, we make use of the notation Oty = — W gty

Note that oy Baag-a, | € $2Der(N(Uagya, ). A straightforward computation shows then
that with w = 0, one has §n = w. O

Using general arguments on double complexes, this lemma gives us a noncommutative
version of the generalized Mayer—Vietoris principle:

Corollary 4. The cohomology of (2per(2), d) is the cohomology of the total complex
(cu, 7y, D).

Consider now the spectral sequence {E,, d, } associated with the double complex C (1, F),
induced by the filtration

FPCU, F) = ®5=p Bg>0 CH1(U, F).
Then by standard argument, one knows that the first term of this spectral sequence is

E{ = H =CP, HY,

where HY is the presheaf H?(U) = HY(2pe; (A(U)), 3) and that the second term is
EVY = H (1, HY).

This spectral sequence converges to H(C(Ul, F), D) = H(2per(N), 3).
The cohomology groups H*(2per(A(U)), d) have been computed [2-4]. When U is
diffeomorphic to R™, one has

H*(2per(A(U)), d) = H*(2per(M,(C)), d)

and H*(82per(Mp(C)), d’) is isomorphic to the cohomology of the Lie algebra s((n, C).

Then H*(2per (M, (C)), d)) = ( A\sl(n, ©)*), , where Inv denotes the invariant elements

Inv’
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for the canonical Lie derivation. This algebra can also be considered as the graded commu-
tative algebra freely generated by 5. _ | in degree 2r — 1 with r € {2,3, ... n} and where
the ¢}, are the primitive elements of (Asl(n, C)*), .

Any elementin ( As((n, C)*),  is then invariant by the action of SU (n). So, the inclusion
map is the identity and then the presheaf ¢ is a constant presheaf. The cohomology of £
reduces to the Cech cohomology of this constant presheaf. We have then proven:

Proposition 5. E; = H*(M) ® (A\sl(n.C)*), .

This proposition is just a variant of the Leray’s theorem for de Rham cohomology (see
3)2

The natural map H*(M) — H *(QD31~(?[),ﬁ) defined by the inclusion 2(M) —
£2per() 1s not injective. Indeed, take for example the 4-form Tr(FF) where F is the
local expression of the curvature of an SU (n)-connection on E. Then we know that this
form is closed, and we can write locally Tr(F F) = d Tr(A(dA + %AA)). We know that
in ordinary differential geometry, those local Chern—-Simon forms do not always define a
global 3-form on M. But in the noncommutative geometry of 2, we have a well-defined
global 3-form Tr(a(dAa + %aa)), where « is the noncommutative 1-form defined by the
connection. This 3-form satisfies

dTr (« (da + 3aa)) = Te(F F)

because do + o« is exactly the curvature of the connection. So, the class of Tr(F F) is not
always zero in H 4(M) butis always zero in H (2per (), d ). The situation is obviously the
same for any other characteristic class of E. This means that the cohomology of £2pe (V1)
does not see the nontriviality of E. This situation is very similar to that encountered with
the ordinary cohomology of the associated principal bundle.

7. Conclusions

In this paper, we have added a few more arguments to those given in [5], to propose the
algebra 9( equipped with its noncommutative differential calculus based on derivations as
a possible replacement of the principal bundle P. Indeed, we have shown that this non-
commutative geometry of 9 is strongly and very naturally related to the ordinary geometry
of P. Then ¥ can be used in place of P, if one replaces the differential calculus 2(P)
by 2per(), the connection 1-form w on P by the associated noncommutative 1-form o
introduced in [5] (which is only subjected to a “vertical” condition), the notion of associated
vector bundle by the notion of (left-)module over .

From a physical point of view, this noncommutative geometry is more interesting because,
as was pointed out in [4,5], it contains not only ordinary Yang-Mills fields, but also other
fields which look very much like Higgs fields.
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